
HAL Id: hal-04746655
https://hal.univ-brest.fr/hal-04746655v1

Preprint submitted on 21 Oct 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License

Finiteness results for hyperbolic orbifold pairs
Laurine Weibel

To cite this version:

Laurine Weibel. Finiteness results for hyperbolic orbifold pairs. 2024. �hal-04746655�

https://hal.univ-brest.fr/hal-04746655v1
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr


FINITENESS RESULTS FOR HYPERBOLIC ORBIFOLD PAIRS

LAURINE WEIBEL

Abstract. Noguchi proved that the set of dominant maps from a fixed variety
to a fixed hyperbolic variety is finite. We extend this result to the setting of
orbifold pairs, as introduced by Campana, under suitable assumptions. Certain
compactness properties also allow us to prove that the set of orbifold pointed
maps and the orbifold automorphism group are finite.
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1. Introduction

In [DF13], De Franchis proved a finiteness theorem for compact Riemann sur-
faces. Namely, for X and Y smooth compact Riemann surfaces with Y of genus at
least 2, the set of surjective holomorphic maps X Ñ Y is finite. Riemann surfaces
with genus at least two caracterize both hyperbolic curves and curves of general
type. On the one hand, considering Riemann surfaces of genus at least 2 as hy-
perbolic curves, the result of De Franchis was generalized in higher dimension to
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2 FINITENESS RESULTS FOR HYPERBOLIC ORBIFOLD PAIRS

hyperbolic varieties by Noguchi [Nog92]. He proved that, for X and Y compact ir-
reducible complex spaces, if Y is hyperbolic, then the set of dominant meromorphic
maps from X to Y is finite. On the other hand, considering Riemann surfaces of
genus at least 2 as curves of general type, the result of De Franchis was generalized
in higher dimension to varieties of general type by Kobayashi–Ochiai [KO75]. They
proved that, for X and Y compact irreducible complex spaces, if Y is of general
type, then the set of dominant meromorphic maps from X to Y is finite.

The main purpose of this paper is to generalize some finiteness results pertaining
to hyperbolic orbifold pairs introduced by Campana [Cam04, Cam11] in his program
to study special varieties. He introduced the notion of orbifold base of a fibration
f : X Ñ Y considering a Q-divisor on Y defined by the multiple fibers of f , by
means of a suitable ramification formula.

An orbifold pX,∆q is a pair consisting of X , a complex variety, with a Q-divisor
∆ on X for which the decomposition in irreducible components is of the form

∆ “
ÿ

i

ˆ
1 ´

1

mi

˙
∆i,

where mi P N Y t8u.
An orbifold pX,∆q is said to be compact (resp. projective) if X is compact (resp.

projective) and if t∆u, the union of all components with infinite multiplicities, is
empty.

An orbifold pX,∆q is said to be smooth if X is smooth and r∆s, the support of
∆, is a simple normal crossing (s.n.c.) divisor.

An orbifold morphism f : pX,∆Xq Ñ pY,∆Y q is a holomorphic map that satisfies
some ramification conditions along pY,∆Y q (Definition 2.3).

Some generalisations of De Franchis theorem were obtained in the context of orb-
ifolds curves by Corlette–Simpson [CS08], Delzant [Del08] and Campana [Cam05]1.
In particular, Camapana established the following result: for X a Riemann surface
and pY,∆q a hyperbolic orbifold curve, there is only a finite number of surjective
orbifold maps X Ñ pY,∆q.

More recently, Bartsch–Javanpeykar [BJ24] proved a generalization of the finite-
ness theorem of Kobayashi–Ochiai [KO75] for dominant rational maps in the set-
ting of Campana’s orbifold maps. Namely, for X a variety and pY,∆q an orbifold
pair of general type, there is only a finite number of dominant orbifold morphisms
X Ñ pY,∆q.

In this paper, we prove several new finiteness results pertaining to hyperbolic
orbifold pairs, under suitable assumptions, generalizing the results of De Franchis
and Noguchi.

Theorem 1.1. Let pX,∆Xq be a smooth projective orbifold and pY,∆Y q be a hy-
perbolic smooth projective orbifold. If pY,∆Y q is uniformizable or if KY ` ∆Y

is pseudo-effective, then the set of surjective orbifold maps from X on pY,∆Y q
SurppX,∆Xq, pY,∆Y qq is finite.

For example, this result can be applied to an orbifold pY,∆q whith nef or
big canonical bundle, and so we obtain another proof of the result of Bartsch-
Javanpeykar in the case of hyperbolic varieties of general type.

The proof of these theorems follows the general strategy of Noguchi. Therefore,
one of the main points of the proof is a compactness result on the set of orbifold
morphisms.

1Corlette–Simpson [CS08], and Delzant [Del08] proved results in the classical sense whereas
Campana [Cam05] proved results in the non classical one (Campana’s sense). In the classical sense,
the ramification condition is a divisibility condition whereas in Campana’s sense, the ramification
condition is an inequality.
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Theorem 1.2. Let pX,∆Xq be an orbifold pair with t∆X u “ H. Let pY,∆Y q be
a compact orbifold pair. If pY,∆Y q is hyperbolic, then HolppX,∆Xq, pY,∆Y qq is
relatively compact in HolpX,Y q.

If we consider more specifically the surjective maps, the set is compact.

Corollary 1.3. Let pX,∆Xq be an orbifold pair with t∆X u “ H. Let pY,∆Y q be
a compact orbifold pair. If pY,∆Y q is hyperbolic, then SurppX,∆Xq, pY,∆Y qq is
compact.

In addition to the previous theorem, these results of compactness allow to prove
others finitness results for the set of orbifold automorphisms AutpY,∆q and for the
set of orbifold pointed maps.

Theorem 1.4. Let pY,∆q be a smooth compact orbifold. If pY,∆q is hyperbolic,
then AutpY,∆q is finite.

Theorem 1.5. Let pX,∆Xq be an orbifold pair with t∆X u “ H. Let pY,∆Y q be a
hyperbolic compact orbifold pair. Let x be a point in X and y be a point in Y zr∆Y s.
Then the set of holomorphic pointed orbifold maps Hol rppX,∆Xq, xq, ppY,∆Y q, yqs
is finite.

The second point of the proof is a rigidity result.

Proposition 1.6. Let pX,∆Xq be a projective orbifold. Let pY,∆Y q be a smooth
projective hyperbolic orbifold. If pY,∆q is uniformizable or if the orbifold canonical
bundle KY ` ∆ is pseudo-effective, then the set of surjective holomorphic orbifold
morphisms from pX,∆Xq to pY,∆Y q is zero-dimensional.

The original proof of Noguchi is based on a theorem proved by Miyaoka–Mori
in the projective setting without boundary (see [MM86]). This approach works in
the case of uniformizable pairs, otherwise it is a tricky point of the proof.

In this document, we always assume all varieties to be complex varieties irre-
ducible, reduced and normal.

Acknowledgements. I would like to thank my Ph.D. advisors, Erwan Rousseau and
Benoît Claudon, for their invaluable guidance and support throughout this work.
I am also sincerely grateful to Ariyan Javanpeykar for the enlightening discussions
during my research stay at Radboud University in Nijmegen, which contributed to
the development of this project.

2. Orbifolds

2.1. First definitions. Let X be a normal complex projective variety. First, we
recall some notions about orbifolds introduced by Campana in [Cam04]. These
notions are also recalled in [Rou10].

Definition 2.1. An orbifold pX,∆q is a pair consisting of X with a Weil Q-divisor
∆ on X for which the decomposition in irreducible components is of the form

∆ “
ÿ

i

ˆ
1 ´

1

mi

˙
∆i,

where mi P NY t8u. An orbifold pX,∆q is said to be compact if X is compact and
if t∆u, the union of all components with infinite multiplicities, is empty.

An orbifold pX,∆q is said to be projective if X is projective and if t∆u, the union
of all components with infinite multiplicities, is empty.

An orbifold pX,∆q is said to be smooth if X is smooth and r∆s, the support of
∆, is a simple normal crossing (s.n.c.) divisor. This means that every component of
r∆s is smooth, and around any point of X , the divisor r∆s can be locally described
by an equation of the form x1 . . . xd “ 0, for some d ď dimX .
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Following [CW09], let us recall the definition of orbifold morphisms from the
unit disk to an orbifold.

Definition 2.2. Let pX,∆q be an orbifold with ∆ “
ř

i

´
1 ´ 1

mi

¯
Zi, D “ tz P

C | |z| ă 1u the unit disk and h a holomorphic map from D to X . h is an orbifold
morphism from D to X if hpDq Ć r∆s and multxph˚Ziq ě mi for all i and x P D

with hpxq P rZis. If mi “ 8, we require hpDq X Zi “ H.

Also, we can define orbifold morphisms between orbifolds.

Definition 2.3. Let pX,∆Xq and pY,∆Y q be orbifolds and f : X Ñ Y a holomor-
phic map. f is an orbifold morphism from pX,∆Xq to pY,∆Y q if

(1) fpXq Ć r∆Y s, where r∆Y s denotes the support of ∆Y .
(2) for every irreducible divisors D Ă Y and E Ă X such that

f˚pDq “ tE,DE `R, with R an effective divisor of X not containing E, we
have

tE,D ¨mXpEq ě mY pDq,

where mX (resp. mY ) denotes the orbifold multiplicity on X (resp. Y ).

We denote by HolppX,∆Xq, pY,∆Y qq the set of holomorphic orbifold maps from
pX,∆Xq to pY,∆Y q.

2.2. Orbifold bundles. In this subsection we recall some statements regarding
bundles on an orbifold. For the logarithmic cotangent bundle, we refer to [Nog86].

2.2.1. Adapted coverings. This subsection is based on [Cla15].

Definition 2.4. Let pX,∆q be a smooth orbifold pair, with ∆ “
ř´

1 ´ 1

mi

¯
∆i.

A ∆-adapted covering is a Galois ramified covering π : Y Ñ pX,∆q such that

(1) Y is a smooth projective variety,
(2) π ramifies exactly with multiplicity mi over ∆,
(3) the support of π˚∆ ` Rampπq has only normal crossings, and the support

of the branch locus of π has only normal crossings.

Remark 2.5. By [Laz04, Proposition 4.1.12], there always exists such a ∆-adapted
covering.

We can describe locally this covering as follows.
Let π : Y Ñ X be a ∆-adapted covering. Let y P Y be a point. One can choose

pw1, . . . , wnq local coordinates centered in y P Y and pz1, . . . , znq local coordinates
on X centered in πpyq such that π is described by:

πpw1, . . . , xnq “
`
wm1

1
, . . . , wmk

k , wk`1, . . . , wn´j , w
pj

n´j`1
, . . . , wp1

n

˘
,

assuming that π ptwi “ 0uq Ă ∆ for i P v1, kw and π ptwi “ 0uq Ă Rampπqzπ´1p∆q
for i P vn´ j ` 1, nw.

2.2.2. Orbifold (co)tangent bundle. This subsection is also based on [Cla15].

Let pX,∆q be an orbifold with ∆ “
ř´

1 ´ 1

mi

¯
∆. We want to define the

orbifold cotangent bundle. The main goal is to give a sense to dzi

z
1´ 1

mi
i

. Let us

consider π : Y Ñ X a ∆-adapted covering.

Definition 2.6. The orbifold cotangent bundle associate to π, denoted by Ω1pπ,∆q,
is defined to be the subsheaf of π˚Ω1

Xplogr∆sq fitting in the following short exact
sequence:

0 Ñ Ω1pπ,∆q Ñ π˚Ω1

Xplogr∆sq
π˚

res
ÝÑ

à

iPI
miă8

Oπ˚∆i{mi
Ñ 0.
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We can describe the orbifold cotangent bundle locally. In coordinates as above,
it is generated by the formal pull-back:
`
w1´m1

1
π˚dz1, . . . , w

1´mk

k π˚dzk, π
˚dzk`1, . . . , π

˚dzn´j , π
˚dzn´j`1, . . . , π

˚dzn
˘
.

Remark 2.7. In local coordinates, it can also be rewritten as
´
dw1, . . . , dwk, dwk`1, . . . , dwn´j , w

pj´1

n´j`1
dwj`1, . . . , w

p1´1

n dwn

¯
.

In particular, one can note that Ω1pπ,∆q is locally free, that is why it is called
orbifold cotangent bundle. One can note that the orbifold cotangent bundle is
generated by the formal pull-back images of the forms dzi

z
1´ 1

mi
i

.

Once the notion of orbifold cotangent bundle is well defined, it is natural to
consider its exterior powers. In particular, its determinant is defined by

det
`
Ω1pπ,∆q

˘
“ Ωnpπ,∆q “ π˚ pKX ` ∆q .

Definition 2.8. The orbifold tangent bundle, associated to π, denoted by T pπ,∆q
is defined to be the dual of Ωpπ,∆q.

We can describe the orbifold tangent bundle locally. In coordinates as above, it
is generated by the formal pull-back
ˆ
wm1´1

1
π˚ B

Bz1
, . . . , wmk´1

k π˚ B

Bzk
, π˚ B

Bzk`1

, . . . , π˚ B

Bzn´j

, π˚ B

Bzn´j`1

, . . . , π˚ B

Bzn

˙
.

Remark 2.9. When π : Y Ñ pX,∆q is orbi-étale, i.e. Rampπqzπ´1p∆q “ H, the
orbifold tangent bundle T pπ,∆q is exactly given by TY .

2.2.3. Positivity of orbifold cotangent bundle. In this subsection, we would like to
extend the classical positivity notions for the orbifold cotangent bundle. This sub-
section is based on [DR20].

Definition 2.10. Given an adapted covering π : Y Ñ pX,∆q, the sheaf of orbifold
symmetric differential forms is the direct image sheaf

SrNsΩpX,∆q “ π˚

´`
SNΩpπ,∆q

˘Autpπq
¯

Ă SNΩY plogr∆sq.

Concretely, in local coordinates as above, it is generated by the
nź

i“1

z
rαi{mis
i

ˆ
dzi

zi

˙αi

such that
řn

i“1
αi “ N .

In view of the local expressione, we see that this sheaf is indeed independent of
the choice of π. Note that in general, the inclusion SrqrsΩpY,∆q Ă Sq

`
SrrsΩpY,∆q

˘

is strict. In fact, we have equality if and only if ∆ is purely logarithmic.

Definition 2.11. The orbifold pair pX,∆q has a big cotangent bundle if Ωpπ,∆q is
big for some (hence for all) adapted cover π. Equivalently, the orbifold cotangent
bundle of pX,∆q is big if for some/any ample line bundle A on X , there exists an
integer N such that

H0

´
X,SrNsΩpX,∆q bA´1

¯
‰ t0u.

Recall that the base locus of a vector bundle E is defined by

BspEq “
 
x P X |H0pX,Eq Ñ EX is not surjective

(
.

To deal with ampleness, we use augmented base loci.
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Definition 2.12. The augmented base locus of ΩpX,∆q is defined by

B`pΩpX,∆qq “
č

Ně1

č
p

q
PQ

Bs
´
SrNqsΩpX,∆q bA´Np

¯

for some ample line bundle A over X .

Remark 2.13. Away from r∆s, this set turns out to be independent of the covering
π.

There are many situations where we cannot expect global ampleness of Ωpπ,∆q,
that is why we recall the following intermediate positivity property introduced in
[DR20].

Definition 2.14. We say that pX,∆q has an ample cotangent bundle modulo bound-
ary if its orbifold augmented base locus is contained in the boundary.

Remark 2.15. Equivalently, pX,∆q has an ample cotangent bundle modulo bound-
ary if for some (hence for all) adapted cover π, the orbifold cotangent bundle
ΩpX,∆q is ample modulo Autpπq-invariant closed subset living over the bound-
ary.

Note that notion of ampleness modulo boundary of Ωpπ,∆q does not depend on
π (see [DR20, Proposition 2.3]).

Remark 2.16. If π : Y Ñ pX,∆q is a ∆-étale covering and if ΩY is ample, then
pX,∆q has an ample cotangent bundle modulo r∆s. Indeed, since ΩY is ample,
B`pΩY q “ H and so B`

`
ΩpX,∆q

˘
is empty over Xzr∆s.

We also recall an orbifold version of the fundamental vanishing theorem (see
[DR20, Proposition 5.6]).

Theorem 2.17 (Orbifold fundamental vanishing theorem). Let pX,∆q be a smooth
orbifold pair. Then any orbifold entire curve is contained in B` pΩpX,∆qq, where
B` pΩpX,∆qq denotes the augmented base locus.

As a direct consequence, we have the following proposition.

Proposition 2.18. Let pX,∆q be a smooth projective orbifold. If pX,∆q has an
ample cotangent bundle modulo r∆s, then pX,∆q does not admit any non-constant
orbifold entire curve C Ñ pX,∆q, i.e. pX,∆q is said to be Brody-hyperbolic.

3. Orbifold hyperbolicity

3.1. Definitions and first properties.

Definition 3.1. Let pX,∆q be an orbifold. The orbifold Kobayashi pseudo-distance
dpX,∆q on pX,∆q is the largest pseudo-distance on Xzt∆u such that

g˚dpX,∆q ď dP

for every orbifold morphism g : D Ñ pX,∆q, where dP denotes the Poincaré dis-
tance on D.

As an immediate consequence of the definition, we have

Proposition 3.2. Let f : pX,∆Xq Ñ pY,∆Y q be an orbifold morphism. Then f is
distance-decreasing, i.e.

f˚dpY,∆Y q ď dpX,∆Xq.

Definition 3.3. An orbifold pX,∆q is hyperbolic if the orbifold Kobayashi pseudo-
distance dpX,∆q is a distance on Xzt∆u.
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3.2. One dimensional case. Due to the Uniformization Theorem for compact
Riemann surfaces, it is well known that a compact Riemann surface X is hyperbolic
if, and only if, the genus of X satisfies gX ě 2.

There is a similar characterization for the orbifold curves considering the degree
of the orbifold canonical bundle.

Proposition 3.4 (See Corollary 5 in [CW09]). Let pX,∆q be a smooth compact
orbifold curve. Then pX,∆q is hyperbolic if and only if KX ` ∆ ą 0.

More precisely, pX,∆q is not hyperbolic if and only if one of the following con-
ditions hold:

(1) X is an elliptic curve and ∆ is empty.
(2) X » P1 and r∆s contains at most two points.
(3) X » P1 and there are numbers: p ď q ď r P N Y t8uzt1u such that pX,∆q

is isomorphic to
ˆ
P1,

ˆ
1 ´

1

p

˙
t0u `

ˆ
1 ´

1

q

˙
t1u `

ˆ
1 ´

1

r

˙
t8u

˙

and 1

p
` 1

q
` 1

r
ě 1 (there are exactly 5 possibilities for pp, q, rq: p2, 3, 4q,

p2, 3, 5q, p2, 3, 6q, p2, 4, 4q, p3, 3, 3q).
(4) There is a point λ P Czt0, 1u such that pX,∆q is isomorphic to

ˆ
P1,

ˆ
1 ´

1

2

˙
t0u `

ˆ
1 ´

1

2

˙
t1u `

ˆ
1 ´

1

2

˙
t8u `

ˆ
1 ´

1

2

˙
tλu

˙
.

3.3. Hyperbolic lines arrangment in P2. The following example is one of Deligne-
Mostow examples (see [Hol98, Section 4.11]).

Let P1, P2, P3, P4 be four points in general position on P2. The projective line
through Pi, Pj , i ‰ j is denoted by Lij “ Lji. The six lines Lij are drawn in Fig. 1.

L24

L14

L34

L13

L23

L12

P2 P3

P4

P1

Figure 1. Quadrihedral

We blow up the four triple points Pi. The blown up surface is denoted by Y . As
in Fig. 2, we denote the exceptional lines on Y by L0j , j P v1, 4w.

L23

L03

L13

L01

L12

L02

L04

L34

L14

L24

Figure 2. Blown up surface
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We denote by νij the weight of Lij and we set

∆ “
ÿ

0ďiăjď4

ˆ
1 ´

1

νij

˙
Lij .

In Fig. 3 we arrange the weights νij in a table putting the ν0j ’s into the middle
part.

ν14 ν13 ν24 ν23
ν12 ν01 ν02 ν34
ν34 ν03 ν04 ν12
ν14 ν24 ν13 ν23

Figure 3. Table of weights

Proposition 3.5. If the weights are one of the weights listed in Fig. 4, then the
orbifold pair pY,∆q is (Kobayashi)-hyperbolic.

9 9 9 9
9 3 3 9
9 3 3 9
9 9 9 9

6 12 6 12
12 3 3 6
6 3 4 12
6 6 12 12

5 15 5 15
15 3 3 5
5 3 5 15
5 5 15 15

6 6 6 6
6 4 4 6
6 4 4 6
6 6 6 6

4 8 4 8
8 4 4 4
4 4 8 8
4 4 8 8

5 5 5 5
5 5 5 5
5 5 5 5
5 5 5 5

4 4 4 4
6 6 6 3
3 12 12 6
4 4 4 4

Figure 4. Hyperbolic weights

Before proving this result, we recall the following criterion that characterize
(Kobayashi-)hyperbolicity considering Brody hyperbolicity for induced orbifold struc-
tures (see [DR20, Theorem 5.5]).

Theorem 3.6 (Orbifold Brody’s criterion). Consider a smooth orbifold pair pX,∆q

with ∆ “
ř´

1 ´ 1

mi

¯
∆i. For a subset I of t0, . . . , du, let XI “

Ş
iPI ∆i, and let

∆I “
ř

jRI

´
1 ´ 1

mj

¯
∆j XXI . If all pairs pXI ,∆Iq are Brody-hyperbolic, then the

pair pX,∆q is (Kobayashi-)hyperbolic.

Remark 3.7. We recall that an orbifold pair pX,∆q is said to be Brody-hyperbolic
if it does not admit any non-constant orbifold entire curve C Ñ pX,∆q.

Proof of Proposition 3.5. To show that the orbifold pair is hyperbolic, we apply
Theorem 3.6.

The first step is to prove that pY,∆q is Brody-hyperbolic. By [Hol98, Section
4.11], each case of Fig. 4 corresponds to compact ball quotient surfaces. Hence
there exists a smooth quotient X “ B{Γ, where B denotes the unit ball, such that
X Ñ pY,∆q is ∆-étale. Then the cotangent bundle ΩX is ample and so pY,∆q has an
ample cotangent bundle modulo ∆ (see Remark 2.16). And so by Proposition 2.18,
pY,∆q is Brody-hyperbolic.

The second step is to prove that each line Lij endowed with the induced orbifold
structure is again Brody-hyperbolic. We are back to the study of orbifold curves, so
it suffies to look at the degree of the orbifold canonical bundle (see Proposition 3.4).
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By an easy computation, one can show that computing the degree of orbifold canon-
ical bundle of Lij endowed with the induced orbifold structure returns to compute

Kij “ ´2 `
ř

k,l

´
1 ´ 1

νkl

¯
for all pairs pk, lq such that Lkl intersects Lij , and so

one can see that Kij ą 0.
This conclude the proof that pY,∆q is hyperbolic for each weights listed in Fig. 3.

�

4. Compactness result on the subset of surjective orbifold morphisms

In this section, we prove a relative compactness result on HolppX,∆Xq, pY,∆Y qq,
the set of holomorphic orbifold morphisms between two orbifold pairs pX,∆Xq and
pY,∆Y q, and more specifically a compactness result on SurppX,∆Xq, pY,∆Y qq, the
set of surjective holomorphic orbifold morphisms from pX,∆Xq to pY,∆Y q.

Theorem 4.1. Let pX,∆Xq be an orbifold pair with t∆X u “ H. Let pY,∆Y q be a
compact orbifold. If pY,∆Y q is hyperbolic, then Hol ppX,∆Xq , pY,∆Y qq is relatively
compact in HolpX,Y q.

Proof. By assumption, pY,∆Y q is hyperbolic. Then the orbifold Kobayashi pseudo-
distance dpY,∆Y q is a distance on Y zt∆Y u. Since pY,∆Y q is compact, there is no
component with infinite multiplicities, i.e. t∆Y u “ H. So that Y is a compact
metric space. By Proposition 3.2, each map f P HolppX,∆Xq, pY,∆Y qq is distance-
decreasing i.e.

@px, yq P X2 dpY,∆Y qpfpxq, fpyqq ď dpX,∆Xqpx, yq.

For all x P X and all ε ą 0, we define the set

ty P X | dXpx, yq ă εu “ d´1

pX,∆Xq,x pr0, εrq .

Since this set is an inverse image of an open set by a continuous map on Xzt∆Xu “
X (see [CW09]), this subset is a neighborhood of x P X . Then, for a fixed x P X
and y P d´1

pX,∆Xq,xpr0, εrq,

dpY,∆Y qpfpxq, fpyqq ď dpX,∆X qpx, yq ă ε.

So, HolppX,∆Xq, pY,∆Y qq is equicontinous at every point x P X .
Since tfpxq P Y | f P Fu Ă Y , with Y a compact variety, this subspace is

relatively compact in Y .
By the Arzela-Ascoli Theorem (see [Kob98, Theorem (1.3.1)]), HolppX,∆Xq, pY,∆Y qq

is relatively compact in C pX,Y q. Since HolppX,∆Xq, pY,∆Y qq Ă HolpX,Y q and
since the latter is closed inside C pX,Y q, HolppX,∆Xq, pY,∆Y qq is relatively com-
pact in HolpX,Y q. �

We recall the result proved by Campana-Winkelmann in [CW09], which estab-
lishes the closedness property of HolppX,∆Xq, pY,∆Y qq.

Proposition 4.2 (See Proposition 7 in [CW09]). Let pX,∆Xq and pY,∆Y q be two
orbifolds. Let fn : pX,∆Xq Ñ pY,∆Y q be a sequence of orbifold morphisms. As-
sume that pfnq, regarded as a sequence of holomorphic maps from X to Y , converges
locally uniformly to a holomorphic map f : X Ñ Y .

Then either fpXq Ă r∆Y s or f is an orbifold morphism from pX,∆Xq to pY,∆Y q.

This result allows us to prove the following compactness result for the set of
surjective orbifold morphisms SurppX,∆Xq, pY,∆Y qq.

Corollary 4.3. Let pX,∆Xq be an orbifold pair with t∆X u “ H. Let pY,∆Y q be a
compact orbifold. If pY,∆Y q is hyperbolic, then SurppX,∆Xq, pY,∆Y qq is compact.
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Proof. By Theorem 4.1, SurppX,∆Xq, pY,∆Y qq is relatively compact in HolpX,Y q.
To conclude, it remains to show that SurppX,∆Xq, pY,∆Y qq is closed in HolpX,Y q.
Let pfnq be a sequence of surjective orbifold morphisms from pX,∆Xq to pY,∆Y q

which converges to f P HolpX,Y q. Since the set of surjective morphisms is closed
(see [Kob98, Corollary (5.3.5)]), f is also surjective. Thus, fpXq cannot be con-
tained in one of the components of ∆Y . By Proposition 4.2, we conclude that
f P SurppX,∆Xq, pY,∆Y qq, hence SurppX,∆Xq, pY,∆Y qq is closed, which concludes
the proof of the corollary. �

5. Reduction of the study

In this section, we will show how we can reduce the study to the case of finite
orbifold maps between a variety X and an orbifold pair pY,∆q.

Let pX,∆Xq and pY,∆Y q be two orbifold pairs. Let F be a connected family of
orbifold morphisms f : pX,∆Xq Ñ pY,∆Y q.

First of all, we can consider an adapted cover πX : rX Ñ pX,∆Xq, such adapted
cover exist by [Laz04, Proposition 4.1.12]. We are now reduced to study morphisms
rf : rX Ñ pY,∆q. We denote by ĂF the corresponding family.

Secondly, we apply the simultaneous Stein factorization to the family ĂF . We
recall this result, described in [Kob98] (see also [Hor85]).

Proposition 5.1 (Corollary (5.3.2)[Kob98]). Let X and Y be two connected com-
plex spaces, and let F Ă HolpX,Y q be a subfamily with connected universal complex
structure such that each f P F is a proper map from X into Y. Then F admits a
simultaneous factorization

f : X
p

ÝÑ X 1 f 1

ÝÑ Y, f P F

through a common complex space X 1 so that p is a proper surjective holomorphic
map with connected fibers and f 1 is a finite map.

In our case, we use the following notations:

X 1

f 1

##●
●●

●●
●●

●●

rX
rf

//

p

??
⑧⑧⑧⑧⑧⑧⑧⑧

pY,∆Y q

Now, the problem is that f 1 : X 1 Ñ Y may not be an orbifold map anymore.

Example 5.2. LetE be an elliptic curve and C a hyperelliptic curve. Let i : C Ñ C

an involution, such that C {ă i ą » P1. Let t P E a point of order 2. Consider
the quotient X , defined by E ˆC where one identifies px, yq with px` t, ipyqq. The
map X Ñ C {ă i ą “ P1 is an elliptic fibration with 2g ` 2 multiple fibers. Then
the Stein factorization is given by the following diagram, where Brpiq denotes the
branch locus of i.

P1

id

%%❏
❏❏

❏❏
❏❏

❏❏
❏

X

f

??
⑧⑧⑧⑧⑧⑧⑧

⑧

f
//
`
P1, 1

2
Brpiq

˘

The identity map is clearly not an orbifold map.

To solve this problem, we add an orbifold structure on X 1. Consider the orbifold
base of the fibration p (see [Cam04, (part 1.2.2.)]), which does not depend on the
map f : X Ñ pY,∆q by construction of the simultaneous Stein factorization.
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Lemma 5.3. Let f : X Ñ pY,∆q be an orbifold map between X a variety and
pY,∆q an orbifold pair. We denote by

f : X
p

ÝÑ X 1 f 1

ÝÑ Y

the Stein factorization of f and we denote by pX 1,∆pq the orbifold base of the
fibration p. Then f 1 : pX 1,∆pq Ñ pY,∆q is an orbifold map.

pX 1,∆pq

f 1

%%❏
❏❏

❏❏
❏❏

❏❏

X

p
;;✇✇✇✇✇✇✇✇✇

f
// pY,∆q

Proof. First of all, f 1pX 1q is not in the support of ∆ because f 1pX 1q “ fpXq, where
f is an orbifold map and so fpXq Ć r∆s.

The second step is to show that for every irreducible divisors D Ă Y and E Ă X 1

such that f 1˚pDq “ tE,DE ` rE, with rE an effective divisor of X 1 not containing
E, we have tE,DmX1 pEq ě mY pDq where mX1 (resp. mY ) denotes the orbifold
multiplicity on X 1 (resp. Y ). By definition of the orbifold base, the multiplicity
mX1 pEq is the infimum of all the multiplicity mi in the following pull-back p˚E “ř
miDi `R, with R a p-exceptional divisor.
Since f “ f 1 ˝ p, then we can compute it as follows.

f˚∆i “ pf 1 ˝ pq˚∆i

“ p˚ptE,DE ` rEq

“ tE,Dp
˚pEq ` p˚ rE

“ tE,D

ÿ
miDi ` rR.

Since f is an orbifold map, the inequality tE,Dmi ě mY p∆iq holds for each i.
Furthermore mX1 “ infpmiq, so we conclude. �

Now, the study is reduced to the case of finite morphisms between orbifold pairs.

Finally, let us consider an adapted cover πX1 : pX Ñ pX 1,∆pq. By definition

of pX and construction of the simultaneous Stein factorization, the composed map
pX Ñ pY,∆q is finite.

We shall therefore assume that we study finite orbifold morphisms between a
variety X and an orbifold pair pY,∆q.

Remark 5.4. All results mentioned in the introduction are stated in their more
general form, involving morphisms between orbifold pairs. However, in the following
pages, we will present them in the context described in this section.

6. The evaluation morphism is an orbifold morphism

In this section, we prove that the evaluation morphism is an orbifold morphism.
This result was already proved by Bartsch–Javanpeykar–Rousseau [BJR23, Theo-
rem 3.5.] in the algebraic context. We propose an analytic proof.

Let X be a variety and pY,∆q be an orbifold pair, with ∆ “
ř

i

´
1 ´ 1

mi

¯
∆i.

Let F Ă HolpX, pY,∆qq be a normal locally closed subset of holomorphic orbifold
maps. We define the evaluation morphism ev by

ev : X ˆ F ÝÑ Y

px, fq ÞÝÑ fpxq
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Let x be a point in X . We define the morphism evx, the evaluation at x, by

evx : F ÝÑ Y

f ÞÝÑ fpxq

Theorem 6.1. The evaluation morphism

ev : X ˆ F ÝÑ pY,∆q
px, fq ÞÝÑ fpxq

is an orbifold morphism.

Proof. First of all, let us show that evpX ˆ F q Ć r∆s.
When one has fixed the map f P F , we set

evpX, fq “ tfpXq P Y |x P Xu “ fpXq Ă Y.

Since each map f P F is an orbifold morphism, then fpXq Ć r∆s.
So evpX,F q “

Ť
fPF

evpX, fq is not included in the support of ∆.
The second step is to show that for every irreducible divisors D Ă Y and E Ă X

such that ev˚pDq “ tE,DE `R, with R an effective divisor of X not containing E,
we have tE,DmXˆF pEq ě mY pDq where mXˆF (resp. mY ) denotes the orbifold
multiplicity on X ˆ F (resp. Y ). Since there is no orbifold structure on X ˆ F , it
remains to show that

ev˚p∆iq “
ÿ

j

ni,jEi,j , with ni,j ě mi,

where ∆i P r∆s and mi denotes the orbifold multiplicity of ∆i in ∆.
Let ∆i P r∆s and let Ei,j be a component of rev˚p∆iqs, Ei,j is a divisor on

X ˆ F . By simplicity, we denote Ei,j by E instead.
If there exists D Ă F , a divisor on F , such that E “ X ˆD, then for all f P D

fpXq Ă ∆i by construction. This situation is not allowed since F is a subset of
the orbifold morphisms. Then, we conclude that

πF pEq “ F ,

where πF : X ˆ F Ñ F is the projection along F .
Since the set of singular points of F is a strict subvariety, we can consider f P F

to be a generic point, such that π´1

F
pfq intersects transversally E .

πF |E : E ÝÑ F is a dominant fibration, hence the generic fibre of πF is
reduced (see [Sta18, Lemma 37.26.4]), and the intersection between π´1

F
pfq and E

is of multiplicity 1. Then the multiplicity of the schematic intersection is

mult
`
π´1

F
pfq X pni,jEq

˘
“ ni,j .

On the other hand, this multiplicity equals the multiplicity of the pull-back f˚p∆iq,
i.e.

mult
`
π´1

F
pfq X pni,jEq

˘
“ multpf˚p∆iqq.

Since f P F is an orbifold morphism,

multpf˚p∆iqq ě mi.

Then, we conclude that

mult
`
π´1

F
pfq X pni,jEq

˘
“ ni,j ě mi.

�
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7. Finiteness result for hyperbolic uniformizable orbifold pairs with

semi-negative orbifold canonical bundle

In this section, we will show a first result which generalizes the theorem proved
by Noguchi [Nog85] in the case of compact hyperbolic manifold with semi-negative
first Chern class. This result leads to a metric hypothesis on the orbifold pair.

Definition 7.1. A smooth orbifold pX,∆q is said to be uniformizable if there exists

an étale ∆-adapted covering Z
π

Ñ pX,∆q, where Z is a smooth variety and π is
said to be étale if it ramifies only over ∆.

Proposition 7.2. Let X be a projective variety and pY,∆q be a smooth projective
orbifold pair. If pY,∆q is hyperbolic and uniformizable and if the first orbifold
Chern class c1ppY,∆qq :“ ´c1pKY ` ∆q is semi-negative, i.e. c1 ppY,∆qq ď 0, then
SurpX, pY,∆qq is zero-dimensional.

Proof. We argue by contradiction. Assume that dimSurpX, pY,∆qq ą 0. We follow
the proof of [Nog85, Theorem(4.1)]. The idea of the proof is to construct a non-
zero holomorphic section of some symmetric tensor power of the tangent bundle.
By the same arguments, we assume that there exists a local deformation ft of f ,
and so, we can construct a section τ P H0pY, SlTY q, where SlTY denotes the l-th
symmetric tensor power of TY and l is some integer defined in the proof. Let us

prove that p˚
Y τ P H0

`
Y, SlT ppY ,∆q

˘
, where pY : rY Ñ pY,∆q is the covering given

by the uniformization property of pY,∆q (see Definition 2.8). One can note that

T ppY ,∆q “ T rY (see Remark 2.9).
We recall all the notations on the following diagram.

f˚TY

��

rf // TY

π

��
X

f
//

σ

II

pY,∆q

Let y P Y be a generic point in Y . We can choose y outside the intersection locus
of ∆ since ∆ is a simple normal crossing divisor. Locally, we denote by y1, . . . , yn

local cordinates on Y centered in y such that ∆ “
´
1 ´ 1

m1

¯
ty1 “ 0u. Let x P X

such that fpxq “ y. We denote by x1, . . . , xn local coordinates on X centered in
x P X .

Since f is an orbifold morphism, f is locally given by

f : Dn ÝÑ Dn

px1, ¨ ¨ ¨ , xnq ÞÝÑ pxp1

1
, x2, ¨ ¨ ¨ , xnq

with p1 ě m1. One can assume that the local deformation ft is given by

F : Dn ˆ D ÝÑ Dn

px1, ¨ ¨ ¨ , xn; tq ÞÝÑ F px1, ¨ ¨ ¨ , xn; tq “ pF1px1, ¨ ¨ ¨ , xn; tq, ¨ ¨ ¨ , Fnpx1, ¨ ¨ ¨ , xn; tqq.

Considering y sufficiently generic, we can consider that x belongs to only one com-
ponent of f˚∆, such that

F1px1, ¨ ¨ ¨ , xn; tq “ h1px1, ¨ ¨ ¨ , xn; tq
p1

and for j ě 2,
Fjpx1, ¨ ¨ ¨ , xn; tq “ hjpx1, ¨ ¨ ¨ , xn; tq

with h1, . . . , hn holomorphic maps and p1 ě m1.
We can write the partial derivative as follows

BF1

Bt
px1, . . . , xn; tq “ h1px1, . . . , xn; tq

p1´1ψipx1, . . . , xn; tq
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and for j ě 2,

BFj

Bt
px1, . . . , xn; tq “ ψipx1, . . . , xn; tq

with ψ1, . . . , ψn some holomorphic maps.
The section σ P H0pX, f˚TY q is locally given by

px1, . . . , xnq ÞÑ
`
x1, . . . , xn;ψ1px1, . . . , xn; 0qh1px1, . . . , xn; 0qp1´1, . . . ,

ψnpx1, . . . , xn; 0qq .

The map rf : f˚TY Ñ TY is given by

px1, . . . , xn;ω1, . . . , ωnq ÞÑ pfpx1, . . . , xnq;ω1, . . . , ωnq .

π is a finite ramified covering of degree l. Taking into account the l preimage of
y P Y , we define the section τ P H0pY, SlTY q as follow

τ : Y ÝÑ SlTY

y ÞÝÑ b
fpxq“y

rf ˝ σpxq

Locally, in y P Y , τ is described by

τpy1, . . . , ynq “ b
fpxq“y

rf ˝ σpxq

“ b
x
p1
1

“y1

xi“yi, i‰1

rf ˝ σpx1, . . . , xnq

“ b
x
p1
1

“y1

xi“yi, i‰1

´
x
p1

1
, x2, . . . , xn ;

ψ1 px1, . . . , xn; 0qh1 px1, . . . , xn; 0qp1´1
, . . . , ψn px1, . . . , xn; 0q

¯

“ b
x
p1
1

“y1

xi“yi, i‰1

˜
y1, y2, . . . , yn;

ψ1

ˆ
y

1

p1

1
, y2, . . . , yn; 0

˙
h1

ˆ
y

1

p1

1
, y2, . . . , yn; 0

˙p1´1

, . . . ,

ψn

ˆ
y

1

p1

1
, y2, . . . , yn; 0

˙¸
.

Note that the former expression is well defined since we take the product over all
preimages.

Assume that pY,∆q is uniformizable by rY . We represented the situation by the
following diagram.

rY
pY

��
X

f
// pY,∆q

Locally, pY is given by

pY : pz1, . . . , zmq ÞÑ pzm1

1
, . . . , znq .
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We can pullback by pY the above section τ . Then, locally, we obtain a section given
by

p˚
Y τpz1, . . . , znq “ τppY pz1, . . . , znqq

“ τpzm1

1
, z2, . . . , znq

“ b
x
p1
1

“z
m1

1

xi“zi, i‰1

˜
zm1

1
, z2, . . . , zn;

ψ1

ˆ
z

m1

p1

1
, z2, . . . , zn; 0

˙
h1

ˆ
z

m1

p1

1
, z2, . . . , zn; 0

˙p1´1

, . . . ,

ψn

ˆ
z

m1

p1

1
, z2, . . . , zn; 0

˙¸
.

So, along ∆, p˚
Y τ vanishes with order at least

m1

p1
pp1 ´ 1ql.

Since we consider orbifold morphisms, m1 ď p1, so

m1

p1
pp1 ´ 1ql ě pm1 ´ 1ql,

where pm1 ´ 1ql corresponds to the multiplicity which appears in the definition of

SlT ppY ,∆q (see Definition 2.8). So, p˚
Y τ is a section of SlT ppY ,∆q over rY , i.e.

p˚
Y τ P H0

´
rY , SlT ppY ,∆q

¯
.

We denote by pY the universal cover of rY . If there exists k P N˚, such that pY
is biholomorphic to Ck ˆZ, then, by composition, we obtain orbifold entire curves
C Ñ pY,∆q. This contradicts the fact that pY,∆q is hyperbolic, hence there is no

euclidean factor in pY .
Since c1pY,∆q is semi-negative, by [Kob80, Theorem 7], we see that

H0

´
rY , SlT ppY ,∆q

¯
“ H0

´
rY , SlT rY

¯
“ t0u,

while p˚
Y τ ‰ 0. This is a contradiction and so SurpX, pY,∆qq is zero-dimensional.

�

Theorem 7.3. Let X be a projective variety and pY,∆q be a projective orbifold
pair. If pY,∆q is hyperbolic and uniformizable and if c1ppY,∆qq is semi-negative,
then SurpX, pY,∆qq is finite.

Proof. By Corollary 4.3, it suffices to show that each irreducible component of
SurpX, pY,∆qq is a one-point set. Then, by Proposition 7.2, one can see that each
irreducible component of SurpX, pY,∆qq is zero-dimensional. Then SurpX, pY,∆qq
contains only a finite number of one-point sets, and so SurpX, pY,∆qq is finite. �

8. Automorphism group

Let pY,∆q be a smooth projective orbifold. In this section, we are interested
in maps of pY,∆q to itself. We refer to Definition 2.3 for the definition of orbifold
maps in the general case. We denote by AutpY,∆q the set of orbifold automorphisms
which is defined as follows:

AutpY,∆q “ tf P HolppY,∆q, pY,∆qq | f is biholomorphicu .
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Lemma 8.1. Let f P AutpY,∆q be an orbifold automorphism of pY,∆q. Then f is
nothing but an automorphism of Y which permutes the components of ∆ with the
same multiplictiy, and the inverse map f´1 is also an orbifold map.

Proof. Let f P AutpY,∆q with ∆ “
ř´

1 ´ 1

mi

¯
∆i. Since f is an automorphism,

there exists a unique divisor D Ă Y such that f´1∆i “ D. Since f is an orbifold
map, mY pDq ě mY p∆iq where mY pDq (resp. mY p∆iq) denotes the orbifold multi-
plicity of D (resp. ∆i) on Y . The map f being invertible, we can do the same with
f´1 and so, mY p∆iq ě mY pDq. Thus mY p∆iq “ mY pDq. �

Theorem 8.2. Let pY,∆q be a smooth projective orbifold. If pY,∆q is hyperbolic,
then AutpY,∆q is finite.

Proof. We recall that AutpY q is a complex Lie group since Y is a projective variety
(see [Kob98, Theorem (5.4.3)]). Furthermore, by Lemma 8.1, being an element of
AutpY,∆q returns to be an element of AutpY q that satisfies some algebraic condi-
tions. So AutpY,∆q is an algebraic variety.

Note that AutpY,∆q is closed in AutpY q. Indeed, let pfnq be a sequence of
orbifold automorphisms of pY,∆q which converges to f P AutpY q. Thus, fpY q
cannot be contained in one of the components of ∆. By Proposition 4.2, we conclude
that f P HolppY,∆q, pY,∆qq, hence f P AutpY q X HolppY,∆q, pY,∆qq, i.e. f P
AutpY,∆q.

Since AutpY q is closed in HolpY, Y q, one can see that AutpY,∆q is closed in
SurrpY,∆q, Y,∆qs. The latter is compact (Corollary 4.3), so AutpY,∆q is a compact
complex Lie group.

Let us show that its identity component Aut0pY,∆q is trivial. We argue by
contradiction, assuming that Aut0pY,∆q is not trivial.

Let consider a point y P Y zr∆s. By Lemma 8.1, fpyq R r∆s for all f P AutpY,∆q.
Moreover the evaluation map is an orbifold map (see Theorem 6.1), so evy : Aut0pY,∆q ÝÑ
pY,∆q is an orbifold morphism.

Then, since Aut0pY,∆q is an algebraic subgroup, we get a non-constant holo-
morphic map C Ñ Aut0pY,∆q, and so, by composition, we obtain an orbifold entire
curve

C ÝÑ Aut0pY,∆q
evy
ÝÑ pY,∆q.

This map has to be trivial because pY,∆q is hyperbolic. More precisely, evy has

to be trivial since we assume C Ñ Aut0pY,∆q not to be constant. By [Kob98,
Lemma (5.3.1)], with Aut0pY,∆q is compact, ev : Aut0pY,∆q ˆ tyu Ñ pY,∆q is
constant for all y P Y . Thus, for all maps f, g P Aut0pY,∆q, for all y P Y , fpyq “
gpyq, and so f “ g. We conclude that Aut0pY,∆q is trivial.

AutpY,∆q is compact and zero-dimensional and so we conclude that AutpY,∆q
is finite. �

9. Pointed maps

Let pX,∆Xq and pY,∆Y q be two orbifold pairs. Let x be a point in X and y be
a point in Y . We define the set of holomorphic pointed orbifold maps as follows

Hol rppX,∆Xq, xq, ppY,∆Y q, yqs “ tf P HolppX,∆Xq, pY,∆Y qq | fpxq “ yu .

Theorem 9.1. Let pX,∆Xq be an orbifold pair with t∆X u “ H. Let pY,∆Y q be a
hyperbolic compact orbifold pair. Let x be a point in X and y be a point in Y zr∆s.
Then Hol rppX,∆Xq, xq, ppY,∆Y q, yqs is finite.
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Proof. First, recall some useful notations. We define the evaluation morphism ev

by

ev : X ˆ HolpX,Y q ÝÑ Y

px, fq ÞÝÑ fpxq

Let x be a point in X . We define the morphism evx, the evaluation at x, by

evx : HolpX,Y q ÝÑ Y

f ÞÝÑ fpxq

Hol rppX,∆Xq, xq, ppY,∆Y q, yqs can be interpreted as

ev´1

x ptyuq X HolrpX,∆Xq, pY,∆Y qs Ă HolrpX,∆Xq, pY,∆Y qs.

We denote it by A. Note that ev´1
x ptyuq is closed in HolpX,Y q. We only want

to consider orbifold morphisms so we restrict evx to HolrpX,∆Xq, pY,∆Y qs. Since
y P Y zr∆s, A is closed in HolpX,Y q by [CW09, Proposition 7]]. By Theorem 4.1,
HolrpX,∆Xq, pY,∆Y qs is relatively compact in HolpX,Y q, then A is compact.

Let H be an irreducible component of A. Let us show that H is 0-dimensional.
By definition of H , the restriction of ev to txu ˆ H is constant, equal to y. Since
H is compact, we can apply [Kob98, Lemma (5.3.1)]. Then for all point x1 P X ,

the map tx1u ˆ H
ev

ÝÑ Y is constant. Thus, for all maps f, g P H , for all x1 P X ,
fpx1q “ gpx1q. This shows that f “ g, and so, H is a one-point set. �

10. Construction of a curve intersecting non-positively the orbifold

canonical bundle

In this paragraph, we construct a curve intersecting non-positively the orbifold
canonical bundle.

Let X be a projective variety and pY,∆q be a smooth projective orbifold. As
before, we can reduce the study to the case where dimX “ dim Y and where all the
maps from X to pY,∆q are finite. Let F Ă SurpX, pY,∆qq be a smooth projective
family of surjective orbifold maps. Since we consider algebraic varieties, we can
intersect F with sufficiently many hyperplanes, such that dimF “ 1.

One of the goals of this section is to construct a holomorphic section of the line
bundle

ev˚
x

¨
˝
˜

dimYľ
TY ´ ∆

¸bM
˛
‚

over F , for a well-chosen point x P X and an integer M P N.
The main idea is to consider the Jacobian of the evaluation morphism, taken

with some power. The power is chosen to give a sense to the orbifold canonical
bundle.

Definition 10.1. We define the following sets:

X0 “ tx P X | dim evxpF q “ 0u

We choose a generic point f0 P F , so that the order of each point x P X , satisfying
fpxq P r∆s, is generic, i.e. minimal, and therefore remains the same for each map
ft P F in the neighbourhood of f0. We denote the set of these maps by Fmin.

Fmin “ tf P F | f branches over ∆ with minimal multiplicityu

X1 “ tx P X | Df R Fmin, fpxq P ∆u

Proposition 10.2. The sets X0 and X1, defined above, are proper closed sets.
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Proof. By construction, dim evxpF q P t0, 1u. The set X0 is a proper closed set,
otherwise, by continuity, all maps of F are equals at any point of X ,i.e. F is a
one-point set, which contradicts the fact that dimF “ 1.

By hypothesis, F is a curve. We are interested in the points of F that branch
along each divisor ∆i P r∆s, with minimal multiplicity. There exists at most a finite

number of non generic points, so Fmin is a finite set.
Since each orbifold morphism of F is continuous, f´1p∆q is a closed set and so,

X1 is a closed set. �

Theorem 10.3. Let X be a projective variety and pY,∆q be a smooth compact
orbifold. Assume that dimX “ dimY . If there exists a family F Ă SurpX, pY,∆qq
of orbifold morphisms, such that dimF “ 1, then we can construct a holomorphic

non-zero section σ of ev˚
xpp

ŹdimY
TY ´∆qbM q on F , for every general point x P X

and an integer M P N, i.e.

σ P H0

¨
˝F , ev˚

x

¨
˝
˜

dimYľ
TY ´ ∆

¸bM
˛
‚
˛
‚.

Proof. By Proposition 10.2, Xz pX0 YX1q is a non-empty open set. We consider a
point x P Xz pX0 YX1q.

We set M “ lcmtmiu, where mi are the multiplicities in ∆ “
ř

i

´
1 ´ 1

mi

¯
∆i.

This choice of M permits to contruct the bundle

˜
dimYľ

TY ´ ∆

¸bM

.

By seting F “ tft : X Ñ pY,∆qu, the data of t defines local coordinates on F

centered in f0. We give local coordinates z1, . . . , zn on X centered in x P X , and
w1, . . . , wn on Y centered in y “ f0pxq.

We assume that ∆ has l distinct components around y “ f0pxq. We consider
simple normal crossing divisor, so locally we can write

∆ “

ˆ
1 ´

1

m1

˙
tw1 “ 0u ` ¨ ¨ ¨ `

ˆ
1 ´

1

ml

˙
twl “ 0u

for a well-chosen system of local coordinates. The evaluation morphism ev

ev : X ˆ F ÝÑ Y

px, fq ÞÝÑ fpxq “ pf1pxq, ¨ ¨ ¨ , fnpxqq

is given, in local coordinates, by

F : Dn ˆ D ÝÑ Dn

pz1, ¨ ¨ ¨ , zn; tq ÞÝÑ F pz1, ¨ ¨ ¨ , zn; tq “ pF1pz1, ¨ ¨ ¨ , zn; tq, ¨ ¨ ¨ , Fnpz1, ¨ ¨ ¨ , zn; tqq.

The pull-back by F of a component ∆j “ twj “ 0u P r∆s is given by

F˚ twj “ 0u “
ÿ

i

ni,jEi,j

with ni,j ě mj because the evalutation morphism F is an orbifold morphism
(Theorem 6.1).

We describe locally Ei,j by setting

Ei,j “ thi,jpz1, . . . , zn; tq “ 0u,

with hi,j a holomorphic map.
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If x belongs to kj components of F˚ twju, one can write

Fjpz1, . . . , zn; tq “ ϕjpz1, . . . , zn; tq

kjź

i“1

hi,jpz1, . . . , zn; tq
ni,j ,

with ϕj a holomorphic map.
We can write the partial derivative as follows

BFj

Bzr
pz1, . . . , zn; tq “ ψj,rpz1, . . . , zn; tq

kjź

i“1

hi,jpz1, . . . , zn; tq
ni,j´1,

with ψj,r some holomorphic maps.
In local coordinates, the Jacobian of F is given by

JF pz1, . . . , zn; tqpe1 ^ ¨ ¨ ¨ ^ enq “
ÿ

νPSn

εpνq
nź

s“1

BFs

Bzνpsq
pz1, . . . , zn; tq

“
ÿ

νPSn

εpνq
lź

s“1

BFs

Bzνpsq
pz1, . . . , zn; tq

nź

s“l`1

BFs

Bzνpsq
pz1, . . . , zn; tq

“
ÿ

νPSn

«
εpνq

lź

s“1

˜
ψs,νpsqpz1, . . . , zn; tq

ksź

i“1

hi,spz1, . . . , zn; tq
ni,s´1

¸

ˆ
nź

s“l`1

BFs

Bzνpsq
pz1, . . . , zn; tq

ff

“
lź

s“1

˜
ksź

i“1

hi,spz1, . . . , zn; tq
ni,s´1

¸

ˆ
ÿ

νPSn

«
εpνq

lź

s“1

ψs,νpsqpz1, . . . , zn; tq
nź

s“l`1

BFs

Bzνpsq
pz1, . . . , zn; tq

ff

We define the section σ by JF pz1, . . . , zn; tqpe1^¨ ¨ ¨^enqbM . In local coordinates,
its expression is

(1)
lź

s“1

˜
ksź

i“1

hi,spz1, . . . , zn; tq
ni,s´1

¸M

ˆ

˜
ÿ

νPSn

«
εpνq

lź

s“1

ψs,νpsqpz1, . . . , zn; tq
nź

s“l`1

BFs

Bzνpsq
pz1, . . . , zn; tq

ff¸bM

.

In the chosen system of coordinates,

˜
dimYľ

TY ´ ∆

¸bM

is generated by

w

´
1´ 1

m1

¯
M

1
¨ ¨ ¨w

´
1´ 1

ml

¯
M

l

ˆ
B

Bw1

^ ¨ ¨ ¨ ^
B

Bwn

˙bM

.

Recall that this line bundle is well defined because M is defined by M “ lcmtmiu,

where mi are the multiplicities in ∆ “
ř

i

´
1 ´ 1

mi

¯
∆i.
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The pull-back bundle F˚

˜
dimYľ

TY ´ ∆

¸bM

is given by

F1pz1, . . . , zn; tq

´
1´ 1

m1

¯
M

¨ ¨ ¨Flpz1, . . . , zn; tq

´
1´ 1

ml

¯
M
F˚

ˆ
B

Bw1

^ ¨ ¨ ¨ ^
B

Bwn

˙bM

“
lź

j“1

Fjpz1, . . . , zn; tq

´
1´ 1

mj

¯
M
F˚

ˆ
B

Bw1

^ ¨ ¨ ¨ ^
B

Bwn

˙bM

“
lź

j“1

˜
ϕjpz1, . . . , zn; tq

´
1´ 1

mj

¯
M

kjź

i“1

hi,jpz1, . . . , zn; tq
ni,j

´
1´ 1

mj

¯
M

¸

F˚

ˆ
B

Bw1

^ ¨ ¨ ¨ ^
B

Bwn

˙bM

.

Since ni,j ě mj , we have

ni,j

ˆ
1 ´

1

mj

˙
M “

ˆ
ni,j ´

ni,j

mj

˙
M ď pni,j ´ 1qM,

where pni,j ´ 1qM corresponds to the multiplicity in the equation (1).
Thus, we conclude that

σ P H0

¨
˝F , ev˚

x

˜
dimYľ

TY ´ ∆

¸bM
˛
‚.

�

As a direct consequence, we have the following result.

Proposition 10.4. Let X be a projective variety and pY,∆q be a smooth compact
orbifold. Assume that dimX “ dimY . Assume that there exists a smooth projective
1-dimensional family F such that there exists a non-constant holomorphic map
ϕ : F Ñ SurpX, pY,∆qq. Then for every general point x P X, the curve evxϕpF q
intersects non positively the orbifold canonical bundle.

Proof. Since there exists a non-constant holomorphic map ϕ : F Ñ SurpX, pY,∆qq,
we obtain a curve ϕpF q Ă SurpX, pY,∆qq. We apply Theorem 10.3. We can
construct a section

σ P H0

¨
˝ϕpF q, ev˚

x

˜
dimYľ

TY ´ ∆

¸bM
˛
‚,

for a well-chosen integer M P N and x P X , a well-chosen point.

Hence the degree of the line bundle ev˚
x

´ŹdimY
TY ´ ∆

¯bM

is non negative,

i.e.

degϕpFq ev
˚
x

˜
dimYľ

TY ´ ∆

¸bM

ě 0.

By definition
ŹdimY

TY ˚ “ KY , and using additive notations, we have

degϕpFq ev
˚
x p´pKY ` ∆qqM ě 0

By the projection formula, then we obtain

degevxpϕpFqq p´pKY ` ∆qq
M

ě 0,
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which can be restated as

(2) degevxpϕpFqq pKY ` ∆q
M

ď 0.

Therefore evxpϕpF qq intersects non positively pKY ` ∆qbM . �

11. Finiteness result for hyperbolic orbifold pairs with big orbifold

canonical bundle

In this section, we will prove a new rigidity result based on analytic tools.
More precisely, we consider a positivity condition on the orbifold canonical bundle,
namely the fact that it is big.

This result was already proved in [BJ24]. Here, we use analytic methods.

Proposition 11.1. Let X be a projective variety. Let pY,∆q be a smooth compact
orbifold. If pY,∆q is hyperbolic and if the orbifold canonical bundle KY ` ∆ is
big, then the set of surjective holomorphic orbifold morphisms from X to pY,∆q is
zero-dimensional.

Proof. We argue by contradiction. Assume that there exists an irreducible com-
ponent F of SurpX, pY,∆qq, such that dimF ě 1. Since we consider algebraic
varieties, we can intersect F with sufficiently many hyperplanes, in such a way that
dimF “ 1. By the characterization of big divisors (see [Laz04, Corollary 2.2.7.]), if
the orbifold canonical divisor KY `∆ is big, then there exists an ample divisor A, a
positive integerm ą 0, and an effective divisor E such that mpKY `∆q ”num A`E.
Therefore,

mpKY ` ∆q ¨ C “ mpA ` Eq ¨ C “ mA ¨ C `mE ¨ C,

where C “ evxpF q, x being a general point.
Since A is ample, A ¨C ą 0. Let us show, by adding restriction on the choice of

the point x P X define in Theorem 10.3, that we can have E ¨ C ě 0. Let y R E.
There exists a surjective map f such that f´1pyq ‰ H. Let x P f´1pyq. In the
proof of Theorem 10.3, we gave conditions about the choice of x. More precisely, we
chose x in the open set XzpX0 Y X1q (see Proposition 10.2). Here, we can choose
x P X satisfying the same conditions.

mpKY ` ∆q ¨ C “ mpA ` Eq ¨ C “ m A ¨ Cloomoon
ą0

`m E ¨ Cloomoon
ě0

ą 0.

It leads to a contradiction with Proposition 10.4, and thus we conclude the proof
of Proposition 11.1. �

Theorem 11.2. Let X be a projective variety and pY,∆q be a compact orbifold
pair. If pY,∆q is hyperbolic and if KY ` ∆ is big, then SurpX, pY,∆qq is finite.

Proof. By Corollary 4.3, it suffices to show that each irreducible component of
SurpX, pY,∆qq is a one-point set. Then, by Proposition 11.1, one can see that each
irreducible component of SurpX, pY,∆qq is zero-dimensional. Then SurpX, pY,∆qq
contains only a finite number of one-point sets, and so SurpX, pY,∆qq is finite. �

12. Curves intersecting negatively the orbifold canonical bundle

In this section, we will show that curves constructed at the end of Section 10 do
not only intersect non positively the orbifold canonical bundle but even negatively.

In this section, we still consider X a projective variety and pY,∆q a smooth com-

pact orbifold pair, with ∆ “
ř´

1 ´ 1

mi

¯
∆i. Let F be an irreducible component

of SurpX, pY,∆qq, the set of surjective orbifold maps.
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We define the degeneracy locus D by the zero locus of the Jacobian as a section
of the determinant of the orbifold tangent bundle.

D0,orb “ tpx, gq P X ˆ F | σgpxq “ 0u ,

where σg P H0

ˆ
X,

´ŹdimY
TY ´ ∆

¯bM
˙

, defined by σgpxq “ JgpxqbM for

px, gq P X ˆ F , and
Dorb “ D0,orb Ă X ˆ F .

We use the natural projection πX and the evaluation map ev:

πX : X ˆ F Ñ X and ev : X ˆ F Ñ pY,∆q.

Let us prove an important lemma.

Lemma 12.1. If pY,∆q is hyperbolic, then πXpDorbq “ X.

Before, we prove this lemma.

Lemma 12.2. Let Y be a compact variety and D be a divisor. If pY,Dq is hyper-
bolic, then H0pY, TY p´ logDqq “ t0u.

Proof. We argue by contradiction. Let ξ P H0pY, TY p´ logDqq, ξ ‰ 0. We consider
ξ as a section of TY , i.e. ξ P H0pY, TY q. We recall that every vector field on a
compact variety is complete. Then, since Y is compact, ξ is complete, and so the
flow gives entire curves on Y . We denote by γ one of this entire curve, which
satisfies "

γptq “ ξpγptqq
γp0q “ y0

with y0 P Y . Since ξ P H0pY, TY p´ logDqq, if we consider y0 R D, γptq R D for all
t P C. Therefore, the flow defines an entire curve

γ : C Ñ Y zD.

Since Y zD is hyperbolic, we obtain a contradiction. �

In the non-orbifold case, Lemma 12.1 is proved in [Kob98, Lemma (6.6.4)]. Now,
we adapt the proof in the orbifold case.

Proof of Lemma 12.1. Fix f P F . At the beginning of Section 3 of Chapter 5 of
[Kob98], Kobayashi defined an injective map νf : TfF Ñ H0pX, f˚TY q. If ft is
a curve in F such that f0 “ f and if ζ P TfF is a nonzero vector defined by

ζ “ Bft
Bt

ˇ̌
ˇ
t“0

P TfF , then

pνf pζqqpxq “
Bft
Bt

ˇ̌
ˇ̌
t“0

P TfpxqF .

More formally, using the differential

ev˚ : TX ˆ TF Ñ TY

of the evaluation map ev, we set

pνf pζqqpxq “ ev˚p0x, ζq P TfpxqY, x P X, ζ P TfF ,

where 0x stands for the zero vector at x. We set rζ “ νf pζq P H0pX, f˚TY q. The

section rζ of f˚TY defines a multi-valued section pζ of TY , i.e.

pζpyq “
!
rζpxq P TyY |x P f´1pyq

)
.

Let pY “ pζpY q Ă TY . Then the natural projection pY Ñ Y is a finite surjective
map. Let rev : ev˚TY Ñ TY be the natural map (which identifies the fibre TgpxqY

of ev˚TY at px, gq P X ˆ F with the fibre TgpxqY of TY at gpxq P Y ). Then
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rev´1ppY q Ñ XˆF is a finite surjective map. We may view rev´1ppY q as a multivalued
section of ev˚TY over X ˆ F .

On the other hand, viewing f˚TY as the restriction of the pull-back bundle

ev˚TY to X ˆ tfu we consider rζ as a section of ev˚TY over X ˆ tfu, and we shall

extend rζ to a holomorphic section rζ of ev˚TY over pXzAq ˆ F , where

A “ tx P X | fpxq P Y, σf pxq “ 0u.

We define vpxq “ f´1
˚ prζpxqq P TxX for x P XzA and

(3) rζpx, gq “ g˚pvpxqq P TgpxqY, px, gq P pXzAq ˆ F .

Thus we have a single valued section rζ of ev˚TY defined only on pXzAq ˆ F , as

well as a multi-valued section rev´1ppY q of ev˚TY defined on the whole of X ˆ F .
Now, suppose that πXpDorbq ‰ X , and set

B “ πXpDorbq.

Clearly, A Ă B. Then for every g P F , the section σg is nonzero in x P B, i.e.
each map g P F is orbi-étale in each point x P B. Hence, by Theorem 6.1, one can
see that ev is orbi-étale on B ˆ F . So we can consider the bundle T pev,∆q. Since
TgpxqY is the fibre of the pull-back bundle ev˚TY at px, gq P X ˆ F , we see that
T pev,∆q|txuˆF

is isomorphic to the product bundle over txu ˆ F with fibre TxX ,
i.e.

(4) T pev,∆q|txuˆF
» ptxu ˆ F q ˆ TxX, X P XzB.

Fix x P XzB. Since the bundle T pev,∆q restricted to txu ˆ F is a product
bundle ptxu ˆ F q ˆTxX by (4) and since txu ˆF is compact, the restriction of the

mutlivalued section rev´1ppY q to txu ˆ F consists of constant sections ptxu ˆ F q ˆ
σipxq, i “ 1, . . . ,m, where σipxq P TxX is independent of g P F .

On the other hand, since rζpxq Ă pζpfpxqq, rζpXq is contained in the mutlivalued

section rev´1ppY q. So by renumbering σ1, . . . , σm we may assume that

rζpxq “ px, f, σ1pxqq P txu ˆ F ˆ TxX, x P XzB.

Since the extension rζ of rζ to pXzBqˆF defined by (3) is nothing but the extension

of rζ by the trivialization (4), we have

tpx, gq “ px, g, σ1pxqq P txu ˆ F ˆ TxX, x P XzB.

Since rζppXzBq ˆ F q is contained in rev´1ppY q, rζ extends to X ˆ F . We denote

this extended section of ev˚TY over X ˆ F by the same symbol rζ. For each
y P Y , we consider a mapping ev´1pyq ÝÑ TyY which sends px, gq P ev´1pyq to

g˚prζpx, gqq P TyY . This map is constant since ev´1pyq is connected and compact.
Thus we obtain a non-trivial holomorphic vector field on Y .

We denote it by ρ P H0pY, TY q, defined by

ρpyq “ g˚

´
rζpx, gq

¯

with px, gq P ev´1pyq, for each y P Y .
In this case, this pushforward is not only a holomorphic vector field on Y but

also a section of logarithmic tangent bundle TY p´ logr∆sq over Y , i.e.

ρpyq P H0pY, TY p´ logr∆sqq.

Let us prove this. Let x be a point in X and g P F . We give local coordinates
z1, . . . , zn on Y centered in y “ gpxq P Y .
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We assume that ∆ has l distinct components around y “ gpxq. We consider
simple normal crossing divisor, so locally we can write

∆ “

ˆ
1 ´

1

m1

˙
tz1 “ 0u ` ¨ ¨ ¨ `

ˆ
1 ´

1

ml

˙
tzl “ 0u

for a well-chosen system of local coordinates, so that r∆s is given by tz1 ¨ ¨ ¨ zl “ 0u.
Then, the logarithmic tangent bundle TY p´ logr∆sq is generated by

B
z1

B

Bz1
, . . . , zl

B

Bzl
,

B

Bzl`1

, . . . ,
B

Bzn

F
.

By construction, the section rζ is given by some combination of elements of the
form g˚ B

Bzi
. The map g is an orbifold map, so we may assume that g is locally

given by pz1, ¨ ¨ ¨ , znq ÞÑ pzn1

1
, . . . , znl

l , zl`1, . . . , znq, with ni ě mi.

Since g˚
rζ is nothing but the differential of g along rζ, then we can compute it in

the following way:

dg

ˆ
g˚ B

Bzi

˙
“ miz

mi´1

i

B

Bzi
.

Thus if mi ě 2, this complete the proof that the section ρ is a non-zero section of
the logarithmic tangent bundle TY p´ logr∆sq over Y . Since pY,∆q is hyperbolic,
so is pY, r∆sq. By Lemma 12.2, H0pY, TY p´ logr∆sqq “ t0u, and thus we get a
contradiction. �

This lemma gives that the section, constructed in Theorem 10.3, has zeros.

Hence the degree of the line bundle ev˚
x

´ŹdimY
TY ´ ∆

¯bM

is positive. There-

fore, we can strengthen the previous result (Proposition 10.4), improving the proof
with strict inequalities.

Proposition 12.3. Let X be a projective variety and pY,∆q be a smooth compact
orbifold. Assume that dimX “ dimY . Assume that there exists a smooth projective
1-dimensional family F such that there exists a non-constant holomorphic map
ϕ : F Ñ SurpX, pY,∆qq. If pY,∆q is hyperbolic, then for every general point
x P X, the curve evxϕpF q intersects negatively the orbifold canonical bundle.

13. Finiteness results

13.1. Finiteness result for hyperbolic uniformizable orbifold pairs. In this
section, we will prove a new rigidity result based on an algebraic theorem proved
by Miyaoka–Mori in the case of uniformizable orbifold pairs. We recall that the
definition of an uniformizable orbifold pair is given by Definition 7.1.

Proposition 13.1. Let X be a projective variety and pY,∆q be a smooth projective
orbifold pair. If pY,∆q is hyperbolic and uniformizable, then SurpX, pY,∆qq, the set
of surjective orbifold maps from X on pY,∆q, is zero-dimensional.

The result is based on the following theorem of Miyaoka–Mori [MM86].

Theorem 13.2. Let X be a non-singular projective algebraic manifold, C a closed
curve on X and x a general point of C. If KX ¨C ă 0, then there exists a rational
curve L through x.

Proof of Proposition 13.1. We argue by contradiction. Assume that there exists an
irreducible component F of SurpX, pY,∆qq, such that dimF ě 1. Since we consider
algebraic varieties, we can intersect F with sufficiently many hyperplanes, in such
a way that dimF “ 1. By Proposition 12.3, there exists a point x P X and an
integer M P N, such that the curve C “ evxpF q intersects negatively pKY `∆qbM .
Note that C Ć ∆ because we consider a subset F of surjective maps.
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Since the orbifold is uniformizable, there exists an étale ∆-adapted covering Z.

Z

π

��
F

evx
// pY,∆q

The covering being étale, we have π˚ pKY ` ∆q “ KZ . Then, one can lift the curve
C “ evxpF q in Z. So,

π´1pCq ¨ KZ ă 0.

By Theorem 13.2, there exists a map g : P1 Ñ Z such that the curve gpP1q
passes through any general point of π´1pCq. Fix z P π´1pCq Ă Z such a general
point. We can chose z such that πpzq R ∆ since C Ć ∆. If we compose by π, which
is étale, we obtain an orbifold morphism

(5) π ˝ g : P1 Ñ pY,∆q.

Note that π ˝ gpP1q Ć ∆ because the curve π ˝ gpP1q passes through πpzq R ∆.
Then, π ˝ gpP1q is a rational orbifold curve on pY,∆q which is a contradiction with
the fact that pY,∆q is hyperbolic. This conclude the proof of Proposition 11.1. �

Theorem 13.3. Let X be a projective variety and pY,∆q be a projective orbifold
pair. If pY,∆q is hyperbolic and uniformizable, then SurpX, pY,∆qq is finite.

Proof. By Corollary 4.3, it suffices to show that each irreducible component of
SurpX, pY,∆qq is a one-point set. Then, by Proposition 13.1, one can see that each
irreducible component of SurpX, pY,∆qq is zero-dimensional. Then SurpX, pY,∆qq
contains only a finite number of one-point sets, and so SurpX, pY,∆qq is finite. �

Remark 13.4. Obviously, this result implies Theorem 7.3.

Example 13.5 (Compact quotient of the unit ball). All Riemann surfaces are
characterized by the Poincaré uniformization Theorem. In particular, hyperbolic
compact Riemann surfaces are quotients of the unit disc. By De Franchis Theorem
[DF13], there is only a finite number of surjective maps with values in a quotient of
the unit disc. In higher dimension, if we consider compact quotients of the unit ball,
they describe some uniformizable hyperbolic orbifolds. By Theorem 13.3, there is
only a finite number of surjective orbifold maps with values in a quotient of the
unit ball.

13.2. Finiteness result for hyperbolic orbifold pairs with nef orbifold

canonical bundle. In this subsection, we will prove a new rigidity result based
on analytic condition. More precisely, we consider a positivity condition on the
orbifold canonical bundle, namely the fact that it is nef.

Proposition 13.6. Let X be a projective variety and pY,∆q be a compact orbifold
pair. If pY,∆q is hyperbolic and if the orbifold canonical bundle KY ` ∆ is nef,
then SurpX, pY,∆qq, the set of surjective orbifold maps from X on pY,∆q, is zero-
dimensional.

Proof. The idea of the proof is the same as the proof of Proposition 11.1, just using
Proposition 12.3 instead of Proposition 10.4.

We argue by contradiction. Assume that dim SurpX, pY,∆qq ą 0, i.e. there exists
an irreducible component F of SurpX, pY,∆qq, such that dimF ě 1. Since we
consider algebraic varieties, we can intersect F with sufficiently many hyperplanes,
in such a way that dimF “ 1. By Proposition 12.3, there exist a point x P X and
an integer M P N, such that the curve evxpF q intersects negatively pKY ` ∆qbM .
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Then, we obtain a direct contradiction with the fact that KY ` ∆ is nef and thus
we conclude the proof of Proposition 13.6. �

Theorem 13.7. Let X be a projective variety and pY,∆q be a compact orbifold
pair. If pY,∆q is hyperbolic and if the orbifold canonical bundle KY ` ∆ is nef,
then SurpX, pY,∆qq is finite.

The proof of this result is the same as the proof of Theorem 13.3, except that
Proposition 13.1 is replaced by Proposition 13.6.

Remark 13.8. Obviously, this result implies Theorem 11.2, but here we need the
negativity result of the intersection.

13.3. Finiteness result for hyperbolic orbifold pairs with pseudo-effective

orbifold canonical bundle. In this last subsection, we prove a more general
rigidity result. We consider another kind of positivity condition on the orbifold
canonical bundle, namely the fact that it is pseudo-effective.

Based on [Laz04], we recall the definition of pseudo-effective divisors.

Definition 13.9. LetX be a variety. The pseudo-effective cone PseffpXq Ă N1
RpXq

is the closure of the convex cone spanned by the classes of all effective R-divisors.
A divisor D P DivRpXq is pseudo-effective if its class lies in the pseudo-effective
cone.

Remark 13.10. We denote by N1pXq the Néron–Severi group of X defined by

N1pXq “ DivpXq
M
NumpXq

of numerical equivalence classes of divisors on X .

Let us recall the following theorem (see [BDPP12, Theorem 0.2]), giving an
equivalent definition for pseudo-effective line bundle.

Theorem 13.11. A line bundle L on a projective manifold X is pseudo-effective
if, and only if, L¨C ě 0 for all irreducible curves C which move in a family covering
X.

This characterization allows us to prove the following result.

Proposition 13.12. Let X be a projective variety and pY,∆q be a projective orb-
ifold pair. If pY,∆q is hyperbolic and KY `∆ is pseudo-effective, then SurpX, pY,∆qq,
the set of surjective orbifold maps from X on pY,∆q, is zero-dimensional.

Remark 13.13. This result implies Proposition 11.1 and Proposition 13.6.

Proof of Proposition 13.12. We argue by contradiction. Assume that there exists
an irreducible component F of SurpX, pY,∆qq, such that dimF ě 1. Since we
consider algebraic varieties, we can intersect F with sufficiently many hyperplanes,
in such a way that dimF “ 1. By Proposition 12.3, depending on the choice of
the point x P X , there exists a family of curves Cx, given by Cx “ evxpF q, which
intersects negatively pKY ` ∆qbM , for an integer M P N. Since F is a subset of
surjective maps, one can move the point x, such that we obtain a family of curves
covering Y . Indeed, for every point y P Y , since F Ă SurpX, pY,∆qq, there exist a
point x P X and a map f P F such that y “ fpxq.

Then, by Theorem 13.11, we obtain a direct contradiction with the fact that
KY `∆ is pseudo-effective and thus we conclude the proof of Proposition 13.12. �

Theorem 13.14. Let X be a projective variety and pY,∆q be a projective orbifold
pair. If pY,∆q is hyperbolic and KY `∆ is pseudo-effective, then SurpX, pY,∆qq is
finite.

The proof of this result is the same as the proof of Theorem 13.3, except that
Proposition 13.1 is replaced by Proposition 13.12.
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