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EQUIVALENCE BETWEEN STRICT VISCOSITY SOLUTION AND
VISCOSITY SOLUTION IN THE WASSERSTEIN SPACE AND
REGULAR EXTENSION OF THE HAMILTONIAN IN 2.

CHLOE JIMENEZ

To Giuseppe Buttazzo, a kind magician who makes Mathematics even more beautiful.
Thank you Giuseppe and Happy Birthday!

ABSTRACT. This article aims to build bridges between several notions of viscosity
solution of first order dynamic Hamilton-Jacobi equations. The first main result
states that, under assumptions, the definitions of Gangbo-Nguyen-Tudorascu and
Marigonda-Quincampoix are equivalent. Secondly, to make the link with Lions’
definition of solution, we build a regular extension of the Hamiltonian in L% x L%.
This extension allows to give an existence result of viscosity solution in the sense
of Gangbo-Nguyen-Tudorascu, as a corollary of the existence result in L3 x L.
We also give a comparison principle for rearrangement invariant solutions of the
extended equation. Finally we illustrate the interest of the extended equation by
an example in Multi-Agent Control.

Keywords: Optimal Transport, Viscosity solutions, Hamilton-Jacobi equations,
Multi-Agent Optimal Control.

1. INTRODUCTION

In this article, we are interested in Hamilton-Jacobi equations in the Wasserstein
space Po(R?). Such equations arise naturally in many different fields. Up to my
knowledge, the fist appearance can be dated to 2008 on the one hand in Differential
Games with incomplete informations [8], on the other hand in [16] with an equation
coming from Fluid Mechanics. These kind of equations also appear for instance in
Mean Field Games (see [19],[6], [15], [7] among others) and Multi-Agent Control
([20], [23], [10], [3]...). In many cases, the viscosity solution of such equation is ex-
pected to be the limit of a sequence of solutions of Hamilton-Jacobi equations in
finite dimension. In the setting of Multi-Agent optimal control, trajectories in the
Wasserstein space aim to model trajectories of flocks, herds or crowds with a high
number of individuals. The position of the agents at a time ¢ is represented through
a probability measure p;. A natural question is weather the value function can be
obtained as a limit, as N — 400 of a sequence of value functions, each one being the
appropriate value of a control problem in (Rd)N of N trajectories of N agents in R?.
The answer is positive and was proved in [9] in a quite general case. At the level of
solutions of Hamilton-Jacobi equations, this is done [15] and [7] for some equations
arising in Mean Field Games.

Date: September 29, 2023.



2 C. JIMENEZ

We focuses on dynamic first order backward Hamilton-Jacobi-Bellman equations
on the Wasserstein space and on a time interval [0, T with the shape:

(HT)  Opu(t, ) + H(p, Dyult, 1) = 0 V(u, t) € Po(RY) x [0, T

where H : (i, p) € Pao(R?) x Li(Rd) — H(p,p) € R. This equation will be coupled
with a final condition

u(T, 1) = G(u) Y € P2(RY)
with G : Po(R%) — R bounded uniformly continuous.
Several notions of viscosity solutions in Py(R?) exists in the literature. We can
cite among other the definitions of Cardaliaguet-Quincampoix [8], Gangbo-Nugyen-
Tudorascu [16], Ambrosio-Feng [2], Lions [19] (see also [6]), Marigonda-Quincampoix
[20], [23], [24], Badreddine-Frankowska [3], [4], or more recently Conforti-Kraaij-
Tonon [11] and Jerhaoui-Zidani [21], [22].
We concentrate on the notions of Gangbo-Nugyen-Tudorascu, Marigonda-Quincampoix
and Lions. In the continuity of [17] and [24], we aim to establish bridges between
these three notions. In a first step, we will deal with the two first definitions.

The definition of subsolution of Gangbo-Nugyen-Tudorascu requires a notion of
superdifferential. Namely for u : [0, 7] x P2(R?) — R, (to, o) € [0, T[xPa2(RY), the
couple (pt,pu) € R x Lio (R4, R9) belongs to D u(tg, po) if:

Y(t,v) € [0,T] x Po(RY), v € T, (po, v) :

u(t, v)—u(to, pro) < ptx(t—to)Jr/RQd pu(x)-(y—2) dy(x,y)+o (\/\t —to]? + W2 (po, V)) ,

and p,, € T, (R?), the tangent space to Po(RY) at pg (see section 2.1). Here, II, (10, v)
denotes the set of optimal transport plans between po and v (see section 2.1). Then,
classically, u is a viscosity subsolution of (HJ) if for all (o, uo) € [0, T[xP2(R%):

Dbt + %(Moupu) > 0 v(ptap,u) € D+U(t0, MO)

Note that the equation being backward, the inequality in the definition of viscos-
ity solution is reversed. The definition of subsolution of Marigonda-Quincampoix
will be called strict viscosity subsolution and requires the notion of approximate
superdifferential Dfu(-,-) associated to the definition above with ¢ > 0 in the
spirit of [12]. Then the map w is a strict viscosity subsolution of (HJ) if it ex-
ists C' : Pa(R?) — [0,+oc[ (with some regularity assumption) such that for all
(to, o) € [0, T[xPa(R%) and all & > 0:

pt+ H(po, pp) > —Cluo)e  Y(pr,pu) € DFulto, po)-

The first main result of this paper states that, under some assumptions on H, both
notions of strict and non-strict viscosity solutions are equivalent. As done in [12] in
finite dimension, for this type of result some regularity of H is needed with respect
to the couple (i, p) which belongs to the domain of H:

(1) Fo(RY) i={(u,p) : p € P2(RY), p € LZ(RE, RN}
The question of a suitable convergence in F3(R%) is not easy and was already ad-

dressed in [1] p 127 and in [24], section 3.4. A good regularity assumption to get
equivalence between strict and non-strict solutions is the following one:

(2)  lim Wa((Id x pn)fpn, (Id x p)ip) = 0= lm H(pn,pa) = H(u,p)
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for any (i1,p), (fin,Pn)n in Fo(R?). The other significant difficulty is to express the
notion of strict solutions in terms of quite regular test functions. It was already
proved in |24] that the definition of strict solution is equivalent to a definition in-
volving test functions v : [0, T x P2(R%) — R. Nevertheless a test function at a point
(to, o) is only differentiable at (¢g, o) with no guarantee away from this point. This
lack of regularity prevents, for instance, to repeat the arguments of [12| to prove
equivalence between strict and non-strict viscosity solution. We will introduce a
class of more regular test functions w. Their superdifferential is non-empty every-
where, and for any (t,, i, ), converging to (to, po), up to a subsequence, we can find
(Ptns Pun)n in DT (ty,, pn) converging to the derivative of w at (to, po)-

To introduce viscosity solutions to (HJ) in the sense of Lions, considering a com-
plete probability space (€2, B(Q2),IP), we need the lift U of uw and H of H:

U(t, X) = u(t, X4IP) V(t, X) € [0, T[x L3 (9, RY)
where X{IP is the law of X,
(3)  H(X,poX):=H(up) Y(u,p) € Fa(RY), X € L3(Q,RY) with X{IP = pu.

Moreover an extension H of H to all L% (Q,R%) x L2,(2,R?) is involved. Then u is
a viscosity solution of (HJ) in the sense of Lions if its lift is a viscosity solution of

(HJy) U +H(X,DU(t, X)) =0 Y(t,X) € [0,T[xLH(Q,RY).

This notion is relative to the choice of the extension H. The question is: what
would be a good choice of extension H of H? The answer depends on the expected
properties of H. Hereafter we discuss several choices of extensions. In [17], to define
the extension H(X, Z) for some (X, Z) € LL(Q,RY) x L4 (Q,RY), the authors use
the orthogonal projection p%(Z) o X of Z, on

{po X : p€ Txsp(RY)} where p& (V) € Txyp(RY).

The set Txyp(R?) being the tangent space to Po(R?) at XyIP (see subsection 2.1).
Then, they choose H(X,Z) = H(X,p%(Z) o X) = H(u,p%), we will denote this
extension Hgp. This choice is motivated by the following outstanding result of [17]:

Z € DTU(X) = p%(Z) € DTu(X$IP) where U is the lift of w.

This extension is of particular interest as it gives the equivalence: wu is a viscos-
ity solution of (HJ) (in the sense of Gangbo-Nguyen-Tudorascu) if and only if its
lift U is a solution of (HJ2). Another possibility, appearing in [10], is given by:
H(X,Z) = H(X,px(Z) o X) = H(XH#IP,px(Z)) where px(Z) o X is the orthogonal
projection on

Hx :={poX:pe Lip(Q RN}

We will denote this extension by Hcng. Unfortunately both Hgt and Howmgq fail to
be regular on (X, Z) even if H is quite nice which prevents to apply classical results
contained for instance in [12], [13]. Let us illustrate this lack of regularity by a simple
example.

Example 1.1. In dimension d = 1, we consider the following Hamiltonian on F2(R) :

H(p,p) = llplr2-
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We choose the probability space:
(Q, B(Q),TP) with Q = [~1/2;1/2], P = L'[[-1/2;1/2]

where B([—1/2,1/2]) is the Borelian tribe. Consider the following probabilities on
Pa(R): pp, = nﬁlu—; =], = $(61 + 0-1) and the optimal transport map from
tn to v: Tp(z) = [%[()+1]01().Then

’2n

pn(x) = (z+ 1)1[—ﬁ70[(:€) + (z — 1)1]0’%}(:5) belongs to T, (RY)

1 1
and H(jin, pn) = W5 (pn, v) = oz "o, T
The probability pi, can be represented in L3, (2, R) by X, (w) = £, so we get:
1 1
HCMQ(men S Xn) = HGT(Xnapn o Xn) = %(Nmpn) = W - % + 1.

Then, passing to the limit, (Xy,)n converges to 0 (of law &y), and (ppoXy)n converges

to Z = 1[_; o~ 1]0 1 of law v. As ﬁo(Rd) = L%O(Q,Rd) can be identified to R, we
27 2

easily see that px(Z) = p%(Z) = 0. Finally:

HCMQ(X, Z) = HGT(X, Z) = 7‘[(50,0) =0<1= WQ((SO,V) = ngr—ir-loo WQ(MH,I/)

= lim HGT(XnupnoXn): lim HCMQ(Xn)pnOXn)-

n——+0o00 —+00
The inequality is due to the fact that the Hamzltomans Hgt and Hevmg do not capture
the fact that the optimal plan between &g and v divides masses.

In the example above, a natural choice of extension is H(X, Z) = || Z]|| £z, which is

indeed used in [19] and [6]. In the present paper we aim to build a regular extension,
namely continuous. Again, the question of a good topology on JFa(R?) arises. We
show that if H has a continuous extension H, necessarily, H satisfies (2). Conversely,
assuming H is uniformly continuous with respect to this convergence, we can extend
H to H continuously on L% (Q,R%)2. This regularity allows to give an existence
result for viscosity solution of (HJ) (Theorem 4.8) (in the sense of Gangbo-Nguyen-
Tudorascu), using the results of Crandall and Lions [13]. We also show that this
extension is meaningful and give a specific comparison principle (note that classic
comparison principle will also apply).

The paper is organized as follows. In section 2, we will give the definitions and
notations and recall useful results. We will also give two example of Hamiltonians
which will be used all along the article. Section 3 is devoted to strict and non strict
solutions. After giving the definitions in subsection 3.1, subsection 3.2 deals with
test functions and regular test functions. Finally we prove the equivalence between
strict and non strict solution in subsection 3.3. In Section 4 , we build a regular
H (subsection 4.1) as a consequence we get an existence result for (HJ). Then, in
subsection 4.2, we study the properties of rearrangement invariant viscosity solutions
of the extended equation and give a comparison principle. We end the section by
an example (subsection 4.3) which emphasize that this extension is meaningful for
Optimal Control problems. Finally the Appendix 5 contains a density result in
Po(R? x R? x RY).



2. PRELIMINARIES

2.1. Optimal transport and the Wasserstein space. We fix and integer d € N*.
For any N € N* (=d, 2d, 3d...), we denote by Py(RY) the Wasserstein space:

PoBY) = {ue PERY): [ o du(e) < +o0}
RN

where P(RY) is the set of probability measures on RY and |-| is the Euclidian norm.
We will write ma(p) for the moment of order 2 of p € Pa(RY):

malp) = [ lof? du(a).

We will denote by 71 and 7 the first and second projection on R% x R%:

m:REXRY — RY 7m:RIxRY — R
(.y) = w (z.y) — y
we will also use:
T2 :REXRIXRS — RIXRY  m3:RIXRE — R
(x,y,2) = (2,2) (x,y,2) — (2,2)

For any T € Li(RN,RN,), 1€ Po(RN), the push forward T € Po(RN') is
defined by:

(THu)(A) = u(T~1(A)) for all A in the Borel Tribe B(RN').

The space PQ(RN ) is a Polish space while equipped with the Wasserstein distance
defined for all u, v € Po(RY):

Wa(p,v) = inf { (/RNX]RN |z — y|* dy(x, y)>1/2 oy € H(p, V)}

where (p,v) = {yv € Po(RY x RN) : pifty = p, poliy = v} is called the set of
transport plans.

The infimum is always a minimum and the set of optimal transport plans is denoted
by II,(u, v). When p is absolutely continuous with respect to the Lebesgue measure
there exists a so called optimal transport map T € LZ(RN,]RN) such that THu = v
and:

My (1, v) = {(Id x T)u}.
We recall the following result:

Proposition 2.1. Let (Q, B(Q),IP) any probability space with Q0 a Polish space,
B(Q) the Borel tribe and IP without atom. Let i € Po(RY), then it exists T : Q — RY
that pushes forward IP to p: THIP = p.

We will use the tangent space to Po(R?) at u € Pa2(RY) (see [1], section 8.4.):

T.(RY) = TNId-T): x>0, (Idx D€ Mo, Ta0) + &)

2 d md
= Vo pecr®n ),

We refer to [25] and [1] for more informations on Py (RY).
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2.2. L%,-representation of the Wasserstein space. Let (Q, B(Q2),IP) a fixed
probability space satisfying the assumptions of Proposition 2.1. Then, for any
p € Po(RY) it exists X € L3(Q,RY) such that p = X#IP. The norm and the
scalar product of this space will be simply denoted | - || and (-, ). It holds:
Wo(p,v) =min{|| X - Y| : XtIP =p, YiP =v}.
The following lemma is very useful while considering two random variables with
the same law:
Lemma 2.2. Let X,Y € L2(,RY) such that X4P = Y4P. Then, for any e > 0,
there exists T :  — € bijective satisfying:
(i) 7 and 771 are measure-preserving that is TP = 7P = P,
(11) ||Y —Xo T”LHO»O(Q,RCZ) <e.
We also have:

Lemma 2.3. a) For any X,, X in L%, we have:
| X, — X|| = 0= Wa(X,fIP, X{IP) — 0.
b) For any fin, p in Pa(RY), if Wolun, u) — 0 then it exists (X,)n, X in L3
such that:
| X, — X|| — 0.
For any u : P2(R%) — R, we call lift of u the map:
U:X e LH(QRY — U(X) =u(XtP) € R.

This map is said to be rearrangement invariant, that is: U(X) = U(Y) for all
X,Y € L4(9,RY) such that XtIP = YV{IP.
Note that u is continuous in Py(RY) iff its lift U is continuous in L& (9, RY).

We recall the definition of the Fréchet superdifferential of any map V : L12P(Q, RY) —
R:

Definition 2.4. Let Xo,Z € L3(Q,RY), py € R, to € [0,7[. We will write that
(pt, Z) € DYU(to, Xo) iff for all (t,Y) € R x L&,(,R%):
V(YY) = V(to, Xo) < put — to)(Z,Y — Xo) +0 v/t — to2 + ¥ = Xol?) .

The set DU (tg, Xo) is called the (Fréchet) superdifferential of V' at (tg, Xo). We
have symmetric definitions for the (Fréchet) subdifferential of V.

If H:L3(Q,RY) x LL(Q,RY) — R, U is a viscosity subsolution of
OU(t, X)+ H(X,DxU(t, X)) =0Vt € [0,T[, X € L%(Q,RY)
if for all (¢, Xo) € [0, T[x L& (L, RY), all (pt, Z) € DU (to, Xo), it holds:
pt + H(Xo,Z) > 0.

The definition is symmetric for viscosity supersolution.

For any X € L%(Q,R%), we denote Hy :={po X : p€ Lg(mP(Q,]Rd)}.

The orthogonal projection of Y € L2,(Q,R%) on Hyx (see [24], Lemma 2.3) is given
by px(Y) o X with

px(Y) =z — ydy*(y) where v := (X x Y)tIP.
Rd
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We will also consider the orthogonal projection p%(Y) o X of Y € L3(Q,R%) on
{poX : p€ Txup(RY} for a fixed X € L3,(2,R?). When v = (X x YV)fIP is an
optimal transport plan, we have: p% (Y) = px(Y’). The following is fundamental:

Proposition and Definition 2.5. (see [6], [17] and [24]) Let U : L%(Q,RY) — R
be rearrangement tnvariant and differentiable at X € LJQP(Q,Rd) of law w, then it
evists p € T, (R?) such that DU(X) =po X.

If U is the lift of u : Pa(RY) — R, then we say that u is differentiable at p and we
denote D, u = p.

Ezxample 2.6. (see [6] and [1])
(i) Let ¢ € C(RY) and u : p € Po(R?Y) — u(p) = [pa () du(z). Then for all
po € P2(R?), u is differentiable at uo and D,u(uo) = V.
(ii) Let vg € P2(R?) and u : pu € Po(R?) = u(p) = W2(u,vp). Then u is differentiable
at po if and only if IT,(uo, vo) = {(Id x T)tuo} for some T' € L;Zm (RY,R9) and in this
case: Dyu(po)(x) = 2(x — Tx).

2.3. Other notations and objects. In all the article we will say that w : [0, +-00[—
[0, +00] is a modulus of continuity if it is continuous, non-decreasing and such that
w(0) = 0. Moreover we will call (R,t) € [0, +00[*— wg(t) = w(R,t) a local modulus
if wr(-) is a modulus of continuity for any R > 0 and w is continuous and non-
decreasing in both variables.

2.4. Example of Hamiltonians and assumptions. We will always assume the
following minimal regularity of H:

d 2 (mpd . .
(4) Vi e P2(RY), pe L,(RY) — H(u,p) is continuous .
We have two typical examples in mind for the Hamiltonian #:

Ezxample 2.7. We first consider a Hamiltonian appearing in [16] and [17]:

1
Halpop) = [ | ) Pdn(e) + V()
Rd
We will assume that it exists a local modulus (R, t) — wgr(t) such that for all R > 0,

V() — V)| < wr(Wa(p,v)) Vu,v e Po(RY) with ma(p), ma(v) < R2

The Hamiltonian H; satisfies the following regularity property:
for all u,v € Po(RY), p € L2(RY,RY), ¢ € LZ(R?, R?) with

ma(p) + ||p||%,g < R% ma(v) + |lal7, < B,

it holds:
(5) [H1(p,p) — Hi(v, q)| < RWa(ptu, qfiv) + wr(Wa (s, v))
(6) < RWa((Id x p)tp, (1d x q)v) + wr(Wa((Id x p)u, (Id x q)v)).

Indeed, by the triangular inequality applied to Wa:
1

< % (Wa(ptp, do) + Wa(ptu, do)) Wa(piu, afv) +V(u) — V(v).
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Note that, in particular, (5) implies for all p,q € LZ with Hp”Lﬁ: HqHLﬁ <R:
(7) [Ha(p,p) = Ha(p, @) < Rllp — gl 12 (e Re)-

Remark 2.8. With our definition of viscosity solution (see definition 3.6), the Hamil-
ton Jacobi equation considered in [16] is in fact:

—0pu(p,t) = Hi(p, Dyu(p,t)) = 0
together with an initial condition u(0, o) = G(uo)-

Ezample 2.9. We will also consider an example coming from [20] and [23]:

Ho(p,p) := inf{ fz,u(z), pw) - p(z) du(z) : u: R — U Borel }

R4
where U is a compact, convex and separable Banach space and f : R x U x Py(R?) —
R? satisfies the following assumptions:

e fis affine in u, that is for all (z,u) € R x P(R?), u,v € U and t € [0, 1]:
f(.%', (1 - t)u"‘tVaM) = (1 - t)f(l’, uvu) +tf($7v7l/)>

e f is continuous and it exists L > 0 such that for all (z,u, ) € R?xU xPy(R?)
and (y,v) € R? x Py(R?):

|f(z,u, 1) — f(y,u,v)| < L(Wa(p,v) + [z —yl).
The Hamiltonian Hy satisfies the following regularity properties:
Lemma 2.10. [t exists M > 0 depending only on f such that
[Ha(p,p) — Ha(v, q)] < (M +ALR)Wo((Id X p)ip, (Id x q)§v))
for all R >0 and all p,v € Po(R?), p € L2(RY,RY), g € LZ(RY, R?) such that:
ma(p) + Ipllzs < B?, ma(v) + llallz, < R%.

Moreover, for all u, € Po(RY), p € Li(Rd,Rd), q € L2(RYRY) such that ma(p) <
R?, it holds:

[Ha(p,p) = Ha(p, @) < (M +4LR)(Ip — ql 12 (ra Re)-

Proof. First, setting M := maxycu |f(0,u,d0)|, note that for any Borel map z €
RY — u(x) € U, p € Po(RY) and v € Py(R??), using the Lipschitz regularity of f, it
holds:

[ 1zt p)Pdrtar,an) < [ 170, 01). 80+ Liaal - Wap.80) Pab o1, 2)
R2d R2d

so that if [ |za|?dy(z1,22) < R? and ma(p) < R%:

1/2
®) ([, eautanpPirare)  <or o

Set u,v € Po(RY), p € Li(Rd,Rd), q € L2(RYRY) as in the lemma. Take ¢ > 0
and u e-optimal for Ho(p, p), then choosing m(x1, y1, z2,y2) € Uo((Id x p)iu, (Id X q)tv)),
we have:

Maluor) = [ flaruten. ) plon) duan) ¢



> [ et = sG] dnenn, o)
+ R4 f(ﬂCQ,u(an),l/) “ Y1 dm(ml,yl,xQ,yQ) — ¢
> [ ). faaae) ) o e

+ y f(zo,u(zy),v) - y2 dm(x1, y1, 22, y2)
R

+ p f(z2,u(z1),v) - (Y1 — y2) dm(z1, 91, 22,92) — €
R
then, disintegrating m as
m(z1,y1,T2,y2) = m*¥(z1, y1)5q(zg)(y2)d’/($2),
by Jensen’s inequality and the affine property of f, we get:

Halur) = [ [feraten. i) = S ue). ] o dme, e, )
# [ 1 (ol [ uteme= o @) v) - gtea) aviea)

] flzo,u(zy),v) - (y1 — y2) dm(z1, y1,22,y2) — €
R

and by Cauchy-Schwarz:

1/2
Halor) = <1 | [ 7 uen). ) - floautan).o) P

etsva) | [ sty ofan] ([ aan)” <

Finally by inequality (8), the Lipschitz property of f and the choice of m:

(/ |1 = x2\2dm> . + Walp, y)]

—(M +2LR) x W((Id x p)tp, (Id x q)t)) — =
> Ha(v,q) — (M +4LR)Wa((Id x p)ip, (Id X q)fv)) — €.
The conclusion follows by making ¢ — 0. U

Ha(p,p) > Ha(v,q) — LR

All over the article, we will use the following assumptions on H, or similar ones:
(Ap) Tt exists a local modulus (R, t) — wg(t) such that:

[H(p,p) = H(v, q)| < wr(Wa((Id x p)iu, (Id x q)fv))
for all (i, p), (v,q) in Fo(R?) such that:

ma(p) + Ipllzs < B?, ma(v) + llalg; < R

(A1) It exists k : [0,4+00[— R a modulus of continuity such that for all for all
u € Py(RY), p € L2(R%RY), g € L2(RY RY with

ma(n) < R% |pllz <R, lallzz <R,
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it holds:
[H(p,p) = H(p, )l < K(R)|p—qll2-

3. VISCOSITY SOLUTIONS AND STRICT VISCOSITY SOLUTIONS

3.1. Definitions of viscosity solutions. In this section we introduce two differ-
ent notions of viscosity solutions. The first one was introduced in [16] by Gangbo,
Nguyen and Tudorascu, while the second one (that we call strict viscosity solution)
comes from the work of Marigonda and Quincampoix ([20] and [24]).

We introduce the definitions of superdifferential ([16] and [17]) and approximate
superdifferential ([20], [23], [24]) of a function u : [0, T] x Pa(RY) — R:

Proposition and Definition 3.1 (Superdifferential and Approximate Superdiffer-
entials).

Let (to, po) € [0, T[xPa(RY) and € > 0. The e-superdifferential of u at (to, po) is the
set DFu(to, po) of elements (pt, p,) € R x Lio (RY,RY) such that:

e p, € Ty (RY) (see subsection 2.1)
e for all (t,v) € [0,T] x Po(RY), v € (o, ) :

u(t,v) — u(to, po) < pe(t —to) + o pu(x) - (y — ) dy(z,y)

+s\/yt —to|2 + Wi(po,v) + o <\/\t —to|? + Wf(uo,y)) :

Or, equivalently to the last inequality:

) = ulton ) < pox (¢~ t0) + [ pyla) - (= 0) da(an)

e it —toP +lly — I, +o (it = tol? + 1y — 2l

for all (t,v) € [0,T] x P2(R?), v € (o, v).

The e-subdifferential is defined in a symmetric way: D u(ty, po) = —DF (—u)(to, o).

When € = 0, we will talk about superdifferential and subdifferential and we will
write DT u(tg, o) and D™ u(to, po)-

In this definition we slightly abused notations by writing:

1/2
=tz = ([, el aren)
Rd x R4

Remark 3.2. o If D u(ty, o) N DT u(to, po) # 0, then wu is differentiable at
(to, o) and D~ u(to, o) = D ul(to, po) = {Dulto, o)} (see [17] for the de-
tails).

e The continuity of v implies that D% u is non empty in a dense subset of
[0, T] x P2(R?) (see [24]).
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Ezample 3.3. If v € Pa(R?) is fixed, the map u : u — W2 (u, ) is super-differentiable
everywhere (see [1]), more precisely for every v(z,y) € I,(uo,v), the map =z

2 (z — [ga ydy*(y)) belongs to DFu(uo).

Remark 3.4. The approximate superdifferential used in [24] is slightly smaller than
in the above definition, the p, being constrained to be in a strictly smaller subset of
T (RY). Thanks to Proposition 3.11 (see also Remark 3.12) below, this difference
doesn’t change the definition of viscosity solutions.

In [20] and |23], the superdifferential is even smaller but is not suitable to prove the
comparison principle inside these articles and should be changed to the definition of
[24] or to the present definition.

The superdifferential of u is linked to the superdifferential of its liftt U by the
following result (we refer to subsection 2.2 for the meaning of the notations px and

Pk):
Proposition 3.5. (see [17], Theorem 3.17 and [24], Proposition 3.14) Let (to, po) €
[0, T[xPa(RY).
(1) If (pe, pu) belongs to DY u(to, o) and XHIP = pg, then (py, pypoX) € DTU(tg, X).
(ii) Let (pt, &) belongs to DU (tg, X) and X4IP = po, then:

(pe, px (€) © X), (pr, 0% (§) 0 X) € DU (to, X),
(iii) Let (pg, &) belongs to DT U (tg, X) and X{IP = po, then
(P, p% (€)) € D ulto, po)-
The definitions of viscosity solutions and strict viscosity solutions follows:

Definition 3.6 (Viscosity Solutions [16], [17]). Let w : [0,T] x Z5(R%) — R con-
tinuous.

e w is a viscosity subsolution of (HJ) if for all (tg, jug) € [0, T[xP2(R?):
pe+ H(po,pu) =0 ¥(pr,pu) € DT w(to, ko).

e w is a viscosity supersolution of (HJ) if for all (tg, o) € [0, T[xPa(RY):
pe+ H(po, pu) <0 V(pe,pu) € D™ wlto, po)-

e w is a wviscosity solution if it is both a supersolution and a subsolution.

Definition 3.7 (Strict viscosity solutions). Let w : [0, 7] x Z3(R?%) — R continuous.
e w is a strict viscosity subsolution of (HJ) if it exists

C : P2(RY) — [0, +00]
bounded on bounded sets such that for all (¢, ) € [0, T[xP2(R%) and £ > 0:
pe+H(po,pu) = —=Cluo) e Y(pe,pu) € D wlto, o).
e w is a strict viscosity supersolution of (HJ) if if it exists
C : Po(R?) — [0, 400
bounded on bounded sets such that for all (¢, 1g) € [0, T[xP2(RY) and & > 0:
pe+ H(po, pu) < Cluo) e V(pe, pu) € DZwlto, po)-
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e w is a strict viscosity solution if it is both a strict supersolution and a stict
subsolution.

Remark 3.8. In the definition of [24], C(-) is constant, nevertheless, all the results of
[24] used here work for a non constant C(-).

Remark 3.9. The terminology "strict viscosity subsolution" is borrowed from [12]
(see also [14]). Nevertheless, the notion introduced in [12] is slightly different. Adapt-
ing it to our setting gives a new notion of subsolution that we call Lions’ strict vis-
cosity subsolution:

w is a strict viscosity subsolution of (HJ) if for all € > 0, (to, o) € [0, T[xPo(R?):

Pt + sup {H(Mo,m +8): l€llez < 6} >0 V(pe,pu) € DIw(to, 10)-

We define in the same way Lions’ strict viscosity supersolution. The following result
can be easily proved:

Lemma 3.10. Assume H satisfies the following assumption:
(A}) It exists k : [0, +00[— R a modulus of continuity such that for all i € Po(RY),
D,q € Li(]Rd, RY) with ma(mu) < R2, it holds:

[H(p,p) = H(p, )] < K(R)|p —qll2-

Then, if w is a Lions’ strict viscosity subsolution (resp. supersolution) of (HJ),
it is also a strict viscosity subsolution (resp. supersolution) of (HJ) as written in

Definition 3.7.

Note that the assumption (A]) is stronger than (Ap). It is satisfied by the Hamil-
tonian Ho of Example 2.9, but not by H; of Example 2.7.

The following useful property allows to restrict the set of elements of the super-
differential in the definitions of strict viscosity solutions:

Proposition 3.11. For any uy € Po(R?), let F,, C LiO(Rd,Rd) a dense subset

of Tiy(RY). Let w : [0,T] x P5(R?) — R continuous and assume the regularity
assumption (4) on H holds.

e The function w is a strict subsolution of (HJ) if and only if it exists
C : Po(R?) — [0, +oo]
bounded on bounded sets such that for all (to, po) € [0, T[xPa(RY) and e > 0
pe+ H(po,pu) > —C(uo) e V(pe,pp) € DI w(to, o) N (R X Fyy).

e In particular, the function w is a strict subsolution of (HJ) if and only if it
exists

C : Po(R?) = [0, +00]
bounded on bounded sets such that for all (to, po) € [0, T[xPa(RY) and e > 0

pe+ H(po, Vo) > —Clpo) e Vi € C2(RY), (pr, Vi) € DFw(to, po).

Proof: Assume it exists

C : Po(RY) — [0, +00]
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bounded on bounded sets such that for all (to, i) €]0, T[xP2(R%)
Dt + H(Ho,pu) > 70(/‘60) € V(ptapu) € D:w(tOHU’O) N (R X Fpo)-

Le us prove w is a strict supersolution of (H.J) (the opposite implication is straight-
forward).

Let (to, pto) in [0, T[xPo(R?) and (pt:pp) € DFw(to, o), for any 6 > 0, take ps € Fy,
such that ||p,, — pg”%ﬁ() < 4. Then, using Cauchy-Schwarz inequality, we have for all

(t,v) € [0, T[xPo(R?) and all y € (o, v):

utv) = ulto.p0) < plt=t0)+ [ pu(@)- (v =) dr(an)

syl =t 4 W3 )+ (e = 1ol + W30

< pilt—to) + / ps(z) - (y — z) dy + / (Do — ) (@) - (4 — ) dr(z.)
+s\/yt —to|2 + W2(uo,v) +o (\/t — to|2 + W2 (o, u))
< pilt—to) + / ps(z) - (y — ) dy(z.y)

e ol —tol + W30.) + o (It~ to 4 WEa,n) ).

This proves (p¢, ps) belongs to D:Mw(to, o) so that:

Pt + H(po, ps) > —C(po)(e + 9).

The result follows by making d tend to 0 using (4).
QED.

Remark 3.12. e One can choose as dense subset of 7T, (R%) the convex cone
generated by the optimal displacement or anti-diplacements:

dis™ (no) = {NT = Id) : A >0, (Id x T)gp € Ho(p, Thu)},

dis™ (o) == {A(Id =T): A >0, (Id x Tt € Ty (s, Tp)}.
In [24], the subdifferential is restricted to the set dis™ (1) while the subdif-
ferential is restricted to dis™ (ug) (see also [20] and [23]).

e Note that the proof of Proposition 3.11 requires to use the stronger notion
of strict subsolutions and does not work for non-strict viscosity solutions.

3.2. Test functions and regular tests functions. In this section, we study how
the notion of strict viscosity solution can be expressed with test functions satisfying
some regularity of the sub/superdifferential.

Definition 3.13 (e-Test functions). Let u : [0, 7] x P2(R?) — R, € > 0 and (g, po) €
[O,T[XPQ(Rd).
The map v : [0,T] x Po(R%) — R is an e-supertest function for u at (to, ug) if:
e v is continuous, differentiable at (to, po),
® u(to, to) = v(to, po),
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e it exists 7 > 0 such that u(t,v) < v(t,v) + ev/|t — to]2 + W3 (uo,v) for all
(t,v) € [0, T[xPa(RY) with |t — to|® + W2 (o, v) < 72.
The map v is an e-subtest function for u at (o, o) if —v is an e-supertest function
for —u at (to, po)-

The following result can be proved by slightly adapting the proof of Theorem 3.30
in [24]:
Proposition 3.14. Let u : [0,T] x Pa(R%) — R be continuous.
Assume (4) holds then the following assertions are equivalent:

(i) u is a strict viscosity subsolution of (HJ),

(ii) there exists C : Po(RY) — [0, +oo[ bounded on bounded sets, such that:
for all e > 0, all (to, uo) € [0, T[xP2(RY) and all e-supertest function v of u

at (to, ko)
at’l)(t(), /J'O) + H(/’L()’ D“’U(t(), /'LO)) Z _C(MO)E

Remark 3.15. As done in [24], we can also define strict viscosity solutions using
rearrangement invariant e-test functions V : [0, 7] x L% (9, RY) — R and the lift H
of H defined by (3).

In order to prove the equivalence between strict and non-strict viscosity solutions,
we need more regular test functions:

Definition 3.16 (Regular test functions). Let u : [0,7] x P2(R?) — R be contin-
uous and (tg, o) € [0, T[xP2(R?). We denote by ST (u,to, uo) the set of functions
v : [0,T] x Po(R?) — R which write as:

v(t,v) = u(to, po) + pr x (t —to) + /Rd ed(v — ) + & <\/]t —to|2 + Wi(v, ,u0)>

such that:

bt € R: ZBS CCOO(Rd)
(9) JR > 0 and o € C*([0, R[) N C([0, +oc[) such that £(t) = to(t),
¢ is non decreasing and &'(0) = o(0) = 0.

Similarly we define S~ (u, tg, tto) the set of functions v : [0, 7] x Pa(RY) — R which
write as:

v(t,v) = u(to, po) + pr X (t —to) + /d wd(v — o) — € <\/]t — to|2 + Wi(v, ,uo)>

R
with again (9).

Remark 3.17. Note that a function v of ST (u, tg, o) with R > 0 as above satisfy:
e for all 4 € Po(RY) with W2(u, o) < R, v(-, ) is in C1(Jtg — o, to + af) with

o = /RE — WZ(ju o),
e Jiv(to, o) = pt, Dyv(to, o) = Ve
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We will see (Proposition 3.20) that v has non-empty superdifferential around
(to, pto) thanks to the regularity of & and W2(-, uo).

The following result holds:
Proposition 3.18. Let u : [0,T] x P2(R?) — R be continuous. Assume (4) holds,
then the following assertions are equivalent:

(i) w is a strict viscosity subsolution of (HJ),
(ii) there exists C : Po(RY) — [0, +o00|, bounded on bounded sets, such that:
for all e >0, all (to, o) €]0, T[xPa(RY):

drv(to, o) + H(po, Duv(po)) = —C(po)e,
for all e-supertest function v of u at (to, po) belonging to ST (u,tg, uo).
The symmetric result holds for supersolution using S~ (u, to, o).

The proof is very similar to the proof of Proposition 3.14 and uses the following
lemma (Lemma 3.1.8. in [5]).

Lemma 3.19. Let R > 0 and w :)0, R] — R be a non-decreasing measurable bounded
map such that lim;_,o+ w(t) = 0. Then it exists wo : [0, +00[— R continuous such
that:
a) w(t) <wg(r) for all T €0, g],
b) wo(0) =0,
c) the function p(r) = rwo(r) is in C1([0, R[) and p'(0) = 0.
Sketch of Proposition 3.18:

We prove only (i7) = (i). Using Propostion 3.11, it is enough to prove that for all
(pt, V) € DI (to, 1o) we have:

Pt + H(po, Vo) = =C(po)e.
The aim is then to build a function v of S (u, to, 19) which is an e-supertest function
and such that:
dw(to, po) = pt,  Dyv(to, o) = V.
Set

ult,v) - (uoso,uo) nlt-t0)+ [ div - m)
o= lim sup — €.
[t—to[2+ W2 (10,)—0 VIt = to]2 + W (uo, v)

If & < 0 then setting v(t,v) := u(to, po) + pe(t — to) + /(p d(v — o), the proof is

concluded.
Assume now o > 0 and set for all » > 0

u(t,v) — <u(t07/-1'0) + pe(t —to) + /90 d(v — Mo))
w(r) = sup —€
[t—tol2+ TV (0 ) <r? VIt = tol? + W3 (uo. v)

This function is non-decreasing, bounded on some |0, R[, and it satisfies lim, _,o+ w(r) = 0.

Moreover, we can prove it is measurable. Then, we set for all (,v) with /[t — to|2 + W3 (1, v) <
R.

5"

v(t,v) == u(to, o) + pe(t — to) + /g@d(l/ — o) +p <\/]t — to|? + W2 (o, 1/))
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where p is given by Lemma 3.19 Then v belongs to ST (u, tg, o) and satisfies:
do(to, o) = pr,  Dyv(to, o) = Ve,  v(to, po) = ul(to, po)

R
Vv such that \/\t — to)? + W (uo,v) < 3 u(t,v) < v(t, V)—i-a\/\t — to)? + W3 (uo,v).
The result is proved.
QED.

Reducing the set of test functions to ST (u, to, u10) is interesting because of the nice
regularity properties contained in the following result:

Proposition 3.20. Let v € ST (u,to, po) and R as in the definition 3.16. Then:
(1) For all (t,u) € [0, T[xP2(R%) such that |t — to|? + W3 (i, o) < R? the su-
perdifferential DV (t, p) is not empty. More precisely, taking v € ,(u, o),
we have (g¢, q,) € DTo(t, p) with:

& (VI =toP + W3(u. o)
VIt = to? + W3 (1, 1)

&' (VIE—toP + WE (. ) .
(@) 1= Volo) + e (v [ v ).

(ii) Considering a sequence (tn, pin)nen converging to (to, po), it exists N € N
and (qtns Qun) € DT 0(tn, 1) defined for n > N such that:

lim W2((Id X Qu,n)ﬁﬂm (Id X D,LLU(thMO))ﬁMO) =0,

qt == pt + (t —to),

n — 400
n>N
lim |qt,n — Opv(to, po)| = 0.
n — 400
n>N

To prove this proposition, we need the following lemma:

Lemma 3.21. Let u : [0,T] x Po(RY), (to, po) € [0, T[xP2(RY) and h : I — R where
I C R is an open intervall containing u(to, po). We assume (py,pu) € DV u(to, po)
and h is non-increasing, derivable in u(to, o). Then:

W (u(to, 10)) X (pe, pp) € DT (h o w)(to, po)-

Proof: As h is derivable at u(to, o) and h'(u(to, o)) > 0, for any (t,pu) €
10, T[xP2(RY) and any v € I, (uo, i):

h(ult, 1)) = h(u(to, o)) + h'(ulto, o)) (ut, 1) — ulto, o)) + o (u(t, ) — uto, p10))

< (ulto, )+ utta, o) [t~ 1) (@MW ) (=) dr(o.s)]

1 (ulto, o)) (\/|t—t0|2+W2 4 10 ) +o (\/|t—to|2 +W§<u,uo>>-
QED
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Remark 3.22. In particular if h(t) = £(v/t) with ¢ like in the definition 3.16, then
setting w(t, u) = h (|t — to|* + W3 (1, o)) and taking v(z,y) € To(p, o), we get:

’ — 2
e <[ (= [rro)] e

for all (¢, 1) €]0, T[xP2(RY) satisfying /|t — to|2 + W2 (u, o) < R.

Proof of Proposition 3.20: Let v as in the proposition.

(i) Take (t,p) € [0, T[xPao(RY) satistying /|t — to|> + W3 (1, po) < Rand y(z,y) €
IT, (s, po). Using Remark 3.22, we get (i).

(ii) Let (¢, ) as above and (g, g,) defined as in (i). Clearly:
B g —pe| = 0.

Moreover, by Jensen inequality:

o= [, v Wl = </R o=/ yd’Vﬁ(y)IQdu(x)> v

1/2
< </ |z — y[2dy(z, y)> = Wa(p, po)-
R4 xR4

Then :

1/2
Wa((1d x )i (1 < V) < ([ o =3l +laulo) - Vet)ar (o))

RIxR

1/2
< W)+ ([ | 1aude) = Tolo) + V(o) = V(o) ()

& (VIE—toP + W3(h. o)
VIt =tol? + W3 (. o)
¢ (VIE=toP + WG, 0))

VIt = tol? + W3 (u, o)
which tends to 0 as n — +o00. We conclude by Remark 3.17
QED.

< Wa(p, po)+ IISU—/ ydv“(y)ng/ +Lip(Ve)Wa(p, o)
R4 Rd

WQ(M? NO)

< Wa(p, po) [1 + (Lip(Vep))] +

3.3. Equivalence between strict and non-strict viscosity solutions. Using
the last results of the previous section, we are able to show, under certain regularity
assumptions of H, that every viscosity solution of (HJ) is a strict solution.

Theorem 3.23. Assume H is continuous in the following sense:

lim Wa((Id X pn)ipin, (Id x p)ip) =0 = ngglooﬂ(un,pn) = H(w,p)

n—-+00

for any p, i € Po(RY), p, € L2 (R4, RY), p € L2(R?,RY).
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(i) Assume moreover the following assumption:
(A}) It exists k : [0, +00[— R a modulus of continuity such that for all for
all € Po(RY), p € Li(Rd,Rd), q € L2(R% RY) with ma(p) < R?, it holds:

[H(p,p) = H(p, @)l < K(R)|p—qllrz2-

Then, u : [0,T] x P2(R?) — R (continuous) is a strict viscosity subsolution
(resp. supersolution) of (HJ), if and only if it is a viscosity subsolution (resp.
supersolution) of (HJ).

(ii) Assume now, we have only assumption (A1): It exists k : [0,+o00]— R a
modulus of continuity such that for all for all p € Po(RY), p € Li(Rd,Rd),
q € L2(RY,RY) with
ma(p) < R% - plez <R, lallez < R,
it holds:
[H(p,p) — M, @) < E(R)|p— allrz2.-
Moreover assume u : [0,T] x Po(RY) — R is such for all pg € Po(RY), it
exists L(pp) > 0 and O(po) a neighborhood of po such that:
u(t, po) — u(t, p)| < L(po)Wa(po, p) Yt € [0,T], Vi € O(po)-

Then u is a strict viscosity subsolution (resp. supersolution) of (HJ), if and
only if it is a viscosity subsolution (resp. supersolution) of (HJ).

The proof of this result is based upon the appendix of [12].

Proof:

1. We first show that if u is a viscosity subsolution and H satisfies (A1’), it is a
strict viscosity subsolution.
By Proposition 3.18, it is enough to show that it exists C : Po(R?) — RT, bounded
on bounded sets, such that, taking an e-supertest v € St (u, to, po), it holds

dyv(to, po) + H(po, Duv(to, po)) = —C(po)e,
for any (to, o) € [0, T[xP2(R?) and ¢ > 0.

Let (to, pto) €]0, T[xPa(R%), ¢ >0, R > 0 and v € ST (u, tg, 1) such that:
u(t,v) < o(t,v) +ev/|t — tol2 + Wi(v, o)
(10) Y(t,v) €]0, T[xP2(RY), \/|t —to]2 + WE(v, o) < R
u(to, o) = v(to, po)-
Note that this easily implies for all (¢,v) € [0, T[xP2(R?) with
VIt —to> + W3 (v, po) < R:

(11)  T[u(to, uo) — v(to, po)] — [u(t,v) — v(to, o)) > —5\/|t —tol? + W3 (v, ho)-

We aim to build an element (p¢,p,) of the non approximate superdifferential
D u(ts, pus) where (ts, p15) is close to (Qv(to, p1o), Dyv(to, po)) and ps is close to .
This will lead to:

p: + H(Méa p,u,) >0
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and we will conclude using the regularity properties of H.

Step 1: Let a €]0, 1] such that

) to T —to
12 < o,
(12) a < min { 7R }
so that |t — t9| < Ra =t €]0,T[. Moreover choose d such that:
R
(13) (6+¢)s < 7“

Denote by U and V the lifts of u and v respectively and X, € L32,(€2,R?) such
that XoflP = pg. We introduce the following continuous functional defined for all
Y € LL(Q,RY), t € [0,T):

[t —to]> [V — Xo?

) )
where we have use the notation: ¢(X,Y) = W(X{IP, V{P) for all X, Y € L3,(Q,R%).
Then set:

Bs5(t,Y) :=U(t,Y)=V(t,Y) —e/|t — to]® + 2(Y, Xo) + 6 —

maxiepo 7y { @o(t,Y) : /il + [V — Xo? < Ra} if |Y = Xo|| < Ra,
Ws(Y) =

—oo elsewhere.

We notice that Wj is upper semi-continuous and satisfies limjy_, 4.0 W5(Y') = —o0.
By Stegall’s variational principle (see for instance [6]), it exists Xj, & in L]QP(Q,Rd)
such that:
(14) VY € Lp(QRY),  Wi(Y) < Ws(Xs) + (&5,Y — Xo),

with [[&5]) <6 .
We set us := Xs§IP and

ts € argmazeo 7] {‘I’g(t, Y): \/\t —tolP+JY — Xo|? < Ra} )

By the choice of «, we have t5 €]0,T7.
Note that \/|ts — to|2 + [ X5 — Xo||? < Ra, in the next section we prove a better
estimate.

Step 2: Estimate of \/[ts — to]2 + [| X5 — Xol|2.
By (14), we have:

[U(to, Xo) — V(to, Xo)] — [Ults, Xs) — V(t5, Xs)]

o —ts 11Xo — X512
1) 6

< —e/|ts — to|2 + (X5, X0)2 + 6

which implies:

+ <£57X0 - X5>

to — ts12 | X0 — Xl
uto, 10) ~ (0o, )]~ [ults, 15) —v(ts, )] + 210 IO = < g,y

Then, applying (11):

lto — t5 N 1 X0 — Xs]|?
1) 1)

eIt — tof? + WE(us, po) + < 81X — X4
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which implies:
to—ts)? [ Xo — X512
lto — Lol [ X0 — X5l
) 0
We conclude by (13):

< (04 e)V/|ts — to]2 + || X5 — Xol2.

R
(15) Vts =l + X5 — Xol? < (6 +€)0 < =

Step 3: Building an element of the superdifferential of wu(ts, s).
Let (t,Y) € [0, T[xP2(R?) such that: \/|ts — t]> + [ X5 — Y[[2 < &2, Then, by (15),
VIto —t]2 + | Xo — Y||?2 < Ra, and, by (14):
s(t,Y) < P5(ts, Ys) + (5, Y — Xo).
Then, as by derivation:

lto —t12 + || Xo — Y||* — |to — ts]* — || X0 — X5

ts — 1 X5 — X
10ty + 2Ky o (=t 15— YIR)

we get for all (¢,Y) €]0, T[xPa(RY) :
Ut,Y)=V(t,Y)—e/|t —to2+ 2(Y, Xo) + 0
< Ults, Xs5) — V(ts, Xs) — 6\/’155 — to‘Q + C2(X5,X0) +4

X5 — X
2= (t—ts) +o (ViE—tP+ [V = X:]2).

In other words (Zt‘sgto , 2% + 55) belongs to the superdifferential at (¢5, Xs) of
the following map:

t,Y) = UY)=V(t,Y) —e/|t —to]2 + (Y, Xg) + 6
wich is rearrangement invariant as U, V and c are.
Then, by Proposition 3.5, setting g5 := p%, (2X“EX° + {5) € T, (RY) (see subsection
2.2), it holds:

=2

ts — to

+(2 +&,Y — X5) +2

X5 — X
(16) ooz, < 22252 + &

2
L]P

and for all (¢,v) € [0, T[xP2(R?), for all 7 € M(us,v):

u(t,v) —v(t,v) — 5\/]t —to|2 + W2(v, po) + 6

< u(ts, ps) — v(ts, pis) — 5\/!155 — tol2 + W3 (us, o) + 0

+/Rded gs(x) - (y — x)dm(z,y) + ols g to (t —ts)+ o <\/\t b2+ W2, Ma)) .

Set As := \/[ts — tol? + W3 (us, o) + 6 and take vs(z,y) in II,(us, o), denote by
s the following element of T, (R%):

) == [ w3
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Then, by Example 3.3, the vector A%S(tg — t0,7s) belongs to the superdifferential at
(ts,vs) of

() 5 (It = tol2 + WE (v, o) + .
We then get, for all (t,v) €]0, T[xPo(R%), for all m € T (us,v):

<q5(x) + E’Y‘SA(?> (y — z)dm(x,y)

ult.v) < ults, ps) + o(t.0) — olts,s) + [
R4 xR4

ls—to , ts—to N 2
+<2 5 +e€ A; >(t—t5)+0<\/|t—t5| +W2(V,u5)).

Finally by Proposition 3.20 and Estimate (15), it exists (pys,pus) € DT o(ts, ps)
such that:

(A7) lim Wa((Id x pus)ius, (Id, Dyo(to, o))ipo) = 0, lim py 5 = Opv(to, po)-
6—0 6—0

We end this Step by concluding:

ts — 1 ts —1 Vs
(18) ([2 5 04 ¢ A 0 —i—pt,g] ; [% +eg—5 +pﬂ,5]> € Dt ults, us).

Step 4: Estimates.
Here, we give some estimates in order to understand the behavior of the element of
D™ u(ts, ps) build in the next section when § will go to zero.

By (15) and the definition of As, we have:

ts — 1 ts — 1
(19) 2M <2(8+e), EM <e
) As
Again by (15), the definition of g5 and (14):
X5 — X
(20) laolzg, < 250570 4 65| < 35+ 22
Finally, by Jensen’s inequality (similarly to the proof of Proposition 3.20, (ii)):
Vs Wa(po, 1)
21 E— <e———F<c¢
( ) A& L2 o A& o

H§

Step 5: Conclusion.
By (18), as w is a viscosity subsolution of (HJ), it holds:

ts —to | ts —to Vs
2 -— > 0.
[ 5 +e A +pt,5] +H (Md, [q(s + eAa + pm]) >
Setting Rs = \/ma(ps), by assumption (A1’) and by (20) and (21) the last inequality
implies:

ts —t ts — 1
P + Hlpts, pus) > —k(Rs) (35 + 3¢) — [2 00, .0 0}

5 A,
> (=2 3k(Ry))(5 + )
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where we used (19) for the last inequality. Then it exists ¢ > 0 such that:

Pro + H(ps, pus) = —ck(Rs)(0 + ).
Then, sending § to 0, using the continuity of k£ and H and (17) :

drv(to, o) + H{yuo, Dyv(to, po)) = —ck [v/malyug) | e
the result follow by setting for all u € Po(RY): C(u) := ck [\/mg(ug)} .

2. In the case (ii), we adapt Step 5 as follows. Arguing as in [24]|, Proposition
3.23, for § and € small enough:

p € DI ults, ps) = llpllrz, < L(po) +&+1 < L(po) +2.
Then, setting, Rs = \/ma(us), by assumption (Al):
(1 a5+ 3% 4| ) = Ml i) < BH(EGu) + 2R3+ ).

The sequel follows by the same arguments as above.
QED.

4. REGULAR L%,-EXTENSION OF THE HAMILTON-JACOBI EQUATION AND
REARRANGEMENT INVARIANT VISCOSITY SOLUTIONS

4.1. Building a suitable regular Hamiltonian on L%P ><L]2P. As seen, in the intro-
duction, when A is regular enough, we aim to build H : L%,(Q,R%) x L2,(Q,R?) — R
such that:

(a) H(X,po X) = H(XHIP,p) for all X € Lp(Q,R?), p € Lyyp(RY, RY),

(b) H is continuous in L% (0, RY) x L, (2, RY),

(c) H is suitable to treat some control problem in Py (RY).
The point (¢) will be considered in section 4.3. Some properties of the corresponding
equation

(HJy) oU(t,X)+H(X,DxU(t,X)) =0, Vt € [0,T[, VX € L3 (2, RY)
will be studied in section 4.2.
We consider the following distance on F2(R?) (recall 1):

dr, (1), (v, @) = Wa((Id x p)ip, (Id x q)tv)  Y(u,p), (v,q) € F2(R?).

The regularity of H with respect to d, already appeared to be interesting (Theorem
3.23). Moreover we have seen that both H; and Hs are indeed locally uniformly
continuous for this distance. We may also introduce H defined on transport plans
supported on graphs:

H((Id x p)ip) == H(p,p) V(u,p) € Fo(RY).

The idea is now to extend H to all Py(RY x R?) (for the distance W5). This is possible
if H is regular enough with respect to dr,. Then, denoting the extension again by
H, we will set:

H(X,Z) .= H((X, Z)§P) for all (X,Z) € L3&(Q,RY) x L&(Q,RY).
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The following proposition states that dz,-regularity of # is mandatory to get (b),
moreover the strategy above works to build H with all the desired properties.

Proposition and Definition 4.1. Let H : Fo(R?) — R.
1) Assume it exists H : L& (Q,R?Y) x LE(Q,RY) — R such that (a) and (b) holds.
Then H is dr,-continuous.
2) Assume (Ag) holds (see subsection 2.4):
(i) Then it exists a unique H satisfying (a) and (b), it is defined by:
H(X,Z) = lm H(un,pn)
for any sequence (i, pn)n converging to (X, Z)HIP in (F2(R?),dz,).
We call H the reqular L%P—extensz'on of H.
(ii) H is rearrangement invariant in L3,(<, RYxRY), that is for all X, Z, X', 7' €
LZ(Q,RY):
H(X,Z)=H(X",Z) if (X, 24P = (X', Z')4IP.
(iii) The following map that we call the plan extension of H is also well
defined:
H(y) :=H(X, Z) for any (X, Z) such that (X, Z){IP = .

It is the unique continuous map on Po(RIxXRY) such thatﬁ((lgxmﬁu) =
H(u,p) for every (u,p) € F2(RY). Moreover the lift of H is H.

(iv) H is Wa-uniformly continuous on balls and H is L -uniformly continu-
ous on balls.

The key point to prove the proposition is the following density result:

Lemma 4.2. (Transport maps and plans) It holds:
(1) Plans supported by graphs are dense in the set of plans:

Po(RY x RY) = {(Id x p)fu : p € P2(RY), p € LZ(R4, RI)}

(i) or equivalently:

Wa
)

L& (Q,RY) x L3 (Q,RY) =
{(X,poX): Xe€ L%P(Q,]Rd)7 pE Lg(ﬁ]P(Rd’Rd)}”.HL]QP(Q,Rd)Q.

Proof of the lemma: (i) can be proved similarly as Lemma 5.1. The main ideas
are taken from Theorem 1.32 p24 of [25]: If u, v € Po(R?) are compactly supported
and p is atomless, then:

M(u,v) = {(Id x Ty : T € L3(RY), Tip = v} .

(ii) let us prove the equivalence with (i). The implication (ii)= (i) is quite clear, let
us prove the opposite. Let (X,Y) € LL(Q,RY) x L4 (0, R?) and set v := (X, Y)IP,
by (i), it exists (g, pn) € Fo(R?) such that

Jm  Wa((Zd X pn)ipn, ) = 0.
Then, by Lemma 2.3, it exists (X,), in L3 (Q,R?) and (X,Y
L%(9,RY) such that:
XnflP = fin, ngrfoo H(Xnapn o Xp)— (Xv Y)H =0, (X, Y)ﬁ]P =7

) € LL(Q,RY) x
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Moreover, as (X,Y) and (X,Y) have the same law, by Lemma 2.2, it exists 7, : 2 —
Q, bijective, such that 7P = 7~ '4IP = IP and:

(X,Y) = (Xor,Yor,)|| <1/n.

Finally:
ngﬂr_loo (X 0 Tnypn 0 Xnom) — (X, Y)|
< ngrfoo (X 0 Tnypn o Xn o) = (X o7, Y o) | + [[(X 07, Y 0 7) — (X, Y)]|

n—-+4o0o

1/2
. = 9 _ 9
< lim (/Q ‘Xn(Tn(w)) - X(Tn(w))’ + ’pn o Xn('rn(w)) - Y(Tn(w))’ dIP(“)) + 1/”

1/2
< tim ([ P00 = K@ + lpn o X) - F)PdlriP) o)

n—-+o0o

< lim_|[(Xn,pno Xy) — (X7Y)H =0.

n—-+o0o
To conclude, a general (X,Y) € LL(Q,RY) x L&,(2,R?), can be approximated in
LZ(9,RY) by a sequence (Zy, pnoZn)n = (Xn0Tn, Pno XnoTn)n With Z,, € L& (0, RY)
and p, € L3, (R4, RY).

QED.

Proof of the Proposition 4.1: 1) Assume (p,,p,) converges to (u,p) in
(F2,dx,). Then it exists (X,), in L3 (2, R?) such that:

lim || Xp = X7z +[lpno X —poX|7a =0, XutlP = pn, X{IP = p.

n——+0o00
By regularity of H and (a), it holds:
Hm H(pn,pp) = lim H(X,,py o0 X,) = H(X,po X) = H(u,p).
n——+0o00

n—-+o0o
2) First define the following application:
H: {(Idxpip: pePr(RY), pe LZ(RY,R)} — R
IdxT)tv — H(wT)
This map is Wa-uniformly continuous on balls and using Lemma 4.2, it can be ex-
tended to a W5 continuous map, again denoted 7 on Po(R¢ x R?) which is uniformly

continuous on balls. Then we denote by H the lift of . By construction, it is
rearrangement invariant and L%P—uniformly continuous on balls. QED.

Remark 4.3. In [17], the author introduced a slightly different notion of rearrange-
ment invariance for Hamiltonians. Namely H : L& (Q x RY) x L3,(Q x RY) — R is
said to be rearrangement invariant in the sense of [17] if for all X, Z € L%(Q x R%):

H(Xor,Zor)=H(X,Z) for all 7:Q — Q, one to one with 7P = 7~ 'fIP = IP.

By Lemma 2.2, this notion is equivalent to the classic one on L2,(€2, R? x R?) when
H is continuous.

Remark 4.4. Like in Section 3, it is also possible to define strict solutions for (HlJs)
and to adapt the proof of Theorem 3.23.
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Example 4.5. Turning back to Example 2.7:
1
M) =5 [ (o) duta) + V(o).

Then, with the assumptions of Example 2.7, the regular L%P—extension H; and the
plan extension Hq of H; are:

M(X.2) = 51217+ VXHP), Tt =3 [ [Pyl 2) + Vit

Moreover, it exists a local modulus of continuity (R,t) — wg(t) such that:

Hi(n) — Hi(y2) < RWa(mofyi, mafy2) + wr(Wa(mifty, miiye))
for all R > 0 and all 71,72 € P2(R? x R?) such that ma(mity;) < R? for i, = 1,2,

Hi(X1, Z1) — Hi(Xa, Z2) < R||Z1 — Zo|| + wr(]| X1 — Xal|)
for all X1, Xo, Z1, Z> € L% (Q,R?) such that || X;||,||Z]| < R for i = 1,2.

In the example 2.9, the extension is a bit more difficult to guess:

Lemma 4.6. Let us consider the following Hamiltonian on Fo(R?):

Ho(u, p) := inf {/Rd f(z,u(z), 1) - p(z) du(x) : u:RY— U Borel }

with the assumptions of Example 2.9. Then, the plan extension of Ha is given for all
v € Po(RY x R?) by:

Ha(y) = int{

and its lift Hy is defined for all (X, Z) € (L%(Q,R9))? by:

fz,v(z,2),m4y) - 2z dy(z, 2) : v:R* — U Borel }
R2d

Hy(X,Z) = inf {/ F(X,v(X,Z),XtP)- Z dP : v:R>* — U Borel }
Q

Moreover it exists M > 0 such that we have the regularity properties:
Ha(1) — Ha(v2) < (M +4LR)Wa(71,72)
for all R > 0 and all y1, 72 € P2(R? x RY) such that ma(mifty;) < R?, fori,j = 1,2,
Ho (X1, Z1) — Ho(Xo, Z9) < (M +4LR)||(X1, Z1) — (X2, Z5)||
for all R >0 and all X;, Z; € L3%(Q,RY) such that || X;||, | Zi]| < R fori=1,2.
Proof: Clearly Ha((Id x p)iu) = Ha(u,p) for every (u,p) € Fa(R?). Then,
proving the continuity of Hs is enough to show that s is the plan extension of Ho.

Similarly to the proof of Lemma 2.10, we prove the regularity property above for the
following functional on Pa(R% x RY):

G(y) = inf{

so that it is the unique plan extension of Hy. The sequel is straightforward.
QED.

f(z,v(z,2), m14y) - 2z dy(z,2) : v:R* — U Borel }
R2d
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Remark 4.7. Let us consider the extended equation (HJ2) together with the final
condition U(T,X) = G(X4IP). A consequence of the rearrangement invariance of
H that was proved in [17] is the following: if the extended equation has a unique
solution U, then it is rearrangement invariant. Then, setting u(t, ) = U(t, X) for
any X € LL(Q,RY) of law y, we get a solution for the equation (HJ) (in the sense
of Gangbo and Tudorascu), together with the final condition u(T, ) = G(p).

In view of the previous remark, using the work of M. Crandall and P.-L. Lions
(|13]) and the above construction of H, we get the existence Theorem below for (HJ)
together with the final condition u(T, ) = G(u) but only in the open time interval
10, 7.

Theorem 4.8 (Existence Theorem). Assume H : Fo(R?) — R satisfy the following
assumptions:

(Ag) It exists a local modulus (R,t) — wr(t) such that:
[H (. p) = H(v,q)| < wr(Wa((Id x p)ip, (Id % q)iv))
for all (u,p), (v,q) in F2(RY) such that:
ma(p) + Ipllzs < B?, ma(v) + llallz < R
(AY) It exists a local modulus (R,t) — og(t) such that:
[H(psp) = H(p, @) < or(llp — allr2)
for all (u,p), (1, q) in F2(R?) such that:
IpllLz + P —allzz < R

(Ag) It exists a modulus of continuity & such that, for all R > 0 and A\ > 0, it
exists a second modulus of continuity x r such that:

H(v, \(Id — S)) — H{p, (T — Id))

< (s — 1alRy + 15 - 11z ) + 6 Wal(Td x i 5 x 1))
for all (u, T), (v,8) in Fo(R?) such that:
ma() + T2, < B2 ma(v) + [1S|12; < B2
Assume moreover G is uniformly continuous. Then, it exists u a solution of (HJ)
in the sense of Definition 3.6 on 10, T[xPa(RY) satisfying u(T,u) = G(u) for all

p € Pa(RY) and m a modulus of continuity, (R,t) — mg(t) a local modulus such
that:

ut, ) — uls,v)| < m(Wa(p,v)) + mr(|t — s|)
for all p,v € Po(RY), s,t €]0,T] and ma(v) < R2.

Proof: Step 1: By (Ao) and Proposition and Definition 4.1, 2), # admits a
rearrangement invariant H such that:

(22) H(X,Z) -H(Y,Z')| Swp(|X =Y +|Z - Z'|))
for all X,Y,Z, 7" in L%(Q,R%) such that:
IXI (Y1 121 127 < R
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Denote by H its lift. We aim to apply Theorem 1.1. in [13] to (HJ2).

Step 2: We start by checking assumption (H2) of p 373 of [13].
Let X, 7, 7 in Lp(Q RY) with |24+ 7, — Z| < R, setting  := (X, Z1, Z)tTP,
applying Lemma 5.1, it exists (i )n in Po(R?), pn,qn € Lin (R4, R9) for all n € N
such that:
lim W ((Id X prn X qn)ipin, @) =0,

n—-+oo
|pn — Qn”Lin < R.

Note that: lim, e ||[pn — an%l%n = fRSd |21 — 22|%dw(z, 21, 22). By (A1”) and the

definition of H, we get:

_ _ 1/2
[l 28) — H(maste)| < o ([ [ = st ) )
R
or, equivalently: B B
IH(X, Z1) — H(X, Z3)| < or([|Z1 — Z2])).
This implies:

X
m” < wr(A)

for all A >0, X,V € LL(Q,RY), X #0, A+ ||Y|| < R. Following [12], (1,15), let us
take ¢ € C*(R) such that

C(ry=0forr<1,((r)=2r—4forr>3, and0<({ <2
Then take for any X € L& (Q,R%): v(X) = ¢(||X]|). We have:

H(X,Y) - HX,Y + A

v(X) X
f 2 —92>1, |Du(X)| <2 VX #£0, Duv(0)=0.
I1X[|—=+oo || X]| IDvOl 1 X]]

It then holds:
(23) [H(X,Y) —H(X,Y + ADuv(X))| < wgr(2))
for all A > 0, X,Y € LL(Q,RY), Y]+ A< R.

Step 3: Now check assumption (H3) of p 373 of [13].
Take v = v(z,y) € P2(R?xR?) and R = $ma(7). By Lemma 4.2, it exists sequences
(i, Tp)r and (v, Sp)rn in Fa(RY) such that:

Jm Wa((Id X Tn)bpn,7) = lim Wa((Sn x Id)fvn,7) = 0.

Then assumption (Az) implies for n big enough:

i [0 S, ~ 10) = W M1 = To)] < €( Al = ol + L = s )

n—-+0o
for all A > 0. It exists a sequence (X,), and X, Y in L% (Q,R?) such that:
lim || X, - X|?+|ThoX,-Y|?>=0

n——+0oo
Then lim,, 4o |A(T 0 X, — X)) — A(Y — X)|| = 0 which implies

Jm  Wa((1d x A(Id = Tn))pn, (11, A(m — 72))#y) = 0.
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In the same way limy, o0 Wa((Id x A(Sy, — Id)tvy, (72, A(m1 — m2)ty) = 0. So finally
we get:

[A(ra, M = m)i) — Hl s Ama = ma))i )| < (Al = i + o = alsz )
As this is true for any v € Py(R? x R?), we have also:
AWK - ¥) - HEAX - V)] < (X - YP 4 x - v])
for all A > 0, X,V € L3(Q,RY).

Step 4: By step 1, 2 and 3, all assumptions of [13]|, Theorem 1.1 are satisfied.
Then, (HJ2) together with U (T, X) = G(X#IP) has a unique solution Uy. Moreover
it exists m a modulus of continuity, (R, t) — mpg(t) a local modulus such that:

[Uo(t, X) = Un(s, Y)| < m(| X = Y|)) +mr(|t — s])

for all s,t € [0,7], X,Y in L3,(Q,R%). As recalled in Remark 4.7, it is rearrangement
invariant, the sequel follows. QED.

Example 4.9. The Hamiltonian H; of Example 2.7 satisfies (Af), let us prove it
satisfies (Ag) provided

V(i) = V(v) S w(Walp,v)) Yu,v e Py(RY)

for some modulus of continuity w. Indeed, take u, v, S, T, \, R as in the theorem and
m € I, ((Id x T)tu, (S x Id)fr). Note that 7w has the following shape:

7T(l" :L,/’ Y, y/) = 5T(ac) (xl) ® 6S(y)(y,) ® /7(1:’ y) with v e H(:ua V)

and Wa((IdxT)tu, (SxId)f)* = /R . e —Sy[+|Tw—y|* dy(z,y) > W3 (1, Stv).
X

Then, denoting by C' all positive constants independent of A and R:
Ha (v, M(S = Id)) = Ha (u, MId = T)) = N(|S = Ld||7, — |7 — Id||75) + V(v) = V(n)

S)\Q/ |Sy —x +x — T+ Tx — y|*dy(z,y)
R4 xR4
=N|T — Id|[3; + V(v) = V(Stw) + V(Stw) = V(n)
< ONWy((Id x T)ip, (S x Id)iw)? + w(Wa(v, Sv)) + w(Wa(p, Stv))
1/2
< COPW((1d x T, (8 x Td)iw)? + <[2 [ 15+l )] )

Fw(Wa((Id x T)ip, (S x Id)gv))
< CN*Wo((Id x T)tp, (S x Id)tv)? + w(R) + w(Wa((Id x T)iu, (S x Id)iv)).
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Example 4.10. The Hamiltonian Hy of Example 2.9 satisfies (A}) provided f is
bounded, moreover it also satisfies (A3). Again, take u, v, S, T, A\, R as in the theorem
and m € I,((Id x T)tp, (S x Id) x v) with:

m(x, 2y, y') = Op) (7)) @ 05 (¥) @ (2, y).
Set M := supycy | f(0,w,dp)|. Take e > 0 and u an e-optimal control for Ha (p, A(Id—
T)). Set v(y) = [u(z)dy¥(z). Then, denoting by C or C” all positive constants in-
dependent of A and R:

Hav NS = 1)) < [ Funv(a).0) - My = 5(0)) dvly)

< [ 7S v(0).) - Ay = S() dol) + LA = SII
(by use of Cauchy-Schwarz and the Lipschitz property of f)

< [ £(8).u(e).0) - My~ Sw)dr(e,) + LA - S|
(by definition of v and affinity of f)

< /f(% u(x), S41) Ay —S(y))dy(z,y)+CLRAWZ ((IdxT)ip, (SxId)gv)+2LA|[Id—S]7,

/ f(a,u(@), p)-My—=>5(y))dy(z, y)+C' LRAWZ (IdxT)tp, (Sx Id)tw)+C'LA|[ 1d—S||7,

(again by use of Cauchy-Schwarz and the Lipschitz property of f two times to change
vin Sfr, S(y) in z first and then Sfvr into p in the argument of f )

< /f(f'3>u($),ﬂ)'>\(T( —x)dp(x /f z,u(x), p) - M = S(y) +y —T(x))dp(x)

+C'LRAWZ((Id x T)tp, (S x Id)gv) + 2CLA||Id — S||72
< Ha(, NId—T)) +e+C(M+2RL)INWE((Idx T)ip, (SxId)ﬁy)+2CL)\||Id—S||%g
using (8). The result follows by making ¢ tend to 0.

4.2. Rearrangement invariant viscosity solutions in L%P. Here we consider two
types of Hamiltonians: 7 : Po(R? x RY) — R and its lift H : L2,(Q,R%)? — R. We
are interested in rearrangement invariant viscosity solutions of (HJs).

We will use the following result appearing in [24]:

Lemma 4.11. Let U : [0,T] x L3(Q,RY) — R be rearrangement invariant. Set
Xo, Z € LE(Q,RY), (to,pt) € [0, T[<R such that (pi, Z) € DU (o, Xo)-
Then for any couple (X}, Z') € LA(Q,R)? such that (X}, Z)IP = (Xo, Z)EIP, it
holds:
(pe, Z') € DU ((to, XJ).

This lemma emphasizes that it is meaningful to look at elements Z € DUT(X)
as couples (X, Z) and more precisely to consider their joint laws v = (X, Z)IP. It
justifies the introduction of H and the assumption of rearrangement invariance for
extended Hamiltonians starting from H : Fo(R?) — R and their lifts H. In the same
spirit, we will use the following notion of sub/superdifferential which was introduced
in the book [1] of Ambrosio, Gigli and Savaré (see Definition 10.3.1. p241):
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Definition 4.12. Let u : [0,T] x Po(RY) — R. Let (¢, o) € [0, T[xP2(R?) and
v € Po(R? x RY).

(i) We say that (pt,y) belongs to the AGS-superdifferential of u at (g, po) iff:
for all (t,v) € [0,T] xP2(R%), and w(z,y, z) € P2(R3?) such that 71 3w =
v, mofto = v, it holds

u(t.)=ulto, o) < pt—to)+ [ =) (2o (=P + o -yl ).

R3d
We denote the set of (py,~y) satisfying this property by DXGsu(to, o).
(ii) We say that (p¢, ) belongs to the AGS-subdifferential of u at (o, o) iff for

all (t,v) € [0,T] x P2(RY), and w(x,y, z) € P2(R39) such that m st = v,
mollto = v, it holds

u(t,)=ulto, i) = pt—to)+ [ (=) dmly 2o (=P + o -l ).

R3d

We denote the set of (p¢,) satisfying this property by D gu(to, io).

Ezample 4.13. Let p; € R, tg € [0,T[, X, Z € L3 (L RY), v(x, 2) = (X x2)tIP)(z, 2) €
H(.uov V)‘
e As noticed in [24], if U is the lift of u:
(pt, Z) € DU (o, X) & (p1,7) € Diggultos po)-

e Moreover, by Proposition 3.5, if v € DiGsu(to, i), then:

(pe, (Id x px(Z))2p0)  and (py, (Id x p (2))po) belong to Dggulto, p).

e Fix A > 0 and assume ~y(z, z) = [(X x 2)fP](z, z) € II,(uo, V) is an optimal
transport plan. Abusing slightly notations we will denote by 7, and m, the
first and second projections from R? x R? to R?. Let u(y) := AW (u,v),
then, (see Theorem 10.2.2. p236 of [1]):

5 = (70 % (2A(7e — 7))y = (X x 2A(X — Z))4IP € Diiggulno).
Also by the remark above:

(1270~ [ 7)) o = (X X 2ACX = px (2))8P € D)
where [ zd~y'(z) denotes the map x — [ zdy*(z).

The AGS-superdifferential satisfies two nice convexity properties:

Lemma 4.14. (Convexity properties of DXGSu) Let u : [0,T] x P2(RY) — R. Let
(to, o) € [0, T[xP2(R?) and (po,Y0), (p1,7) in D}ggulto, po).
(i) (Converity) Let A € [0,1], set (px,1a) = (1 — A)(po,70) + A(p1,7), then
(Pxs 1) € Diggulto, po)-
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(ii) (Displacement converity) Set w(x, zo, z1) = Y7 (z1) @& (20) @ po(z) and take
A € [0,1]. Then, defining
x = (mz X (1 = AN) 7y + A7z, ) fw
we have ((1— X)po + Ap1,7») € Diggulto, o). Here we have denoted by s,
and 7, the second and third projections of RY x R? x RY.

Note that, for any regular ¢, by definition of 7y:

/90($, z)dyx(z, z) = /90(1:, (1 = X)zo + Az1) dw(z, 20, 21)-

Proof: Assume for simplicity that « does not depend on the time variable.
(i) Take w(z,y, 2) € Pa(R% x R x R?) and such that 71 3w = ) set v = mofw. Then
w can be written as a convex combination:
w(r,y,2) = w"(y) @ }(2,2) = (1 = M (y) @ 90(2, 2) + A™*(y) @ (2, 2).
Then as v; € D} g u(to, po) (i =0,1), we have:
u(v) < ulp) + |
R3d
By convex combination:

u(v) < ulp)+ [

R3d

2 (y = @)™ ()i, 2) + o (ly - @l gz, ).

WP 2R,

2(y—2)dw(z,y, 2)+o (L= Ny —allz,. +Aly—allz,. ).

wPZRy1

We conclude as by concavity of 7+ /7

A =Nlly = =lr2, . + Ay ==l
w®s Y0

wT %Ry

< \/(1 - A)/ ly — x[2dw®*(y)dyo(z, 2) + A/ ly — x[2dw®=(y)dyi (x, 2)
R34 R3d

1/2
= ([l oPastann)

(ii) Tt exists (X, Zo, Z1) € LEL (2, RY)3 such that w = (X, Zg, Z1)IP. Then 7y =
(X x ((1=X)Z1 + AZ2)) and, setting U the lift of U: Z; € DTU(X) for i = 1,2. By
convexity of DYU(X), we also have that ((1—\)Z; + AZ2) belongs to DTU(X) and
we conclude by the first point of Example 4.13.

QED.

An easy consequence of the first point of Example 4.13 is the following result:

Proposition 4.15. Let U : [0,T] x L3(2,R?Y) — R continuous. Assume U is
rearrangement invariant and let u : [0, T] x P2(RY) — R associated (u(t,p) = U(t, X)
for any X such that X{IP = p).
U is a viscosity subsolution of (HJ2) iff for all (to, o) €]0, T[xP2(RY) an all (ps,7) €
DXGS“(tO’ ,u(]) N

pe+H(y) > 0.
The symmetric property holds for supersolutions.
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The regularity of the extension built in the previous section allows to use classic
results of uniqueness for the equation (HJs) together with some final condition. As
shown by the result below, we can also prove some results specific to rearrangement
invariant solutions.

Proposition 4.16 (Comparison principle for rearrangement invariant solutions).
Let H: L3 (Q,RY) x L2,(Q,R?) — R be a rearrangement invariant Hamiltonian. We
assume moreover that:

o (Ay) It exists k > 0 such that for all R > 0, and all X, 71, Zs € L3(Q,R%)
with | Z1]], | Z2| < R, [ X]| < R:

(24) H(X, 21) = H(X, Z2) < k(1 + R)|Z1 = 22|,

o (Ay) it emists wip : RT = RT a modulus of continuity such that for all p,v €
Pa(RY), we can find a pair X,Y € L3,(Q,RY) with (X, Y)4IP € I,(u,v) and:

(25) H(Y,A(Y — X)) —HX,AY = X)) Swg(IX = Y[+ A|X =Y[*) VA>o0.

Let Uy, Us : [0,T] x L%P(Q,Rd) — R two rearrangement invariant, uniformly
continuous mapping. Namely it exists wy, wo two modulus of continuity such that:

Uslt, X) = Ui(s,Y) <wi ((IX = Y|+ |t = s)2) i = 1,2.

Assume that Uy (resp. Us) is a viscosity subsolutions (resp. supersolution) of (HJ2)
such that:

Ui(T,X) = G(X4P) VX e L&(Q,RY), i=1,2.
for some G : Po(R?) — R.

Then, it holds: Uy < Us.

The proof will reduce to a classic one by using the following lemma:

Lemma 4.17 (Stegall’s Variational Principle in P2(R%)). Let v : Po(RY) x Po(RY) —
R and V : L (Q,RY) x LZ(0Q,RY) — R its lift. Assume that V is Ls.c. and coercive.
Let § > 0,

(i) it ewists ps, vs in P2(RY), ps € Lié(Q,Rd), ¢ € L2 (QR?) such that
Ipslzs, <. lasllzy, <6 and

26) vlps.e) < o)+ [ psle)- (=) dlann) + [ aste)-(y=2) drlan)
for all v, € U(ps, 1), v € (v, v);
(ii) for all X5 ,Ys in L]QP(Q,Rd) of law s, vs,
(27) V(Xs,Ys) < V(X,Y) + (ps 0 Xo, X — Xs) + (gs 0 Y5, Y — Y5)

for all X, Y in L3(Q,R%);

(iii) it ezists ps € T,3(RY), G5 € Ty (RY) such that, replacing ps by ps and g5 by
ds, (26) holds for all optimal ,, € o(us, 1), v € o(vs,v) and (27) holds
for all X, Y with (X5, X)EIP € I, (5, XtIP), (Y3, Y)AIP € I, (vs, YHIP);
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(iv) for all ~, € (s, 1), v € W(vs,v):

oss) < o)+ [ ps(e)- =D dlen) + [ ) (- 2) dfen)

+o(ly—zlzz, ) +o(lly -~ llzs, )

(v) for all X5 ,Ys in LE(QL,RY) of law ps, vs,
V(X5,Ys) SV(XY) + (P50 X5, X — Xo) + (G50 Y5, Y — ¥5)

+o([|X = Xs]) + o[y = ¥5));
for all X, Y in L%(Q,RY).

Proof of Lemma 4.17: We prove only (i), (iii) and (iv). Statement (ii) follows
from (i) and (v) from (iv). Proof of (i). Let dp > 0. By Stegall’s variational
principle (see for instance [6], Theorem 8.8.), it exists Xo, Yo, &, (o in L& (2, R9)
such that

[1€oll, [[Goll < do,

V(Xo,Yo) + (€0, Xo) + (Co. Yo) < V(X,Y) + (€0, X) + (¢0, Y) VX, Y € Lp(Q,RY).
Set s = XofIP, vs = YoiIP, then, for all u,v € Po(R?), w,(z,y, 2), @, (z,y,2) €
Po(RY x RY x R?) such that

T3t = (Xo, §)iIP, m3tw, = (Yo, )P, mfw, = p, mofw, = v,
it holds:
ovs) <o)+ [ 2 =) dmilag )+ [ 2 - o) dm ).
Denote by 7, the plan (Xo,&)fIP and by 7,, the plan (Yp, {o)§IP which disintegrate
in yu,(r,2) = fyﬁé(z) ® ps(x) and vy5(x, 2) = fyffé(z) ®@ vs(x). Let v, € (s, 1),
v € (v, v) and set:

w#('ra Y, Z) = ’755(’2) ® 7#(‘T7y)a wl/(xvy? Z) = ’Yl:i; (Z) ® Vl/(may)

Then, it holds:
v(ps, vs) < v(u, V)+/

RS

- /R2 [/Rdzdfyzé(z)] Ay —x) dvu(x,y)-F/R% [/Rdzd’yfé(Z)} (y —x)dy(z,y).

(i) follows by taking ps(x) := [pa zdvi (2) and g5 := [pa 2 dy](2).

z-(y— ) dvy, (2)dyu(z, y) + /RM z-(y —x) dy,, (2)dv (2, y)

Proof of (iii). Let ps the projection of ps on 7, (R%), then for all v, € II,(us, p),
v € o(vs,v), disintegrating ~y,, it holds:

olpsoe) < o)+ [ ps(o) - v =) dzdns(o) + |

q5() - (y — o) dyy (2, y)
R2d

sv(u,y)+/

R

o) (| [ i) =) dusto)+ [ asto)- - 2) vt
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and as & — [ [za ydvi(y)] — x belongs to T, (R9):

olps.s) < o)+ [ st (| [ vni] <o) dustors [ astoro-a) g

R

<o)+ [ 7s(e)- (=) @) + [ asla) - (o= o) drulan).

Repeating this idea for g5 gives the result.

Proof of (iv). Take now 7, € I(us, i), m, € I(vs, V), Yu, 7 as above and € > 0,
¢ € C°(R?, RY) such that ||V _156”L35 < e. Then, using Lemma 3.3 of [17]:

oss) <o)+ [ psle)- = D)o + [ asa) - (= 2) dfan)
<o)+ [ | Vela) (=)o) +ely—al, + [ as(@)-(r=o) (o)
<o)+ [ V() (= a)dmu(o.s) +ofly =2l )+ <l =l
+ [ wla) - (=) dufen)
<o)+ [

(@) - (y — @)dmu(z,y) +o(lly — zll72 ) +2¢y — 2
R2d T W

+ [ @) =) duey).

Repeating the same idea for ¢s and making € go to zero gives the result.
QED.

Proof of Proposition 4.16: We set:

M := Ui (t,0 Us(t,0)|).
mase (UL (1,0)] + [Ua(t,0))

All along the proof we will denote by C' any constant depending only on k& and M.
Assume by contradiction that

(28) &= inf (Uz —Uy) < 0.
[0,T]x L2, (£2,R4)

We set, for any t1,t2 € [0,T], X1, X2 € LEL(Q,RY):
@(tl,tQ,Xl,Xg) =

1 «
UﬂmrXﬂ—Uﬂthﬂ+§g(W@LKﬁEﬂXﬁEﬂ+ﬁh——QF)+§(HXﬂ2+HX@W)—MQ
depending on ¢ €]0, 1[, « > 0 and 7 > 0 such that:

£
29 —,
(29) =57
We introduce also for all X1, Xo € L& (Q,RY):

\I’(Xl,XQ) = min (I)(tl,tQ,Xl,XQ).
t1,t2€[0,T]
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The mapping ¥ is rearrangement invariable separately in both variable, l.s.c. and
coercive. Let § > 0. Then, by applying Lemma 4.17 and thanks to (25), we can find
Xy, Xo in LE(Q,RY), py € L% . (R RY), py € L2 (R, R?) such that:

X 4P XotlP

(30) [ X1 — Xa|| = Wa(X4fIP, XofIP), ||p1||L§(1ﬁ]P, ||;02||L§?2ﬁ]P <,

(31)_ B - - B )

U (X1, Xo)+(p1oXy, X1)+(p20X2, Xo) < U(X1, Xo)+(p1oX1, X1)+(p20Xo, Xo), VX1, Xo,
(32)

H(X1, MK — X)) = H(X2, MK — X)) < wir (|| X1 — Xl + M| X1 — Xol2) VA > 0.

Then, by definition if ¥, (30) and (31), it exists t1,¢2 € [0,7] such that for all
t1,t2, X1, Xo:
(33)

Up(ta, X2) = Ur(fr, X1) + o5 (I1X1 = Xol? + 6 — 22%) + § (IX1]* + [ X2?)
— nt2 + (p1o X1, X1) + (p2 0 X2, Xo)
< Us(te, X2) —Ui(t1,X1) + 5= (IX1 = Xol >+t — t2) + £ (1 X1 + | X2]?)
— nta+ (p1o X1, X1) + (p2 0 X2, X3).
Step 1: We prove some estimates on r and p defined by:
39 r= (KPR, pi= (1% - Kl + |6 - B)

First, applying (33) with X; = X5 = 0, t; = t9 = t3 and recalling the definition of
M > 0, we get:
_ _ 1 _ _ _ _ 1% _ _
Ua(tz, X2) = Ui(ty, X1) + o2 (X1 = Xl + [0 — Ba]?) + 5 (X212 + 11 X21%)
— itz + (p1o X1, X1) + (p2 0 X2, Xa)
S M — UEQ.
Then, by (30), we get:

1 _ _ _ _ _ _ _ _
(35) % (||X1 — X2||2 + |t1 — t2|2)+ (HX1H2 + HX2||2) < 2M+6 (||X1|| + HX2H) .

o
2
Firstly this implies that r satisfies %rQ —V26r — 2M < 0 so that r < é(\/ﬁé +
V262 + 4M«) and:

0 1

112 7 12)1/2 .
= < — R < .
(36) ra= (X1 + [ Xe]?) 7 < C <a + \/a> » lmar < Cva

Secondly, (35) combined with (36) gives 2—16,02 <2M +C (% + %) . So that:

2 6 p _C
2 < I+ —+—), lm=<—, limlimlimp=0,.
(37) preeCiit ot va)’ 550 e = Ve’ 20 ams0 650 ” 0,
Applying (33) with (tQ,XQ) = (t_Q,XQ), (tl,Xl) = (t_Q,XQ), we get:
_ 1 _ _ _ _ o - _
—Ul(tl,Xl) + % (||X1 — X2H2 + ’tl — t2|2) + §HX1H2 + <p1 o X1,X1>

_ o — _
< =Ui(ta, Xo) + §||X2||2 + (p1 0 X1, Xo).
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So that, using again (36) :

02

le% _ _ _ _ _ _ _
5 < wil)+5 (X% - Kol + 2 Xl x | X1 — Xa|) + 0] X1 — X

wi(p) +% (,02 +2C)p (Z + \/1&» +op

< wi(p) + Clap® + p(6 + Va)).

Finally we get:

IN

2 X1 — Kol 4 [f — B
(38) lim Tim Tim 2 = Tim lim Jim 10— X2+ [ = ol
e=+0a—=05—-0 € e—=0a—0§—0 €

=0.

Step 2: We now assume that ¢;, to # T and get a contradiction. By (33) with
(ta, Xo) = (f2, X2) and (t1, X1) in [0, T[x L% (Q,R%), we have:

Up(t1, X1) — Ui(t, X1)

< 5 (X - Xo|? = 1 X1 = Xol® + |t — Bf* — [T — &)
+ S = X0 + (o X1, X1 — X0
= 2% (1X1 = X0 )* +2(X1 — X1, X1 — Xo) + [ty — 0a* + 2(t1 — 1) x (T — £2))
+ S0 = Xa]? + 2(X1 = X0, X)) + (pr o X1, X0 — X0)
< <X1;X2+06X1 +proX, X1 —X1)+ h _EQ(tl—fl)
o (1% =Xl 0~ 0 )7?)
This proves that:
(39) (tlth,Xngz + X, +P10X1> € DY UL (t1, X1)

Similarly, applying (33) with (t1, X1) = (f1, X1) and (t2, X2) in [0, T[x L3, (2, R?),
we get:

t —t: X1 - X
(40) (1 2, 1 2

- 1, - —aXy—pao X2> € D™ Us(t2, X5)

As by assumption, U; is a subsolution and Uy is a supersolution, using (39) and (40):
t1 —to
€

_/_ X=X _ _
+H<X1; 12+aX1+p1oX1> >0,
3

t_l—fg Xl_XZ

+77+H<X2; —OéXz—szXg)SO.

By substraction, we then have:

—(- X1-X _ _\ —/- Xi—-X _ _
—77+H<X1;182+04X1+p10X1)—H<X2;152—04X2+p20Xz>20-
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By use of (24), setting R(e,«,d) := £+ ar + ¢ (with the notations (34)), this yields:

€
—77+H<X’1; Xl;X2> _H<X2; Xl;X2>
+2k(1+ R(e,,0))(ar + ) > 0,
and by (32):
X — X2HQ>
5

(41)  —n+wy (HXl — Xo| + +2k(1 + R(e,a,9))(ar +9) > 0.

Note that, using (36), (37) gives:

N . C
il_%%gr(l)(l + R(g,a,6))(ar +6) < i%(l + 7 + CVa)Cya =0.

So that, making § — 0, « — 0 and € — 0 in (41) gives (remember (37) and (38)):
—n 2 0.
This yields a contradiction as n > 0.

Step 3: Now we show that ¢1,t3 # T. We do the proof only in case to = T, the
remaining case being similar.
First notice that, by (28), it exists (¢, X) € [0, 7] x L (2, RY) such that:

(Us — U3)(t, X) < —g

Then, applying again (33) with t; = t2 = ¢ and X; = Xs = X leads (recall (34)):

2
_ - _ - o _ _ _
Us(ta, Xo) — Ui(t, X1) + % + 57“2 —nta + (p1 0 X1, X1) + (p2 0 Xo, Xo)

< SE Al XIP i+ (pr o K+ 2o Ko X)

which implies by (36):
Us(ia, X2) — Ur(f1r, X1) = 8C (& + —= ) =T < =5 + o X|12 + 20 X]|
2(t2, X2 1(t1, Xq e Vo T < - :
Then, as by assumption Us(T,-) = Uy(T,-) and ty = T

) 1 —
~n(p) = 0C (2 + 72}~ < 5+ allXIP + 2011,

We make 6 — 0, « — 0 and € — 0 and get by (37):
—£
T < =2
= 2

which gives a contradiction with (29).
Q.E.D.

The following proposition gives the assumptions on H that will imply (As) for the
Hamiltonian built in subsection 4.1
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Proposition 4.18. Let H : Fo(R%) — R an Hamiltonian satisfying (Ag) and H the
Hamiltonian given by Proposition and Definition 4.1, 2). Assume H satisfies the
following assumption:

[(A%)] It exists w a modulus of continuity such that for all u, v in P2(R) absolutely
continuous with respect to the Lebesque measure and all A > 0:

H(p, N(T — Id)) = H(v, A(Id — S)) < w(Wa(p,v) + AW (1, v))
where Ilo(p,v) = {(Id x T)ip} = {(S x Id)jv}.
Then H satisfies (Asg).

Proof: Let u, v in Py(R?), arguing as in Lemma 5.1, we build (), and (v,)n
two sequences in Pa(RY) of absolutely continuous probability measures such that:

(42) lim Wa(pn, p) = nll)r_i{loo W (vp,v) = 0.

n——+o0o

Let v, = (Id x Tp)8un = (Sp x Id)fy, the only element of Il,(pn, ). Up to a
subsequence it converges weakly to some 7 and thanks to (42), it holds:

lim  ma(v,) = ma(u) +me(v)

n—-+o00

so that (7yy,)n is tight, v is in II(u,v) and lim,— 400 Wa(yn,7y) = 0. Moreover v €
Iy (p,v) as:

Wi (n,v) = N Wi, vn) = lim [ o=y dy(z,y) = /RM o —y[Pdvy(z,y).

n—+00 Jp2d

The convergence of (vy), also implies (see Lemma 2.3) the existence of a sequence
(Xn)n in LE(Q,RY) and X, Y € LE(Q,R?) such that:
XnflP = iy, XHIP = p, (Xm T, o Xn)ﬁ]P = Tn, (ny)tﬂp =7,
lim | X, —X||= lim ||T,0cX,—-Y]| =0.
n—-+o0o n—-+o00

From that we deduce that for all A > 0:
lim Wo((Id x M(Tyn — Id))dpn, (m1 X A(m2 — 71))87)

n—-+o0o
= lim H(Xna /\(Tn © Xn - Xn)) - (X7)‘(Y - X))H =0.
n——+00

In the same way:

lim Wy((Id x A(Id — Sp))8vn, (2 X A(me — m1))fy) = 0.

n—-+o0o

By [(A3)], for every A > 0, we have for all n € N:
H(pn, NI = Id)) = H(vn, I d — Sp)) < w(Walptn, vn) + AW3 (tin, vn))
and by definition of H built in Proposition and Definition 4.1, (iii):
F((1d % (T — Td))epin) —F(TA X ATd— S,))0m) < 0(Waljin, V) + AWE (i v2))-
As H is locally Wa-uniformly continuous, by making n — +o00, we get:
H((m1 x Ama — m))y) — H((m2 x A(m2 — m))1y) < w(Wa(p, v) + AW5 (1, v)),
Recalling v € II, (1, v) and the definition of H, the result follows. QED.
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Discussion about assumptions of Proposition 4.16 and the domain of H:
The formulations of (A1) and (Asz) are not homogeneous since (Az) involves only a
subdomain of H, namely:

{(X,AMY — X)) : MeR, (X, V)P € II,(XtIP, Y{IP)}

whereas (A1) involves all L% (Q,R%) x L (9, R9). As we are going to see, it is possible

to restrict (Aj).
We will need the following objects (see [1] p 314):
Vi € Po(RY),  G(u) := {(m1, M2 — 1))ty : v optimal , A > 0}

and we can define a distance on II(y,-) := {y € Po(RY) : mty = u} by setting for
all 72, 41 in TI(p, -):

Wi |
R

Definition 4.19. The geometric tangent space in Po(RY) at u is defined by:

L |2y — x3|? dow (w1, 22, 23) : T1ofw = ¥'2, T s = ’YIS} .
xR

Tan,(RY) := @Wu :

Let us introduce moreover for all X € L,(2,R?) of law u the following convex

cone:
Ty :={Z: (X, Z){P € Tan,(R%)}.

Using Proposition 4.29 p58 of [18| (see also Definition 4.16 p52), Tx is a vector
subspace of L2,(€, R%).

Then, we may replace assumption (A;) in Proposition 4.16 by:
(AY) It exists k > 0 such that for all R > 0, and all X € L%(Q,RY) 71,75 € Tx
with || Z1]],[| 22|l < R, | X]| < R:

H(X, Z1) — H(X, Z3) < k(1 + R)||Z1 — Z||

or equivalently:
It exists k > 0 such that for all R > 0, and all u € P2(R%), y1, v2 in Tan,(R?) with
ma(p), mo(matyi) < R* fori=1,2:

H(y) — H(v2) < k(1 + R)Wy(71,72)-

Then we modify the proof of Proposition 4.16 as follows.
e Build, thanks to Lemma 4.17, py, p2 as in the proof above and p1 € Tx yp (R9),

D2 € TXgﬁIP(Rd>
e Double (31) and (33) by:

U (X1, Xo) + (p1 o X1, X1) + (P2 0 Xo, Xo)
< U(X1, Xo)+ (P10 X1, X1)+ (P20 X2, Xa) +o(|| X1 — X1]|) + o(|| X2 — Xa||), VX1, Xo,

and
(43) ) B L _ _
Us(ta, Xo) — Ur(t1, X1) + o= (1X1 — Xa|® + [t — £2f?) + § (1 X0]1* + (| X2]?)
—nta + (p1 o X1, X1) + (P2 0 X2, Xo)
< Us(ta, X2) — Ur(ts, X1) + 52 (|1 X1 — Xo|2 + [t1 — t2f?) + 5 (1 X111 + | X21?)

—nty + (P10 X1, X1) + (P2 0 X2, Xa) + o([| X1 — X1|) + o(]| X2 — Xa]|).
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e Step 1 and 3 are unchanged. Use (43) only in step 2 to show:
<t_1 —ty X7 — X

a 5 2 +aX, +]510X1> € DU (t, X1),

- X -X g ¢ f2, X
(1E 2_‘_777 15 2_aX2_1520X2>GD_U2(t2,X2)~
Then notice:
XX o . ASERCHI ¢
[1€2+axl+ploX1} € Tx,, [IEQ_O‘XQ_Z’QO)Q €z

So that we can apply (A4}) to conclude the step.

With these modifications the comparison principle will hold for an Hamiltonian
defined only on {(X,Z) : (X, Z)fIP € Tanyyp(R?)}. We could also modify the
definition of sudifferential and superdifferential by restricting them to this set. This
seems relevant for rearrangement invariant solutions of (HJ2). Moreover it is coherent
with the definitions of sub/superdifferential section of 3 which are restricted to E(Rd)
and not all Lz(Rd, R9). Indeed we have the following result:

Proposition 4.20. (i) The following equalities hold:
1% w.
UuePQ(Rd)Tanu(Rd) F = {(Td x p)ip: p € Pa(R), p € T,(RY)} i

W
= {(m x AMmz —m))iv: A€ R, v € Mo(midy, mafin)} -
(ii) Assume the Hamiltonian H is defined only inside

{(n,p) : p € P2(RY), p € Tu(RY)}

and satisfies (Ag) on this set. Then it exists H defined on U ,cp, e Tan,, (R?)
uniformly continuous on balls and such that:

H((Id x p)ip) = H(u, p) Y € Po(RY), p € Tu(RY).

Proof: We show only (i). Note that, for any pg € P2(R?), v1, 72 in (uo, ), we
have Wa(v1,72) < W (71,72). So that:

Wa

Wa
= Upep, )G (1)

Iz W2

UMGPQ(Rd)TanM(Rd)WQ = Uper,re) G (1)
= {(m x A(m2 — )iy : A€ R, 7 € My(miby, w2y} -
Now let m € G(uo), ® = (w1, AM(me — m1))fy with v € II,(po, mofty) and A > 0.
By Lemma 7.2.1 and Theorem 7.2.2 in [1], we can build a constant speed geodesic
between g and mafy by setting u; = ((1—t)m +tma)ty for all ¢ € [0, 1]. Moreover for
all n € N*, I, (1 /i, motty) = {(Id X Tp)8pu1/5, } for some T, € Lil/n (R4, RY). Then:

Jim Wa((Id x Ta)bpnsy) < M Wa(pajm, po) = lim 1/nWa(po, matty) = 0.

Arguing as in Step 3 of Theorem 4.8, we also have:
ngrfoo Wa((Id x MNTy, — I1d))bp /, ) = 0.

From that we have 7 € {(Id x p)fip: p € Po(R?), p € T,(R9)}. As this is true for
all m € G(po) and all pg € Po(RY), we get:

UperaeyG) * € {Td x p)iu = i€ Pa(RY), p € Tu(RI)}.
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The opposite inclusion holds as

{(Id x p)tp = p € Po(RY), p € T,(RY} C UME%(Rd)Tan#(Rd).
QED.

An open question is weather we can build an Hamiltonian for which there will be
both a rearrangement invariant solution for (HJ2) and a non rearrangement invariant
solution.

4.3. An example of application to an Optimal Control problem in Pg(Rd).

4.3.1. Setting of the problem. In this section we focus on the following value function
related to a multiagent control problem studied in [20], [23] and defined for all ¢y €
[0,T] and p € Po(R?):
V(to, p) := inf {G(ur):t € [to,T] — (v4, pt) admissible and py, = p}
(ve,pat)

where (v, pt) is admissible in [tg, T if:

o (t,x) € [to, T] x R? = vy is a Borel map;

o t C[tg, T] — py € Pa(R?Y) associated with vy is in AC?([tg, T], P2(R%)), that

is:
8,5,&15 + div(vt,ut) =0in RdX]to,T[

in the distributional sense and

//]vt 2 dpg(2) dt < +oo;

e it exists u: [0,7] x RY — U Borel such that:

vt(m) = f((lf, u(tvx)aut) a.e. t, Hi-a.e.
where f and U satisfy the same properties as in Example 2.9.

The map G : Po(R%) — R is assumed to be bounded and uniformly continuous.

Considering an admissible curve ¢ — p;, at each time ¢, us represents the location
of a group with a high number of individuals. This is justified by the Superposition
Principle (Theorem 8.2.1. of [1]) and by the following result. As usual, for any
o € C([0,T],R?%) and any t € [0,T], we set: e;(0) := o(t).

Proposition 4.21. (see [1], [23], [9] and [24])
(1) Lett € [to,T) — (vt, pir) admissible in [to, T] such that py, = p and (t,z) —
u(t,z) € U the associated control.
It exists 1 € P(C([to, T],RY)) such that u; = eitn and n is concentrated on
o € WY2([to, T], RY) such that:

a(t) =v(o(t)) = f(o(t),w(t,o),edn) a.e. t,

with w(t, o) :=u(t,o(t)). Moreover:

/t /[t e (B)2 dy(o)dt < +o0.
0 0,



42 C. JIMENEZ

(ii) Let n € P(C([to, T),R?)) concentrated on o € WL2([tg, T],R?)) such that:

U(t) = f(O'(t), ll(t, 0)7 etﬁn) a.e. t7
with u : [tg, T] x C([0,T],R?) — U Borel. Assume moreover that setting
e i= egin, it holds ft:g ma(ue) dt < +oo. Then set:

e = edn,  v(x) :/ (t)dn** (o) a.e. t, p—a.e.x
C([to,T],R4)

where Nt is obtained by disintegration of n: n(c) = n4%(c) @ pi(z). Then
(ve, pe) is admissible for V(to, o) and:

v(z) = fle,w(t,z), uy) a.et, pu—a.e.x, w(t,x):= /u(t,a) dnt* (o).

The trajectories o on which a measure n as above is concentrate can be seen as
the trajectories of the individuals of the considered group. Note that for a general
n € P(C([to, T], RY)), trajectories may cross at a certain point x at time ¢ with differ-
ent velocities. Nevertheless the corresponding (v, u1¢) only sees an average of these
velocites. As in [9], considering measures 1 € P(C([to, T],R?)) as in (ii) will be called
the Kantorovich point of view while considering t — p; is the Eulerian point of view.

It was proved in [23] that the infimum in V is a minimum, moreover V is Bounded
uniformly continuous (Proposition 4.3. of [23]) and it is the unique strict viscosity
solution of the following Hamilton-Jacobi-Bellman equation (Theorem 5.8 of [23]):

{ Apu(t, 1) + Ha(p, Dyu(t, p)) =0 V(t,pu) € [0, T[xP2(R?)
w(T, 1) = G(n) V€ Pa(RY)

where Hs is the Hamiltonian defined in Example 2.9. Note that, as o satisfies all
the assumptions of Theorem 3.23 above, it is also the unique (non-strict) viscosity
solution of this equation.
At the end of this section, we will get that its lift is also the unique viscosity solution
of:

U, X) + Ho(X,DxU(t, X)) =0 V(¢ X) € [0, T[xLL(Q2,RY)

U(T,X) =G(X#P) VX € LL(Q,RY).

4.3.2. Several types of trajectories and several value functions.
An admissible trajectory can be represented by a curve in L%P(Q,Rd), this is the
Lagrangian points of view. It holds:

Proposition 4.22. (see |9] and [24]) Let t € [to, T] — (vt, ut) admissible in [to, T
such that py, = p and (t,z) — u(t,z) € U the associated control.

(i) Let Yy, € L3(Q,R?Y) of law pu. Then, for all e > 0, it exists t — X; €
W2([tg, T, L% (Q,R)) such that ||Yy, — Xyl < € and:
XtﬁIP = [t

Xi(w) = vi( Xy (w)) = f(X(w), w(t,w), X;tIP) a.e. t, P-a.e.w € Q,
with w(t,w) := u(t, X;(w)).
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(i) Let t — Xy € WH2([to, T], LE (2, RY)) such that:
Xi(w) = f(Xy(w),u(t,w), XifP) a.e. t, P-a.e.w € Q,

with u : [tg, T] x & — U Borel.
Then, set:

= X, = (Xp, Xp)EP,  vy(z) = /d z dy""(2) a.et, p-a.ex
R

where by disintegration vy = Y"* @ py(x). Then (vi, ) is admissible for
V(to, o) and setting my = (Id x X;)fIP:

Ut(w) = f(.CL‘,W(t,.TL’),/Lt) a.et, pi-a.e.x

with w(t,z) := / u(t,w) dm"* (w)du(x)
Q
where by disintegration my(w,x) = m>*(w) @ py(x)

Element of Proof of (ii): to prove v(x) = f(z,w(t, ), 1) a.e.t, u-a.e.x, ob-
serve that for any ® € C.([0,T] x R%,RY), by affinity of f:

/ / t $ Ut d,ut dt / / t Xt Xt dlPdt
R4

/
T

J
T

J

Note that, while we can represent any admissible (or optimal) curve t € [tg, T] —
(v, pue) as a trajectory in L3, (€2, R9), we cannot choose any starting point Yy, of law

Ho-

(I)(taXt) f(Xt( )7 <t7w)7XtﬁIP> dIP(Q)d

@\

S~

v x) - flz,ua(t,w), ue) dmy(w, x)dt
Qde

O(x,t) - flax,w(t,x), ue) dug(x)dt.

d

o

QED.

To be complete, we also state:

Proposition 4.23. (i) Let n € P(C([to, T],R?)) concentrated on curves o €
WL2([te, T), R?Y) such that:
o(t) = f(o(t),u(t,0), etn) a.e. t,

with u : [to,T] x C([0,T],R?) — U Borel. Assume moreover that setting
g = e, it holds ftf ma () dt < +oo.
Then, it exists T, : Q@ — C([to, T],R?) such that T,4IP = n and setting
Xy =eioTy, t— Xy is in WH2([to, T],RY) and:

XufllP = efin = pu,

Xi(w) = f(Xi(w), w(t,w), XifiP) a.e. t, IP-a.e.w € Q,
with w(t,w) :=u(t, T, (w)).
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(ii) Let t — Xy € WV2([to, T], Lp(Q, R?)) such that:
Xi(w) = f(X¢(w),u(t,w), X;fP) a.e. t, P-a.cw € Q,

with w: [tg, T] x Q& — U Borel.

Set Tx : w € Q= X.(w) € R x C([0,T],RY) and n := Tx4IP, and j; :=
X fIP = eifin, m = (Id x Tx)4IP.

Then, 1 is concentrated on curves o € WH2([tg, T],R?) such that:

o(t) = f(o(t), w(t, o), eddtn) a.e. t,
with w(t,o) = [u(t,w) dm°(w) where m° is obtained by disintegration:
m(w, o) = m?(w )®77( ) Moreover: ftr‘or ma(pe) dt < +00.

Proof: (i) For all ¢ € C.(R%), we have for all ¢ € [to, T7:
[ p@)dxiaP)(@) = [ o)) dP) = [ pleroTy(w) dPw)
R4 Q Q

-/ sl dno) = [ o) dul
C([to,T),RY) Rd

so that XfIP = p;. Then taking Y € L,(Q,R?) and setting m = (T, x Y){IP we
have for all t € [to, T):

(X,Y) = / ei(Ty) - Y dIP = ei(o) - ydm(o,y)
Q C([to, T),R4) x
t
= / |:0'(t0)+/ a(T) dT] ~ydm(o,y)
c([to,T],Rd)XQ to
t
= (X4, Y) +/ [/ flo(r),u(r,0), i) - ydT] dm(o,y)
C([to, }Rd)XQ to

= Syt [ e u0) m) ydn(o y>] ir

to

(XY /to [/feToT a(t, T,). )-dep} dar.

From that, we deduce t — X is in WL ([to, T, L3,(€2, R?)) and that, moreover:
Xi(w) = f(Xp(w),u(t, T, (w), X, fP) ae. t, P-a.ew € Q.

To conclude, we recall that, by Remark 7.2 of [9]:

/ / (t)|2dtdn (o) < +oo.
to [to,T] R

This inequality implies: fto Jo |1 Xt (w)|2dtdIP(w) < +o0.

(ii) We only prove that 7 is concentrated on o € W12([tg, T], R?) such that:
o(t) = f(o(t), w(t, o), edn) ae. t,
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with w defined as in the proposition. Indeed let o € C.([tp, 7] x R?) then thanks to
the affinity of f in u:

/tOT/QSD(t,U(t))dn(J)dt:/tOT/ng(t,etoTX)dIPdt:/tOT/Qw(t’Xt)dlpdt
_/OT/ <p<t,Xto(w)+ t: f(XT(w),u(T,w),MT)dT> dIP(w)dt

/tOT/ gp(t e, 0 Tx (w) + tf(eToTX(w),u(T,w)7ﬂT)dT> dIP (w)dt
/toT/QxC( 0T B <t,€t0(0')+ t: f(ef(U),u(T,w),,uT)dT> dm(w, o)dt

/toT/Qxc(tO, IR (t,a(t0)+ t:f(U(T),/Qu(TM)dmg(W)vﬂf)dT> dn(o)dt.

QED.

Q to

Again, in (i), we cannot choose any Yz, of law e, 7.

Remark 4.24. The Lagrangian point of view is similar to the Kantorovitch one in the
sense that different trajectories t — X;(w1) and ¢t — Xy(ws) crossing at (z,t) may
have different velocites X;(wy) and X;(w2). In other words X; may not be in Hx,.
As we have already noticed, this particularity is not captured by the Eulerian point
of view. Nevertheless, due to the convexity of the constaint on v; in V), all points
of view happen to be equivalent, this was proved in [9]. To state this result, we
introduce several values.
Set for all tg € [to, T] and X € L& (Q,RY):
Vi(to, X) = inf{G(X74IP) : t — X, is admissible and X;, = X},

a map ¢ — X si said to be admissible for Vi, (¢g, X) if for some u: [tg, 7] x Q@ - U
Borel:

o t— X, is in WH2([0, T, L3,(Q,R%)),

o Xi(w) = f(Xi(w),u(t,w), X;fIP) a.e. t, P-a.e. w € Q.

Set, for all to € [to, T] and u € Po(RY):
Vi (to, u) = inf{G(ertn) : n is admissible and e; tn = u},
a probability measure n € P(C([to, T],R?)) is admissible for Vi (to,p) if for some
u : [tg, T] x C([0,T],R%) — U Borel:
e 7 is concentrated on o € WH2([tg, T], R?) such that:
o(t) = f(o(t),u(t,o),edn) ae. t,
e moreover, setting ju; := efin, it holds ftf ma(ue) dt < +00.
We state:
Proposition 4.25. For any p € P2(R?) and any X € LEL(Q,RY) of law p:
V(to, 1) = Vi (to, u) = Vi(to, X) = V(to, X{IP).
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We refer to [9] for the proof in a quite general case. We give a quick alternative
proof in our case. As for G, we will only assume its continuity (it is even more simple
with G uniformly continuous as above).

Alternative proof: First notice that, by propositions 4.21 et 4.22, it holds:
(44) Vi (to, p) = V(to, p) < Vi(to, X)

for all tg € [0, 7], p € Pa(R?) and X € L& (2, R?) of law p.
Let us prove the opposite inequality of (44). Consider (v, 1) optimal for V(to, p),
u the associated control and t — Y; given by Proposition 4.21, (i) with:

{ Yi(w) = f(Ys(w),u(s, Yi(w)), YofP) ae. s € [to, T], P-a.e.w € Q
YoflP = ps ae. s € [to, T], Yi,flP = p = XtIP.

By Lemma 2.2, for all n € N it exists 7,, : Q —  a bijection with 7, 1#IP = 7,,fIP = IP

and

1
[¥ig o7 = Xllzgs < -

Note that (Y; — Y;,) o7, = Yiom, — Y, o7, for all ¢ € [0,7], indeed, for all
Z € LL(Q,RY):
(Vi = Yi) 0, Z) = (Vi = Vi), Zom, ) = (Yi, Zom, ') = (Yag, Z o, )
== (1/1507—%72> - <}/to OTTL7Z> - <Y;§O7'n—}/;50 OTTHZ)'

From this we deduce that t — Y; o7, is admissible for VI, (to, Y3, o0 7,), indeed, a.e. t,
P-a.e.:
t
Yior, — }/to O Tp = (}/t - }/to) O Tp = f(YS OTnau(Sa}/s OTn)YVSﬂ]P)dS
to
t
= f(Y;OTn,u(s,}/sOTn),(ifsoTn)ﬁ]P) ds.
to

Moreover G(Y#IP) = G(u) = G((Yr o 7,)fIP) so that:
V(th M) = VL(t07}/to) = VL(t(]v Kfo © Tﬂ)'

Now, as G is continuous, for all ¢ > 0, it exists n > 0 (depending on u7) such that
for all v € Py(RY) :

(45) Wa (v, pr) <n = 1G(ur) = G(v)| <e.
Let t — X; in W12([0,T], L% (2, RY)) satisfying:
{ ):(t(w) = [(Xi(w), u(t, Yi(w)), XuflP) ace. t € [to, T], P-a.e.w € O
X, = X.
Thanks to Gronwall’s Lemma, it exists C' > 0 such that:
Wa(ur, XrtP) < | X1 — Y o 7)) < CJIX — Yo o 1.
Then, for n big enough, Wa(ur, X7#IP) < n, and as t — X, is admissible, using (45):
Vi (to, X) < G(X7§lP) < G(ur) + & =V(to, 1) +e.

As this is true for all € > 0, making € go to zero gives the desired result.
QED.
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4.3.3. Dynamic programming principles and viscosity solution.
The following dynamic programming principle was proved in [23]: for all s < ¢ and
p € Po(RY)

V(s,pu) = inf {V(t, ) : (vr, pr) is admissible for V(s, u) and pus = p}.
(U-mlh—)

Remark 4.26. Thanks to the results of the section above, the dynamic programming
principle above implies a dynamic programming principle in the Lagrangian setting:

Vi(s, X) =inf {V(t,X;) : 7 — X, is admissible for V7(s, X) and X; = X}
for all s < t and X € L,(9, R9). Note that the admissible trajectories of the right
side of the inequalities do not necessarily satisty X; € Hy,.

We are now able to show:

Proposition 4.27. The lift Vi, of V is the unique viscosity solution of the following
equation:

U (t, X) + Ho(X, DxU(t, X)) = 0 V(X,t) € L3,(Q,R?) x [0, T

U(T, X) = G(Xt#P) VX € L& (Q,RY).

Proof: We only prove that Vi is a subsolution. The rest being similar. Let
(to, X) € [to, T[xLE(Q), (p, Z) € DTVL(to, X) and u : R? x R? — U a Borel map.
Let ¢t — X; such that:

{ Xt(w) = f(Xi(w),u(X(w), Z(w)), XifIP) a.e. t € [to,T], P-a.e.w € Q
X, = X.

By the dynamic programming principle above
0= VK(to + h, Xt0+h> — VK(to, Xto)-
Then, as (pg, Z) € DTV (tg, X), it holds:

0 < (2 Xugsn = Xig) 4+ 0 (|12 [Xigan = X P

to+h
:/Q/t F(Xp(w), u(X (w), Z(w)), XtIP) - Z(w) dIP(w) dt + pih

+o <\/h2 + ||Xt0+h — Xt0||2> .

Dividing by h and making h tends to 0 gives:
0< [ FX(@)u(X (). Z), X4P) - Z() dP() + pr.
Q

As this is true for any Borel map u : R? x R? — U, recalling the definition of Hy:
0< H?(Xa Z) =+ Dt
QED.

Conclusion:

e the extension H allows to take into account the different velocities of crossing
trajectories,
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e moreover, thanks to the convexity of the constraint of V, the dynamic pro-
gramming principle in the Eulerian point of view implies a richer one in the
Lagrangian point of view,

e finally, thanks to this second dynamic programming principle, the lift V =V,
of V satisfies the extended equation (HJ2).

5. APPENDIX

Lemma 5.1. Let w € Pa(R3?), it exists p, € P2(RY) and pn,qn € Lz (R, RY) such
that:
lim Wa((Id X pn, X qn)ipen , @) = 0.

n—-+o0o

Proof: This proof is based upon the proof of Theorem 1.32 of [25].
Step 1: Let w € Po(R3?), we first build (@, ), absolutely continuous with respect
to the Lebesgue measure such that:

lim Wy(w,, w)=0.

n—-+o0o

Indeed, for all n € N consider a partition (Qjn)icr, of R where each Qin is a cube
of edge 1/n and set:

oni= Y n@(Qin X Qi X Qin) L2 Qin X Qjin X Qi
ij,kEl,
the measure £3¢ being the Lebesgue measure on R3?. Then, by construction, for all
’i,j,k € I, wn(Qz,n X Qj,n X Qk,n) = W(Qi,n X Qj,n X Qk,n) and:

W22(wn7w) < Z W22(wn LQz,n X Qj,n X Qk,n7 w{Qz,n X Qj,n X Qk,n)

i,5,kELy
. 2 . 2 . 2
< Z [dzam(Qi,n) + dzam(Qj,n) + dzam(@kﬂz) ]w(Qz,n X Qj,n X Qk,n)
1,7,kEL,
3d 3d
< Z ﬁw(Qz,n X Qj,n X Qk,n) = ﬁ

i,5,k€In
So that limy, 40 Wo(w, , @w) = 0.
Step 2: Assume now @ € Po(R? x R% x RY) is absolutely continuous with respect
to the Lebesgue measure and denote by p its first marginal. We now prove that it
exists (pn)n, (qn)n in L2(R? R?) such that:

lim Wa((Id X pn X gn)ip, @) = 0.

n—-4o00

For all n € N, consider a partition (A; ,)icr, of R made of sets of diameter less than
1/n. We set:

(46) Win = w{A%n X RQd.

The first marginal p1| A; ,, of @; ,, is absolutely continuous with respect to the Lebesgue
measure so that it exists Tj,, : A;p — R? x R? such that Tinfp|Ain = mo3twin.
We also set T;, := Zieln 14,,Tin and @, = (Id x T,,)4u. It holds for all i, j, k € Ip:

wn(Az,n X Aj,n X Ak,n) = [,ULA,n®5T,n](AZ,n X Aj,n X Ak,n)
= [1la,,, @7, J(RY X Ajn X Ag ) = T238@i0(Ajn X Agn)
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=w(Ain X Ajn X App) (recalling (46)).

Then, again:
W3 (@n, @) <Y Wi(w|Ain X Ajn X App s @l Ain X Ajn X Apy)
i,7,kELy

< Y @(Ain X Ajn X Apg)[diam(A; n)? + diam(A;)? + diam(Ag,)?))

i,j,k€1n
3d _ 3d

< | Z w(Ain X Ajp X Ak,n)ﬁ < ol

i,5,kE€1y

To conclude the step, it is enough to remark that it exists p,, ¢, € Lin (]Rd, ]Rd) such
that:

Th(z) = (pn(z), gn(2)) praez, wy, = (Id X pp X qn)iu.

Conclusion: Putting together Step 1 and 2 gives the lemma.
QED
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