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LIMIT THEOREMS FOR BIRKHOFF SUMS AND LOCAL TIMES OF THE
PERIODIC LORENTZ GAS WITH INFINITE HORIZON

FRANCOISE PENE

ABSTRACT. This work is a contribution to the study of the ergodic and stochastic properties
of Z-periodic dynamical systems preserving an infinite measure. We establish functional limit
theorems for natural Birkhoff sums related to local times of the Z?-periodic Lorentz gas with
infinite horizon, for both the collision map and the flow. In particular, our results apply to the
difference between the numbers of collisions in two different cells. Because of the Z?-periodicity
of the model we are interested in, these Birkhoff sums can be rewritten as additive functionals
of a Birkhoff sum of the Sinai billiard. For completness and in view of future studies, we state
a general result of convergence of additive functionals of Birkhoff sums of chaotic probability
preserving dynamical systems under general assumptions.

INTRODUCTION

Let d € {1,2}. We are interested in the stochastic behaviour of The Z9-periodic Lorentz
gas. We recall that this model has been introduced in [2§] as a naive model to discribe the
behaviour of an electron moving in a weakly conductor metal. This model is a particular case
of chaotic billiard systems preserving an infinite measure.

Billiards. The billiard systems we are interested in model the displacement of a point particle
moving at unit speed in some domain (), going straight inside the domain and enjoying elastic
collisions off the boundary of the domain. It is then natural to study both the dynamics
in continuous time described by the billiard flow, as well as the dynamics at collision times
described by the billiard map. Both for the billiard flow and billiard map, a state is a couple
(q,7) made of a position ¢ and a unit velocity vector 7 € S'.

For the billiard flow, the positions ¢ are taken in the domain and we identify, at collision times,
pre-collisional and post-collisional vectors. The flow Y; then maps a state of a particle at time
0 to the state of the same particle at time t. The flow (Y;); preserves the Lebesgue measure on
the space of states. This measure is finite or infinite if the area of the billiard domain is so.
For the billiard map, the states are the couples of a position on the boundary of an obstacle
and of a unit post-collisional vector. The billiard map maps a state at a collision time to the
state at the next collision time. This map preserves an explicit measure absolutely continuous
with respect to the Lebesgue measure on the space of states. This measure is finite or infinite
if the length of the boundary of the billiard domain is so.

Z%-periodic Lorentz gas. The Z?-periodic Lorentz gas is the billiard system in a domain Q
obtained from R? by removing a finite number of obstacles Oy, ..., Or (with I € N*) and also
all their translates O; + ¢ with ¢ € Z2.

Analogously, the Z-periodic Lorentz gas is the billiard system in a domain () obtained from

R x T by removing a finite number of obstacles Oy, ..., O; and their translates by Z.
1
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In both cases, for d € {1,2}, the obstacles O; + ¢, i = 1,...,1, { € Z% are assumed to be open,
convex, with boundary C?, non null curvature and with pairwise disjoint closures.

The horizon of the Z?-periodic Lorentz gas is said to be finite if every line touches at least
an obstacle, then the horizon is bounded, meaning that the distance of a trajectory between
two collisions is uniformly bounded. The horizon is said to be infinite if there exists at
least a line touching no obstacle. Whereas some results are now known to be true both in finite
and infinite horizon, some quantities have very different behaviours depending on the finiteness
or infiniteness of the horizon. Lots of questions, such as the one investigated in the present
article, are even more challenging in the infinite horizon case.

FIGURE 1. Beginning of a trajectory of the Z?-periodic Lorentz gas map, with

infinite horizon and with circular obstacles centered at points with integer coor-
dinates (here I =1 and O is a disk).
T

We will write (Y})ser for the Z%-periodic Lorentz gas flow, and T for the Z?-periodic gas map.
We write M and M for the set of states respectively for the flow and for the map. Finally,
we write m for the Lebesgue measure on M, and p for the T-invariant measure absolutely
continuous with respect to the Lebesgue measure on M normalized so that the measure of the
set of states (q, ) € M with position ¢ € [0; 1 is equal to 1.

Main results: Limit Theorem for Birkhoff sums in the infinite horizon case. The goal
of the present article is to investigate the behaviour of ergodic sums for integrable observables of
the Z?-periodic Lorentz gas in infinite horizon. We assume that the horizon is d-dimensionally
infinite in the sense that there exist at least d non parallel unbounded lines touching no obstacle.
For any ¢ € Z% we write C;, and call /-th cell the set of states with position belonging to
Ule (O; + ). We will restrict our study to the case of observables depending only on the cell
label. We consider a couple (g, f) of such integrable observables of M such that the second

coordinate satisfies
/ fdu=0,
M



BIRKHOFF SUMS AND LOCAL TIMES OF THE PERIODIC LORENTZ GAS IN INFINITE HORIZON 3

and some extra integrability assumptions. Let us notice that the Birkhoff sums of observables
depending only on the cell label are related to local time (also called occupation time) in the
cells. If g = 1¢,, then the Birkhoff sum

n—1

ZgoTk

k=0

corresponds to the local time up to time n in the 0-cell (i.e. the time spent in the 0-cell until
the n-th collision). If e.g. f = 1¢, — 1¢,, then the Birkhoff sum

n—1
Z fo "
k=0
corresponds to the difference between the local time in the b-th cell and in the a-th cell.
We prove the convergence in distribution of families of the following quantities

( Z;é goTF ZZ;& o Tk)
Q[n Q[n neN*
where 21, := Y7, a; ¢ with a;, := max(1, /klogk). Observe that

n

A, ~ 2 if d=1, and A, ~loglogn if d=2.

logn
This question is related with the asymptotic behaviour of additive functional of a Birkhoff sum
of the Sinai billiard. Indeed, in the general case, let us consider the sequence (f;)scza such that

f = B¢ on Cy. Then, on the set Cy, the Birkhoff sum ZZ;(l) o T* corresponds to
n—1
Z ﬁgk !
k=0

where Sy is the label of the cell Cg containing T%(-) for a particle starting from the 0-cell.

As a consequence of a functional version of the above mentioned distributional convergence,
we also obtain analogous results for the Z2-periodic Lorentz gas flow. More precisely, denoting
N;(¢) for the number of collisions in the f-cell until time ¢ (for the flow), we also prove the
convergence in distribution of families of random variables of the following form :

(M(O) M(b)—M(a)> |
Q(m | v Q[M te[0;+00)

Link with the Sinai billiard and Central Limit Theorem for the position. Because
of the Z%-periodicity of the model, it is natural to consider the billiard dynamics obtained by
quotienting the positions by Z¢. This quotient dynamics corresponds also to a billiard dynamics
in a domain @ = T2\ |J_, O; contained in the two dimensional torus T? := R?/Z2.

This quotient billiard system is the Sinai billiard, which preserves a probability measure and
enjoys the following nice chaotic properties : ergodicity and mixing by Sinai in [49], exponen-
tial decorrelation of Holder observables (both in finite horizon by Young in [54] and in infinite
horizon by Chernov in [§]), the standard Central Limit Theorem for Hélder observables (both
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FI1GURE 2. The Sinai billiard map in the two-dimensional torus with one circular obstacle.

—
~

x)

in finite horizon [6] [7, [54] and in infinite horizon [g]).

Conversely, a crucial fact is that the Z?periodic Lorentz gas can be represented by a Z9-
extension of the Sinai billiard. This means that the Z?-periodic Lorentz gas T* can be repre-
sented by the couple made by the Sinai billiard 7% and by the cell label. This representation
corresponds to the decomposition of the dynamics at microscopic scale (Sinai billiard) and at
macroscopic scale (cell label).

This representation allows the study of the ergodic properties of the Z%periodic Lorentz gas
via the stochastic properties of the corresponding Sinai billiard.

When the horizon is finite, then the displacement function (between two consecutive collision)
is a Holder observable of the Sinai billiard, and so the above mentioned Central Limit Theorem
applies and ensures that the position ¢, in the Z%periodic Lorentz gas at the n-th collision
time satisfies a standard Central Limit Theorem. This means that the following convergence
holds in distribution

(1) q—”dist—Ti>b'Z asn — +00,

vn
where 7 is a centered Gaussian random variable with a variance given by an infinite sum.
When the horizon is infinite and not degenerate, in the sense that there exist at least d non
parallel unbounded lines touching no obstacle, then the displacement function is not Hélder,
and the above mentioned Central Limit Theorem does not hold; but a non-standard Central
Limit Theorem for the position ¢, has been proved by Szdsz and Varju in [51]. More precisely,
they proved that

(2) _n distrd g e s +o0,
nlog(n)

where Z’ is a centered Gaussian random variable, with a very explicit variance expressed in
terms of the geometry of the obstacles.

Let us indicate that the degenerate infinite horizon case has been studied in [16]. In particu-
lar, when d = 2 and when there exists only one unbounded line touching no obstacle, then a
central limit theorem for ¢, has been established, with two different normalizations, standard
and non-standard. And, when d = 1 and when the only lines touching no obstacle are vertical
and so are bounded, then it is proved in [16] that (g,)nen+ satisfies the standard central limit

theorem .
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Recurrent ergodicity. The recurrence property ensures that the trajectory of almost every
state belonging to some measurable set will return in this set. The recurrence property holds
true for any probability preserving dynamical system (Poincaré recurrence theorem). But this
is not true anymore for dynamical system preserving an infinite measure. So the recurrence
property is not automatic for the Z?-periodic Lorentz gas.

When d = 1, the recurrence of the Z-periodic Lorentz gas appears as a consequence of the

following convergence
lim & —0  almost everywhere.

n—+oo M
which follows from the ergodicity of the Sinai billiard.
When d = 2, the recurrence of the Z2-periodic Lorentz gas has been proved first in the finite
horizon case using two different arguments : an argument based on a Central Limit type Theo-
rem (related to (1)) by Conze [10] (see also the work of Schmidt [46] for an analogous argument)
and an argument by Szész and Varju in [50] based on some local limit theorem estimates. This
last argument was also adapted by Szdsz and Varju in [51] to prove the recurrence of the Z>2-
periodic Lorentz gas in the infinite horizon case. The ergodicity then follows as for the Sinai
billiard (see the work of Simanyi [48], and also [31]).
Due to the recurrent ergodicity of the periodic Lorentz gas, it follows from the Hopf ratio ergodic
theorem that, for any integrable observables, the following limits holds true Lebesgue-almost
everywhere

SicofoTt _ Ly fdn [y FoY,ds [, Fdm
an 11m - )
n—)—i—oozk OgoT fMgd/JJ t—>+00f0tFo}/Sd3 f./\/lde

as soon as the limits are well defined. This result implies that, if g : M — R is an integrable
function with non null integral such that (37} g o T%/2,),en converges in distribution to a

random variable Z, then (Zk:o o T* /A, )nen converges in distribution to §M fdp
Mm99

(3)

Limit theorems for the periodic Lorentz gas with finite horizon. Among the results
proved for the Z¢periodic Lorentz gas in finite horizon, let us mention mixing rate in infinite
measure [50, 33], 34, [17] including expansions of any order (both for the map [34] and for the flow
[17]). More precisely, for the flow, these results state that for any smooth enough observables
bounded and integrable,

(4) /fgoT" —Z%—Fo(ng]v) as n — +00,

N
F d
(5) / F.GoYtdm:Z%+o<t_2_N> as t — 400.
M k=0 U7

Limit theorems for Birkhoff sums both for integrable observables have been obtained in [I§].
More precisely, it follows from [I§] that for any integrable observables, the following families of
random variables converges in distribution as the parameter goes to infinity

T* "FoY,d
(6) 2o foT" and JoFoYods
Ql’ 2!
" neN* 4] te[0;+00)
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to some random variable times the integral of the observable, with

which has order \/n if d = 1 or log(n) if d = 2.

Furthermore, limit theorems for Birkhoff sums for smooth integrable observables with null
integral have been established in |40} 41] (let us indicate that analogous results for null integral
observables have been obtained in other contexts by Thomine in [52], 53]). These results state
the convergence in distribution of the following families of random variables as the parameter
goes to infinity :

n t
(7) (—Zké - Tk) and —fo fFo¥.ds
neN*

A W )
L¢] te[0;+00)

n
Further limit theorems have been established in this context, including quantitative recurrence
estimates (estimates for the tail probability of the first return time in the initial cell [I§],
limit theorem for the return time in a small neighbourhood of the initial state or of its initial
position [36]), limit theorem for the self-intersections number [32], 42], study of differential
equations perturbed by the Lorentz gas [43] [44], etc.

Previous results for the periodic Lorentz gas with infinite horizon. In the present
article, we focus on the case when the horizon is d-dimensionally infinite. We recall that this
means that there exist d non parallel unbounded lines touching no obstacle. In this case, the
time between two consecutive collisions is not bounded anymore, and even worth it is not
square integrable with respect to the invariant probability measure i of the Sinai billiard map.
It is still possible to apply operator techniques as in the finite horizon case, but with a loss of
important nice properties, and the study requires much more delicate study.

Nevertheless some results have been established in this infinite horizon context, overcoming
these difficulties by creative ideas combined with additional technicality. A first specific result
is the non-standard Central Limit Theorem satisfied by the position at the n-th collision time
established in [51] and recalled in (2)). This result was established together with a non-standard

local limit theorem for the cell label [51], leading to a mixing rate in (nlogn)~% for the Lorentz
gas map of the following form :

(8) f.goT™du ~ ¢ 7 as n — +00,

for any smooth enough observables bounded and integrable f and g. Whereas a mixing expan-
sion of any order has been established in the finite horizon case (as recalled in (4])), this does
not seem reachable in the infinite horizon case because of the weak smoothness properties in ¢
of some operators family (P,);. Nevertheless, further mixing estimates, including an error term
and also different mixing rates for some null integral smooth observables have been established
in [3§].

Among the recent results in infinite horizon, let us mention an estimate on the tail probability
of the first return time of the map 7T to the initial cell [38], a Local Large Deviation (LLD)
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estimate [29], and also a mixing rate for the flow of the following form

Jy Fdm [, Gdm

ast — +oo.
(tlogt)?

(9) / F.GoY,dm ~ C,
M

obtained in [39] for natural observables (such as indicator functions of balls). Going from
to (9) is neither direct not easy. The proof of (9) required a coupled version of the above
mentioned LLD, combined with several new tricks such as a large deviation estimate on the
time of the n-th collision, a joint mixing local limit theorem, a new tightness-type criteria, etc.

About the technical difficulties in the infinite horizon case. We consider some tranfer
operator P related to the Sinal billiard map. We work with the Fourier-perturbed operators
family (Pt =P (e’<t"1’>-)) 1era» Where U represents the cell change function. When the horizon is

finite, ¢ — P, = P(e'®%).) is C*° from R to £(B) for some nice Banach space B. This plays an
important role in the proof of the expansion of any order given by and and , and also
in the proof of the convergence in distribution of normalizing Birkhoff sums or integrals @ of
observables with null expectation. When the horizon is infinite, ¢t — P; is only smooth (and
not even C?) from R to £(B — L'). This complicates seriously the use of this operator family,
especially when working with iterates or expansion this operator. For this reason, the general
study of [40] does not apply to this context and it is a challenge to adapt in the infinite horizon
case, for this result as for others, proofs valid in the finite horizon case. Nevertheless, we find
a way to implement the moment method used in [40] and to overcome these difficulties.

Outline. The present article is organized as follows. In Section [I| we present our main results
for the periodic Lorentz gas flow in infinite horizon. These results will appear as an application
of general results stated in a general framework in Section 2] In Section [3| we present a general
strategy to prove our general assumptions of Section [2| via Fourier type operator perturbation
techniques and we use this approach to prove our main results stated in Section [Il We prove
in Section [4] the general results of Section [2]

1. MAIN RESULTS FOR THE PERIODIC LORENTZ GAS IN INFINITE HORIZON

1.1. Limit theorem for Birkhoff sums for the map. Recall that the Zperiodoc Lorentz
gas is the billiard system in the domain @ = R*\ U,z4 UL, (O; + ¢), where the obstacles are
given by O; + £ with ¢ € Z¢ and with i = 1,..., I for some I € N* (up to identifying Z! with
Z x {0} when d = 1). We write C, and call ¢-cell the set of states (¢,) € M such that the
position g is in Ule O; +¢. We recall that we set u for the only T-invariant measure equivalent
to the Lebesgue measure and so that i (Cy) = 1. The density of this measure at (g, ¥) is given
by (7i(q), V), where 7(q) is the normal vector to Q) at q. The measure p is thus infinite and
invariant by translation.

We identify M with Cy. With this identification, the Sinai billiard map is identified with the
transformation T defined on M = Cy corresponding to 7" modulo Z? for the position. We also
consider ¥ : M — Z< to be the cell change function satisfying, for all z € M = Cy, T(z) € Coz)-
Thus, for any € M = Co, (T(z), ¥(z)) is the unique element of M x Z? such that

T(7) = (@.5) and T(z) = (@ + U(z), ) .
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More generally, by Z?-periodicity,
vz =(q,0) €M, VteZ, T =(q,v) = T(q+07)=(q++V(),0) .
It then follows by a direct induction that, for all n € Z,
VZ = (q,0) € M, VL€ Z%, T"@)= (G0 Ty) = T"((@+,7)) = (G +{+ Su(7),7,)

where S, := S0 Wo Tk and S_, := —S7_, W o T* for all n € N*. This means that the
dynamics of the Lorentz gas is totally determined by the joint dynamics of the Sinai billiard
and of the Birkhoff sum S,,. In other words, (M, T, 1) can be represented as the Z-extension of
(M, T, i) by ¥, with ji := pyxr- We assume that the horizon is d-dimensionally infinite. Recall
that Szdsz and Varjt proved in [51] that (S, /a,), converges in distribution to a non degenerate
Gaussian distribution, with a,, := max(1,y/nlogn). Let us write ® for the density function of
this limit Gaussian random variable. We recall that we set 2, ==Y ;_, a,* and that

n

A, ~ 2

if d=1, and A, ~loglogn if d=2.
logn

Theorem 1.1. Let f be a p-integrable function constant on the cells C,.

o If f=1c¢,, then

n—1
<Z fo T’“/mn)
k=0 neN*

converges in distribution (with respect to any probability measure absolutely continuous
with respect to the Lebesque measure on M) to ®(0)|Z|, where
— Z is a standard gaussian distribution if d =1,

— Z 18 a random variable with standard exponential distribution iof d = 2.
24+e—d

o If [\, fdu=0and [, (14d(0,) = |fldu < oo for some e € (0,1/2), then

n—1
(S serva)
k=0
converges in distribution (with respect to any probability measure absolutely continuous

with respect to the Lebesgue measure on M) to \/o3®(0)|Z|N where N is a standard

Gaussian random variable, independent of Z and where

a]%:Z/Mf.fodeu.

kEZ

neN*

The first part of Theorem will appear as a consequence of [51] via moment estimates, in
the spirit of [I8] in the finite horizon case. As a consequence of the first part of Theorem
and of the recurrent ergodicity of (M, u,T), we get the following result.

Corollary 1.2 (Weak Law of Large Numbers for the infinite measure preserving dynamical
system (M, T, ). For any p-integrable h : M — R, the sequence of random variables

<nz:1hoTk/an>

converges in distribution to ®(0) [,, hdu|Z|.

neN*
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Proof. We use the first part of Theorem . Since (M, p,T) is recurrent ergodic, the Hopf
ratio ergodic theorem states that the sequence of ergodic ratios

n—1
( kol o Tk)
n—1
Zk:() © Tk n>1

converges almost surely to [, hdu/uu(Co) = [,, hdp. Due to the Slutzky lemma, this combined
with Theorem implies that

( Z;éhoTk) _ ( o ho TH S0 m)
- n—1
2 neN* k=0 fo T 2 neN*

converges in distribution to [,, hdu®(0) [, fdu|Z]|. 0

We recall that
Vo e M, f(T"(7,0)) = (T"(z),S.(7)) -
Thus, the first part of Theorem applied with the probability measure  ensures the conver-

gence in distribution of
n—1
-1
(i’ln > 1{sk:o}>
k=0

to ®(0)|Z]. Such results of convergence in distribution in the case where S, is a random
walk have been established by Lévy in [27], and extended to Markov processes by Darling and
Kac [I4, 1]. Let us indicate that the distribution of | Z] is a Mittag-Leffler distribution of index
1—4 e

27

neN*

T (3=a\V

E[|Z|N] := N!#)H :

r (1 + N£1)

Even in the case of the finite horizon, the second part of Theorem (study of Birkhoff sums
of null integral) is more delicate to establish. Considering § such that f(z,¢) = (5, the second
part of Theorem deals with the convergence in distribution of the following sequences of

random variables
n—1
_1
2 E
k=0 neN*

when },., B¢ = 0. Such results have been established by Dobrushin in [I5] in the case where
where S, is a random walk. This has been extended to Markov processes by Kesten [26], 22, 24]
(see also [23, 4, [B]), and by Csaki, M. Csorgd, A. Foldes and P. Révész in [11], 12, [13]. The first
results of this type in the context of dynamical systems have been proved by Thomine [52] 53],
and then by Thomine and the author in |40}, 41]. For the Z%-periodic Lorentz gas with finite
horizon, the proof using the method of moment via spectral properties used in [40, 41] requires
a delicate care of cancellations in order to identify the main order terms in compositions of per-
turbed operators using their expansions (see [40]). When the horizon is infinite, taking care of
these cancellations becomes even more challenging since the perturbed operators do not admit
expansion as a family of operators, but only low order expansions as a family of linear maps
from B to L', forbidding direct compositions of these expansions. This additional difficulty is
related to the fact that the cell change function VU is not square integrable with respect to ji
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(whereas it is bounded and so finite-valued when the horizon of the Lorentz process is finite).

1.2. Functional limit theorem for the map and for the flow.

Theorem 1.3. Let f,g: M — R be two integrable functions, with f constant on each cell Cy.
Assume furthermore that [,,(1+ d(0, NZTf] dp < oo for some e € (0, ) and [, fdu =0,

then the following family of couple of processes

[nt|—1 |nt|—1
(10) > goTHA, | . foTH/ /2,
k=0 t k=0 t/ n>1

converges in distribution (with respect to any probability measure absolutely continuous with
respect to the Lebesque measure on M) to (([,; g dpuly), (B(,?ﬁt)t) (in (D([0; T)))? for all T >0
if d =1 and in (D([To; T1))? for all0 < Ty < T if d = 2), where 0 is the quantity introduced in
Theorem [1.1], where B is a standard brownian motion independent of the process L; and where

o ifd =1, L, is the local time at 0 in the time interval [0;t] of the Brownian motion W

limit in distribution of (Syu/+/nlog(n)); as n — +oo,
o ifd=2, forallt >0 L, = Ly is a random variable with exponential distribution with

mean ©(0).

Our proofs of Theorems and are given in Section [3] They rely on the general results
(in a general framework) stated in the Section [2]

As an immediate consequence of Theorem combined with the classical random time
change result (see e.g. [2, Chapter 14]), we obtain the following result valid for the periodic
Lorentz gas flow. Recall that we write M for the set of states of the Lorentz gas flow, and m
for the Lebesgue measure on M. We denote N;(¢) for the number of collisions of the flow in
the cell C, up to time t.

Theorem 1.4. Let

(11)

_ mArea(Q)
Zz‘lz1 |aOi|
24e—d

For any real valued sequence (8¢)eeza such that Y, ,a(1 4 [£]) 7= |Be| for some e > 0 and
Y veza Be =0, the family of processes

(12) <2l; LN (0), 2 > Be/\/nt(é))

d
LeZ n>1

converges in distribution (with respect to any probability measure absolutely continuous with
respect to m) to

((@2LY)s, (Bioret—224)t)
(in (D([0;T)))? for all T > 0 if d = 1 and in (D([To; T)))? for all 0 < Ty < T if d = 2), where
o? is the quantity cr]% introduced in Theorem for the function f such that fic, = B¢ for all
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0 € 7% or equivalently, with

o’ :Z Z BaBoit (Sy = b — a)
=> > Bubp(a(Sk=b—a) —i(Se=b) = (Sk = —a) + i (Sk = 0)) .

kE€Z abczd

where B is a standard brownian motion independent of the process L} where

e ifd =1, L} is the local time at 0 in the time interval [0;t] of the Brownian motion W’
limit in distribution, asn — +oo, of ((¢,/\/nlog(n))), where g, is the first coordinate
of the position of Yy,,(+), i.e. the first coordinate of the position at time nt of the particle,

o ifd =2, forallt >0 L, = L} is a random variable with exponential distribution with
mean $(0).

Proof of Theorem[1.4. Recall that the Sinai billiard flow (at unit speed) endowed with the
Lebesgue measure m can naturally be represented by the suspension flow over (M, T,2 3 [00;|f1)
with roof function 7, the time before the next collision. Indeed, this representation consists

in identifying each y € M with the unique couple (z,s) such that x € M, s € [0;7(z)) and

y = Ys(z) (x corresponds to the state at the previous collision time and s to the time spent
since this previous collision time). This representation ensures in particular that

2 Z |00;|Es[T] = m (Y[O;T(-)}(M))

= 27 Area (Q N [0;1%)

= 27 Area(Q) .

Thus we have proved that Ez[7] = ¢.
Writing T, for the time of the n-th collision, we conclude by applying Theorem to g = 1¢,

and to f =), ;4 Belc, that

(Q[nlNTLntj <0)7 Q(;% Z BZNTUL” (@)
t

d
LeZ neN

converges in distribution with respect e.g. to the conditional probability measure m(.|Y{o;min (Co))
to

<‘Ct7BO'?£t> .

t

We observe that N, (€) = N7, (£), where we set n,, for the number of collisions of the billiard
flow (or equivalently for the Z?-periodic Lorentz gas flow) in the time interval [0;nt]. Since
the Sinai billiard system is ergodic, it follows from the Birkhoff ergodic theorem that n,;/n is
almost surely equivalent to ¢/¢ as n — +o0o. Combining this with the change time argument

of [2, Chapter 14|, we conclude that the joint process (12)) converges in distribution to the joint
process

(ﬁt/é’ BUJz‘Et/E>t '
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We recall that (?m /0, )nen+ converges to a Brownian motion W. Furthermore, for every r =
(qo,To) € M with representant T = (go, o) € M, setting T'(qo, Uo) = (q1,01) and T'(Z) = (q1, 01)
its representant in M, we observe that the displacement ¢; — ¢o is cohomologous to ¥(z):

@1 — qo = Y (do, Vo) + @1 — Qo -
Thus (q(nt|/0n)nen= converges also in distribution to 1. Hence, (q’TWJ /0y )nen+ converges in
distribution to W. And, using the same random time change argument as above, we conclude
that (g;,/an)nen+ converges in distribution to (W} = Wy/z)¢. In particular, when d = 1, the
local time £} of W' at 0 is equal to ¢L;/z. Indeed, £, (resp. L}) is the value at 0 of the density
of the image measure of the Lebesgue measure on [0;¢] by s — W (resp. by s — W/) and so,

S

writing Ly(x) (resp. L}(z)) for the local time of W (resp. W') at time ¢ and at position x, we
have

/Rh(:v)ﬁé(a:) dr = /[O;t] h(W!)ds :/ h(Wyz) ds

[05¢]

—z / hW,) du = ¢ / h(y)Loyely) dy
(0:t/c] R

which implies that £j(x) = ¢L;/z(x) and so that L,z = £;/¢. When d = 2, then L] = L,/ = L.
This ends the proof of the corollary. U

Corollary 1.5. Assume the assumptions of Theorem[I.4. Let G : M — R be an integrable
function with respect to the Lebesque measure m on M (velocity vectors v € St being identified
with an angle in R/Z). Then the family of processes

(13) (anl /nt GoY,ds, Ql,:% Z ﬁe./\fnt(ﬁ)>
0

d
LEL n

converges in distribution (with respect to any probability measure absolutely continuous with
respect to the Lebesque measure on Q x S') to

Gdm ~
< fM S ﬁt; B(UQ/C)Et>
21 Area(Q)) .

in the same sense as in Theorem with o? the quantity appearing in Theorem and where

o ifd=1, Et is the local time at 0 in the time interval [0;t] of the Brownian motion W'
limit in distribution, asn — +oo, of ((¢,;/\/nlog(n))), where g, is the first coordinate
of the position of Yy (+),

o ifd=2, for allt > 0, LNt = /31 15 a random variable with exponential distribution with
mean EIv)(()), where ® is the density function of the Gaussian random variable W{ limit

of (¢,,/+/nlog(n))nen+, where ¢, is the position of Y,,.
In particular, if G = 1(gnjo;12)xst, then converges in distribution to

(;Cta B(O'Q/E)Et>t



BIRKHOFF SUMS AND LOCAL TIMES OF THE PERIODIC LORENTZ GAS IN INFINITE HORIZON 13

Proof. To prove this corollary, we set Zt = ¢?71L} where £} has been defined in Theorem
and prove the convergence of to

=d—2
(14) IC— / G dm [,2, BO-QEd—QE/
2> 2i=1100:| Ju t

and conclude by noticing that o%¢42L, = (02/¢)L, and by using which ensures that

t

Ed—Z Ed—l

25" 100] " 27 Area(Q)

Let us prove that Zt satisfies the properties announced in Corollary . When d = 1, we
observe that £, = £;. When d = 2, we observe that W] = W,z and so that

B(0) = (27T\/det(Var(W1’)))_1

_¢ <27r\/det(Var(W1’)))_1 — 20(0).

And so, when d = 1,
Et = Eﬁt = éﬁl - El
has exponential distribution of mean &®(0) = ®(0).

To prove the convergence of to , a first possibility is to adapt the proof of Theo-
rem , by considering the function g defined on M by g(z) := i) G(Ys(x)) ds where 7(x)

— Jo
is the time before the next collision for a point particle starting with state x, and by noticing

that
Gdm
/ gdu = fMI— .
M 2 Zi:l |80i‘

An alternative proof consists in rewriting as follows :

nt
( 0 GOYSdSNnt(O)@l;QZ@Nnt(@>
t

Nnt (0> Ql" Lezd

Since the Z<-periodic Lorentz gas is recurrent ergodic, the the Hopf ergodic theorem which
ensures that

lim —fOtGOYSdS = lim — fOtGOYSdS
t—+o0o M(O) t—+o00 fO 15’[0;1](C0) oY, ds
 JuGdm
fM 11’[0;1](00) dm
_ _Jy Gm m — a.e
23,1004 o

It follows from Theorem combined with the above almost sure convergence and with the
Slutsky lemma that converges in distribution to ([14]). O
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2. GENERAL RESULTS

We recall that, considering 3, such that f(x,f) = B, on the set M = Cy, the Birkhoff
sums (in infinite measure) ZZ;& f o T* considered in Theorem can be rewritten as the
additive functional ZZ;& Bs, of the Birkhoff sums (S,), with respect to the Sinal billiard
system (M, T, ). We keep this formulation in the present section and state limit theorems
for additive functionals of Birkhoff sums of a probability preserving dynamical systems under
general assumptions expressed in terms of operators. We will see in Section |3| how these

assumptions can be proved using Fourier-perturbations of the transfer operator and how this
result can be used to prove Theorem [I.1]

2.1. General assumptions.

Hypothesis 2.1. Let d € {1,2} and o € [d;2]. Let (A, F,v) be a probability preserving
dynamical system with transfer operator P. Let U : A — Z% For any a € Z¢ and any

non-negative integer n, we set S, := Z;é Vo F* and we set Q, o for the operator given by
Qna = P"(L{s,=a}") -

Let (a,)n>0 be a (1/a)-reqularly varying sequence such that 2, == > ,_,a,% — +o0o as n —

+oo. Let (B, | - ||g) be a Banach space preserved by the operators Q,, . such that

(15) 1n € B L'(v),

where the notation — means a continuous inclusion. We assume furthermore that

(16) |@nolls = O(a, %)

and that there exists ®(0) > 0 such that[]

(17) Qno = ®(0)a,“E,[] + o(a,?) in LB — L'(v)).

In [40], to study Birkhoff sums of the periodic Lorentz gas with finite horizon, we used the

following condition
Qna = ®(a/a,)a,'E,[-] +o(a,?) in L(B).

A crucial difference between this condition and the assumptions of the present article is that
is much weaker since it holds in £(B — L'(v)) instead of £(B). In practice, this weaker
condition comes from the fact that the family of perturbed operators t — P, € L£(B) behind
(see Section [3) is not continuous, but that ¢ — P, € L(B — L£'(v)) is continuous.
To study additive functionals ZZ;S Bs, with Y, .4 e = 0, we will reinforce the previous
assumption as follows.

Hypothesis 2.2. Assume Hypothesis and that
(18) sup ||Qk,a||3 = O("';d) )

a€Z4

and that, for all k € [0;1],
(19) ||Q;€,a,b = Qrp — Q’WHB =0 (|b _ a|na;dw) 7

1% (0) will appear to be the value at 0 of the density function ® of the limit in distribution of (S, /a, ), (see
Section .
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and

(20) HQkab Qk,b a ka_@k a_'_QkOHB ( ‘aHbDH —d— 2/{) 7

uniformly in a,b € Z4.

2.2. Limit theorem for additive functionals of Birkhoff sums.

Theorem 2.3. Assume Hypothesis . Then (ZZ;& 1{Sk20}/mn)n>l converges in distribu-

tion (and in the sense of moments), with respect to v, to ®(0)Y, where Y is a Mittag-Leffler

distribution of index %1, i.€.

(1 + e=)N
EYN] = N!(—O‘L :
L1+ N**)
If furthermore Y,y |1+ €] Be] < 00 with 1 := =4 for some e € (0,1/2) and Y ycpa Be =0
and if Hypothesis holds true, then (Zz;é ﬁsk/\/an)n>1 converges in distribution (and in

the sense of moments), with respect to v, to ,/0%@(0))7/\/’ where N is a standard Gaussian

random variable, independent of ) and where

(21) aé = Z Z BaPpv (S|k| =b— a)

k€EZ a,beZd

(22) =D > BaB (v (S =b—a) —v (S =b) —v (S = —a) +v (S =0)) .

kEZ a,beZ4

Let us notice that, if the dynamical system (A, F,v) is invertible, then —S_j has the same
distribution with respect to v as S, and so the quantity ag defined in Theorem coincide
with the quantity o2 of Theorem

Remark 2.4. The summability assumption of 8, appearing in Theorem[2.3 s to our knowledge
the optimal one even in the case of additive observables of random walks with i.1.d. increments.

Remark 2.5. It follows from our assumptions that, if 5 is not identically null, only the second
sum defining cr% 15 absolutely convergent in k,a,b. Indeed, with kK = n ensures that

v(Sk=b—a) = v(Sk =b) —v(Sk = —a) + (S, = 0) = E,[Q} ,,(1)]

is summable in (k,a,b) € N x Z? x Z¢, whereas v(Sy, = 0) = E,[Qro(1)] ~ ®(0)ay? is not
summable. The summability of combined with the fact that
VE>0, > Bubw(Si=b—a)= Y BBE,[Q},,(1)]

a,bezZd a,beZd

implies the absolute convergence in k of the sum appearing in the right hand side of .

2.3. Joint Limit theorem for additive functional of Birkhoff sums.

Theorem 2.6. Assume Assumptions and . Let n := Lg_d for some ¢ € (0, 1/2). Let
(ﬁ((lo))aezd and (ﬁc(bl))aezd be two families of real numbers such that ), ;4(1 + |a|)”|ﬁc(f)| < 0
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and Y,z B(l) = 0. Then the following family of couples of processes

[nt]—1 [nt]—
(23) > Y| Z 85 VAL,
k=0

t t/ n>1
converges in distribution, with respect to v, to (3 ,cza Béo)ﬁt)t, (050 Be,)t), (in (D([0;T1))? for
al T >0 ifd =1 and in (D([To; T)))* for all 0 < Ty < T if d = 2), where 0%, is defined

in Formula of Theorem taking 8 = Y, where B is a standard Brownian motion
independent of the process (L) which is the following process

o ifa>d=1, L is the local time at 0 in the time interval [0;t] of a symmetric a-stable
process W with independent increments, independent of B, such that Wi has density
probability ® with ®(0) satisfying (L7)),

o ifa =d, L; = 1ly=0y L1, where Ly is a random variable with exponential distribution
with mean ®(0).

3. PrRoor oF THEOREMS [L.1] AND [1.3] viA FOURIER PERTURBATIONS

A strategy to prove Hypotheses and [2.2] consists in proceding as follows:

e We first define the Fourier-perturbed operator P, of the transfer operator P associated
to U as follows:

P,(h) := P(e't)).
e Using the fact that P(g.h o T) = hP(g), we notice that the k-th iterate PF of this
operator is given by the following formula :
PF(h) = Pr(e"0).

e Using the orthonality of the trigonometric monomials combined with the previous for-
mula, we write

Qra = P* (1{Sk:a})

_ pk ((21>d/ €i<t,Ska>) dt
™) Jemime

1 )
(24) ] oL
(QW)d [—m;m]d !

e We establish nice properties for P, as the one listed in the assumptions of the next
result.

Proposition 3.1. Assume that B is a Banach space satisfying and that there exist two
constants b € (0,7) and ap > 0 such that :
(25) Vt € [=b, b4, PF = M1, + O(e™ %)  and sup ||P¥|ls = O(e™ k),
b<|t|oo <
Jk>0 converging to the characteristic function ¢ of an a-stable distribution, with

] +o0(1) in LB — L'(v)) as t — 0, and with

wzt

(A
E

\F
t/ax
vl

(26) sup [fla<oo and [ (1 ) (supuﬁ/akuﬂtkbak}) dt < 0.
te[—b;b)d R k>1
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Then Hypotheses (and so hold true with ®(0) the value at O of the density function ®
of the a-stable distribution with characteristic function .

Proof of Proposition[3.1. Tt follows from (24) and from our assumptions that

1
Qro = —/ Pk dt
(27r)d [—m;m]d !

—d
ay, / k —aok
= A e Lt ja, dt + O(e™ %)
(27T)d [—bak;buk]dt/ak t/ §
= ®(0)a,’ + o (a;7) ,
in L(B — L'(v)), via the dominated convergence theorem since lim,, , e /e, = @(O)EL[]
in £L(B — L'(v)) and since ®(0) = ﬁ Jw ¢(t) dt (the domination comes from (26))). Thus
holds true.

Furthermore, for all n € [0;2] and a € Z%, in L(B),
R = e [ g 0 ()
[—msm]d [—bay;bak]¢

(27) ~0 (a,;d‘") ,

where we used and .
Using the expression of Q. combined with with n = 0, we obtain and . Fix
k € [0;1]. Then

1
@ny
B (271r)d /[_ , ]dO((t,b_ a)) P dt
— O (jbp—ala;*") in £(B),

where we used again (27) combined with the bound |e” — | < min(2, |z —y|) < 2|z — y|~,
and so we have proved (19)). For , in the same way, we obtain

lkl,a,b = Qk,b—a - Qk,b - Qk,—a + Qk,O

Q;C,a,b = th — Qk,a = /[ }d(eiﬁf,b) _ €i<t’a>)Ptk(-) dt

_ (271r)d/ (ei(t,b—a) . €i<t,b) . 6—i(t,a> + I)Ptk’() dt
(-]
1 7 —i(t,a
= e | e P
1 K
- L Ot By RC
(28) = O (([al[b)"a, ") in L(B),
and so . O

Proof of Theorems[1.1] and[I1.5. Let us write /3, for the constant to which f is equal on the ¢-cell
Cq. The integrability assumption means that )., |#| < oo. Due to [55], since x is equivalent
to the Lebesgue measure on M, it is enough to prove the results with respect to the measure
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e, (the restriction of p to Cp). Thus, we consider this reference measure and establish the
convergence of every moment with respect to this probability measure. We observe that, with
the identification of M to Cy, pic, is identified with i and f o T* is identified with 3 5, -

As in [51, B8], we use the two Young towers [54, 8]. We write (A, F',») for the hyperbolic
tower which is an extension of (M, T, ji), and write (A, F,v) for the expanding tower obtained
by quotienting (A, F, ) along stable curves. We write # : A — M and 7 : A — A for
the two measurable maps such that 7.0 = pu, m.0 = v, Tor=noF and For = 1o k.
Since W is constant on stable curves, there exists a function ¥ : A — Z¢ such that Vo =
U o 7. Setting S, = Z;é U o F*_ it follows that S, o™ = S, o 7. For the first part of
Theorem e take fy = 1y—o}. We will conclude by Theorem To prove the assumptions
of Theorem [2.3, we show that the criterion given in Proposition is satisfied here with our
choice of a,,, with o = 2 and with ® the characteristic function of the Gaussian limit distribution
of (S,/a,)n. The assumptions of Proposition [3.1] have been proved in [51] with the use of the
Banach spaces introduced in [54] combined with the use of the Nagaev-Guivarch perturbation
method [30, 19} 20] via the Keller and Liverani theorem [25] (see also [35] for a general reference
on this method). The fact that ()‘f/ak>k21 converges pointwise to the characteristic function of
a Gaussian random variable follows from the existence of a positive symmetric matrix A such

that 1 — X\, ~ (At,t)|log|t]| as ¢ — 0 (this was proved in [51]). For the second part of (26),
one can e.g. use the fact that [A} [1(j<py < €7 min(LF7 1) for |¢| small enough. Thus
Proposition holds true and Theorems and apply. Finally, we identify the formulas
of the asymptotic variances o7 and o3 by noticing that

WBov (S = b —a) = JoTHdy = foTrdu.
S GBSy = b— ) /Mff r /Mff ”

a,beZ?

For Theorem , we deduce the result for general g using the fact that (M, T, u) is recurrent er-
godic, together with the Hopf ergodic ratio theorem. Indeed, with the notations of Theorem 1.3
Theorem [2.6] ensures that

[nt]—1 [nt]—1
(29) S g/ | S| D] FoTH/VAL
k=0 k=0

t = t/ n>1

converges in distribution, with respect to f, to ((L:)s, (B(,? £,)t), with £ as in Theorem [2.6{ and
U]% as in Theorem |1.1} But, it follows from the Hopf ratio ergodic theorem that

lim &L = / gdp  p-almost everywhere .
M

oo 3 1T 1,0

Thus, we conclude that

[nt]—1 kN _ [nt]—1
= goT Zk:O les,—0
o (Zk’"o 1. m{ k }> A 2o TV

n>1

converges in distribution, with respect to fi, to (fM gdu(Ly)y, (ngzcﬁt)t) O
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4. PROOFS OF THEOREMS 2.3 AND 2.6l

4.1. Proof of Theorem Let (8¢)seze be a summable sequence of real numbers. We start
by writing

Hﬁsk
(31) = > k) >, By

N
L1 (1, 00)
0<k1<..<ky<n—1 ai,...,an€Z? Jj=1

where we denote by ¢, ky) the number of N-tuples (ki,...,ky) € {0,...,n — 1}V such that
there exists a permutation o € &y such that ki = k,¢;) for all 7 = 1,..., N. We observe that

N
1T (5%- (s, :aj}>

J=1

=K, H (Baj1{Skj—5kj_1:aj—aj,1})

Lj=1

E,

N
= ]El/ H <ﬁaj 1{Skj*kj,1:aj—aj_1} o ij,1)

Lj=1

Y

with the conventions kg = 0 and ag = 0. We recall that P is the transfer operator of F' with
respect to v, which means that

E,[P(g).h] = E,[g.h o T].

Using the fact that E,[-] = E,[P*¥(.)], we obtain
N N

(32) E, H <5a]-1{5k].=aj}> =E, | P*~ (H (6%1{3%—57-_1:%‘—%71} © ij_l))] :
j=1 j=1

Since P*(f.g o F¥) = gP*(f), we observe that, for any j = 1,..., N, for any k; < ... < k; and
any by, ...,b; € Z4,

PP (H 1{Ski*ki—1:bi} o Fki1> = pPFi—ki— (1{Sk‘jkj1:bj}ijl (H (1{51c ki =bi} © Fhe 1)))
i=1

=1

-1
(33) = Qr;—k;_1.b; (H (1{Sk s 171)}0}7141 1)> .

i=1
Starting from from and applying iteratively N times, we obtain
(34)

N

H <5a11{3kj:aj}>

j=1
For the first part of Theorem we apply with B¢ = 1y—oy with . In that case,
applying repeatedly , combined with (| and (|15]), the right hand side of @ becomes

]EI/ [QRN*kN—LO('“(le,O( ) = NH k —kj— 1+Z ak —kj_1 HO ak —ki— 1 :

i#]

E, E, [Ban Qry—tn 1san—an 1 (- (Bas Qis—kr 00—z (Bay Qo (1)) )] -
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This leads to

(i 1{sk0}> = o(2A)) + N1 (2(0)" Z H Qe —kj

1<ki1<..<kny<n—1j=1

L(1+ 54N

= o)) + N2 (20" S FEs

+o(1)|

using [40l Lemma 2.7] for the last estimate. This ends the proof of the first part of Theorem .

Now let us prove the second part. We assume from now on that ) .3, = 0 and that
S weza(1+ |a|M)|Ba] < oo with 1 := 2=H= for some ¢ € (0;3). Recall that it follows from (31)
combined with that

n—1 N
(Z BSk> = Z Clko1,...ken) Z
k=0

0<k1<..<kny<n-—1 A1,...y an€Z4

(35) E, [5aNQk:N—kN_1,aN—aN_1 ( o <5a2Qk2—k1,a2—a1 (ﬂm lem(l))) . )} .

In Formula (35]), we decompose each @y, in Q;ES()Z + Q,(:v()l, with Q,(C o= Qo and Qk V= Qg =
/ —
k00 = Qka — Qro. Thus

n—1 N
50 B, (z ﬁsk) _ Y,
k=0
with
n, . n,N
Hél,.].\.f,)EN - Z C(kl ~~~~~ kN)Hk,E
0<k1<..<kn<n—1
setting k = (ky, ..., kn), € = (€1, ...,en) € {0,1}" and

HY = 3 B B Qi anmans (7 (BunQi s s (B Qi (1)) )]

= Z Eu BGN Z BGN 1Q](€E]\]{V kn_1,aN—aN_1 e Z /BalQ k‘l ,a2—ai (Ql(i‘ilil( ))
an€Z4 an_1€Z4 a1 €74
Observe that HE(?N) = 0 if at least one of the following conditions is satisfied :

e if ey = 0, since then the only quantity depending on ay in Hﬁg is f,, and since

Z(INEZd ﬂaN = 07

e or, if there exists jo = 1, ..., N —1 such that ¢;, = ¢j,41 = 0, since then the only quantity
depending on a;, in HyY is Ba;, and since Zaj ez By, = 0.
’ 0

Thus, we restrict our study to the case of the ’s for which the jy’s such that e, = 0 are
isolated and do not include N. Let such an € = (ey,...,en). Observe that there are at most
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N/2 indices j’s such that ¢; = 0. We set, by convention, eny1 = g9 = 0. We will prove that

N N
(37) HN) = <2ln2> unless #{j : ¢; = 0} = 5}

€1,-EN

N
ie. HE(?N)EN =0 (Qlﬁ) unless N is even and (e1,...,ey) = (0,1,...,0,1). For reader’s conve-
nience, we first give a short proof of this estimate in a particular case. A proof of this estimate in
a— d e
the general case ) ;. |al “5 | Ba| < oo with n = 2= a=dte with e € (0;3) is given in Sectlon

e A short proof of (37) in a particular case. Assume in this item only that o < d+1 and
> weza(l+ \a])Zﬁ\ﬂa\ < oo with v —d < 77 < 1. It follows from Hypothesis [2.2] that

(g5) _ g7 . —d—E;T]
v =0 (a; —a;- 1|Jak S

kj—kj_1,a;—a;_1
d
= O (((1+lag (1 + a7 e, 507 )

and so that

n—1

N
—d—e;n
H B,

j=1k;=0

i), | = (z<1+ o) m)

a€z?
-0 (Q[#{ijU}) ’

where we used the fact that 3,4 (14]a])*"|3,| < oo combined with 37, a, " < 400,
since d +17 > « and since (a,), is L-regularly varying. This concludes the proof of
when oo < d+1 and 37, 74(1+ |a])*"|8,] < oo with o —d <77 < 1.

In particular, Formula ensures that
n—1 N
(38) E, (Z ,5@) —0 (2{5 ) it N is odd
k=0
and that
n—1 N
(39) E, <Z 55k> = H{T 0 o () i N is even.
k=0

Assume from now on that N is even, then

N
H(g,rll’,]ﬁ)yo,l: Z Clky,rbin) Z (H%)X
j=1

0<k1<..<kny<n-—1 al,...,aNEZd

EV[Q;N—kN,l,aN—aN,l (QkN71—kN72,0("' (ng—kl,ag—al (Qh,o(l)))))] :

Hence

0) HYMoi = DT ) Bl Quymtn (Qin s =y 2.0 (-(@raiy (Qr0(1)))--))]
0<k1<..<ky<n—1

with

(41) Qui= > BuboQisa= D BaBoQrsa= D BaboQiaps

a,bez a,bezd a,bez
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where we used the fact that ) ;. 8, = 0 and the notation @} , , = Qrp—a — Qrp — Qk,—a + Qro
introduced in (20). Combining with k= n = 2=4 with [{1)), since >, ,a(1+|a])?|Ba] <
oo, we infer that

(42) Qu=0(a,") i L(B),

since d + 27 = « + &, which ensures the summability of ||Q.||s. The study of leads us
to the question of estimating E, [Qu (Qr0(h))]. Unfortunately we cannot compose directly
and since this last estimate is in £(B — L'(v)) and not in £(B). But, proceeding in two
steps, we will prove that

(43)  EulQu(@uo(h)] ~ ®(0)a; "B, [Qu (D] Bl = O (5~ hls) ofag)
where ¢’ € (0, 3) is small enough so that

(o —d+2)(a+¢) <

44
(44) o+ 2’

a—d+e=2n.

First, dominating separately both terms, it follows from (20) with x = n' = %‘fl_d € (0,1)

and from and that
(15)  EulQfus(@ro(h))] = @(0)a; B, [QF u(1)] Bulh] = O (Jal” bl a2~ o hlls ) |

since —d — 27’ = —a — 2¢’. Second, it follows from the definition of @}, ,, and of Q. that

E [ k', ab(ho)] E |:Pk/ ((1{Sk/=b7a} - l{Sk/:b} - 1{516/:7(1} + 1{Sk,:0}).ho)} .
Since E,[P* (h)] = E,[h], it follows that
Ey[Qp ap(ho)] = By [(Lgs,=b—a} — Lis, =5} — 1{y=—a} + Lis,,—0})-ho]
=0 ([lholl 1)) -

This combined with ensures that

[ vap(Qro(R)] = @(0)a; /B, [Q 14 (1)] Eu[1]

=E, [Qf0(Qro(h) — ©(0)a, /B, [])]

= O ([|@rolh) = @(O)ar BB 1)
(46) = O(||hl[8)o(a; ).
Thus, combining and , we obtain that

B, [Qfr o p(Qro(h))] = ©(0)a, B, [QF ., (1)] Eu[h]

a+5

— (Olal” b ez 0 1s)) = (O(hlls)ola )7+

' (ate’) a+e’>

= O(la| = |b] =5 a "~ ||l|s)o(ay *)

After summation over a,b € Z?, we obtain ([43)), since ";Efgj) < n (due to (44)) and since
Zaezd(l + |a|n)|ﬁa| < 0.
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Using inductively in (40) (combined with the fact that ||Qolls = O(a;?) and that
||Qk||5 is summable which follows from (42))), we conclude that, when N is even

N/2
n,N _ =
HE = 3 bt T (000 (0 iy Bl @yt 1 (1))
0<k:<..<kn j=1

Recall that

03 =Y E, [Qu1)] =E, [Q(1)] +2) E, [Qu(1)] .

keZ k>1
Therefore, proceeding exactly as in [40, p. 1918-1919], we obtain that
gy L4222 N

= AN2E {(, /aé@(O)M\f) N] +o (A2 .

This, combined with and , ends the proof of the convergence of every moments. We
conclude the convergence in distribution by the Carleman criterion [47]. This ends the proof
of Theorem 2.3

(®(0)022,) " + o (AN/?)

4.2. Proof of in the general case. We assume here that > _,4(1+ |a|")|3,| < oo with
n = 2= for some ¢ € (0,1/2).

In Formula (35]), we decompose Qo using the operators Qy ,, and @} . = Q) o, = Qr.c —
Qro as follows

Qip-a = Qrap+ Qrp + Qkma — Qo = Qfup + Qhp + Qo + Qro-

In (35)), we replace each Qg,_x,_,,a,—a,_, by this decomposition, we develop and obtain

n—1 N
. . (z @Sk> _ S pe,
k=0

summing a priori over (gq,....,ey) € ({0,1}*)" such that e € {(0,0),(0,1)} the following
quantity

N
ng:Nl?N = Z Clk1,.kn) Z (H 5%—) X

0<k1<..<kn<n—1 ai,...,an€Z4

)
x K, [QkN kN_1,aN_1,aN Qk2 k1,a1 angallag al( B

with ag = 0 and where we set

(0,0) 0) (0,1 (1,1
Qi = Qu Qhoay = Qo Qi = Qe Qiliy = Q-
We assume that ¢; € {(0,0), (0,1)} since

(10 _ ~(1,1) _
Qk ,a0,01 Qk70 =0 and Qk,ag,al Qk 0,a1 —
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We will restrict the sum over eq,...,en. Let us write ¢; = (g;1,¢;2). We observe that, since
Za cza Ba; = 0, Dé’f,N) = 0 if there exists j = 1,...,N such that €5 + ¢;111 = 0 (with
convention ey117 = 0). Thus we restrict the sum in to the sum over the ey, ...,en such
that for all j = 1,..., N, such that €2 + €j411 > 1. We call admissible any such sequence

€:=(e1,...,en). Let € := (&1, ...,en) be an admissible sequence.

e We observe that #{j : ¢; = (0,0)} < N/2.
e The contribution to (47)) of an admissible sequence € = (ey, ...,en) is

DN =0 > H | B | ZHQk 1051

at,...,any €z j=1

e We observe that there exists ug > 0 such that

(18) St -, zcrd n za*dn— (2%)
k=0

Indeed d+-2n = a+¢ > a. For the last estimate, we use the fact that (ag)y is é—regularly
varying, and infer that (3_;_, ak “M?2 is either bounded or 2 — L1:271—regulaurly varying
whereas (2,,), is (1 — £)-regularly varying and diverges to infinity (and 2 — 2%%”’ =
1— % <1 -9,

o If forall j =1,....,N, €2 +¢cj41,1 = 1, then, it follows from Hypothesis that

DN =0 (dmN) Y

€1,- €1,

with

(49) w9, = 5 11801 |>z waesa |

ai,...,any€Z4 j=1

and so, using , that

D(n N) -0 (d(gn,N) ) -0 (Qlivo+N1 1;0) ’

where Ny = #{j : €;1 + €j2 = k}, since >, 5a(1 + |a])"|Bs| < oo. Observe that
No+ Ni+ Ny = N and that N = Y7, 3% ;5 = Ny + 2N, and so N, = Ny and
Ny=X S N Therefore, in this case,

N—ugNy

DIN). = O (4N N):O(anQ )zo(ﬂlffﬂ)

€1--EN

unless Ny = 0, i.e. unless N is even and ¢4, ...,y is the alternate sequence
(0,0),(1,1),...,(0,0),(1,1).

e Assume now that there exists some jo € {1,..., N} such that €;, 2 + €j,41,1 = 2. Recall
that it follows from Hypothesis [2.2| that, for all 7} ,,7}, € {0,71},

(50) HQk sl =9 <|aj_1/ak’77},1aj,1|aj/ak|77§',zaj,2a];d> .
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Indeed this follows from , and (20]) combined with the two following facts

—d—
v € [0;1], 5= 1@k aba = Qhoslls = OO
and
—d—
v € [0; 1], ||Qk;ab||3 = HQ;c,b,b a Qko aHB O(la|")a, "
We choose a family (77”)] 1,...Ni=1,2 of {0,n} such that, for all j = 1,.., N, ) ,6;2 +
Niy1165011 =1 = 255=¢. To do so, we can take e.g.
773‘,2 = 77j+1,1 =n ifegjpt+en=1,
Mo =1, Njx11 =0 ifegjo+ej1=2.
Therefore

n d—nj} 1€5,1-1} 25, n,N)
e o XTI (1elr Za ) <o ()

ai,.. ,(LNEZd j=1

where we set € 1= (1] 1651, 2€5.2) /1. We also consider the sequence €7, ..., €}y obtained
from & by permuting the values of & , and & ,,,. Both sequences €' and €" are
admissible and satisfy €/, +¢%,,, = 5”2 +ef,,=1forall j =1,..,N. Thus it follows
from the previous item that
— (n,N) (n,N) — N/2
DN - — 0 (mln (dqﬂ 759V,d€17 E?(r)) = o (AY?)

since €" and €” cannot both coincide with the alternate sequence (0, 0), (1,1), ..., (0,0), (1, 1).

Thus we have prove that
DM = o (AN2)

E1,y.-EN
unless N is even and &i,...,ex is the alternate sequence (0,0),(1,1),...,(0,0),(1,1). Esti-
mate follows from this fact since

(1) (1,1) (10 (01
kj—kj_1,05—a;_1 Qk kj—1,a5—a; 1 +Q kj_1,a5—a;1 _'_Q kj—1,a5—a;1

and
Q — ~(0»U)
kj—kj_1,a05—a; 1 kj—kj_1,a5—a;_1 "

4.3. Proof of Theorem [2.6] We start by proving the convergence of the finite distributions
and we will then prove the tightness. For the convergence of the finite distributions, we use
again the convergence of moments. It is enough to study the asymptotic behaviour as n goes
to infinity of every moments of the following form

(0) (1)
M [ Int)-1 N [nt; )1 N
— (0) 1)
E.=E ][ Y &Y > B :
J=1 \kj=|nt;j-1] kj=lnt;j—1]

for any M € N*, any N\, N € N, any tg = 0 < t; < ... < tyr. Weset Ty := S0 N for
k € {0,1} and will prove that

To
: —To— 75+ F
i w0t (T an) o,

a€Z4

a N(0)+ J M N
E|]](c, —c,)™ "= | TTEW™ 1.

Jj=1 J=1
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We set m; := Zizl(N,SO) + NY) and N := my,. Proceeding as in the proof of Theorem ,
we observe that E,, can be rewritten as follows

N
> x (Mdémm) X () evinms, o,
V15 YN (Kiyeokn)EK, \i=1 ai,...,an€ZY =

where K, is the set of increasing N-tuples (ki,...,ky) such that |nt;_1| < k,, < |nt;| —1
for all m such that m;_; < m < m;, where the first sum is taken over v; € {0,1} such

that, for all v € {0,1} and all ¢ = 1,..,. M, #{j = mi1 + 1,...m; : v, = 7} = Ni(w
and where CE%HH’M’%J is the number of (7, 1, Vs Ky 10 -0 B, ) € 40, 1}Ni(1)+Ni<2) X
{Inti_1], ..., |nt;] — 1}N§O)+Ni(1) such that there exists a permutation o of {m;_; + 1,...,m;}
such that v;(r) = 7, and k’ =k, for all r € {m; 1 + 1, ...,m;}. Furthermore we use (34)) to
express v(Vi = 1,..., N, Sk = az) using a composition of operators Qk, —kj1.a-a;1 and, as in
Section {4.2} for each j, we decompose each Qp, ; ,a;—q; , In & sum of Q(6 . This leads to

(52) E,= )  » H"(,

Y=(1--sYN) €=(€1,--6N)

kmi,1+17"'7kmi)

with

M
~ ('Ym17 +17"'7’Y’m-i)
(53) Ha(l,) e (717 . '7’YN) = Z (H c(kmi_1+1,--~7kmi)> Z
(k1,....kN)EKR ai,...,an E€Z

By (B0 (8070 iy o (- (827081 (G520, 1)) )]

with the use of the operators Q(;a,b) defined in Section and where the sum over eq, ..., ey is
taken over ey, ...,en € {0,1}? and

€11 = 0.

We write €; = (€j1,¢j2). Since Y, s BN =0, H., ¢y =0 if there exists j = 1,..., N such
that v; =1 and €2 + €411 = 0 (with convention ex411 = 0). Therefore we assume from now
on that (7, e) is such that

VJI 1,...,N, 8j72+8j+1:1 Z’Yja

with the convention ey = 0 and we call admissible such a pair (v, ). We want to determine

the € such that
~ r
Héh) LE (’Ylw 77]\/') #0( O+ > .

Then

Ay =o Y Y H(ﬁWHQ e

B)
(k1,--5kN) a1,...,any €22 j=1

N
i —d—
S5 o).

(k1,....kN) a1,...,an€Z4 j=1

I
Q

with (n;,);: a sequence in {0,n} such that
(54) Y < Nj2€52 T Njr1agi110 <17
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We set
€ 7= i€ -
As seen in Section we use the fact that there exists ug € (0, 1] such that Zk 0 a,; =

O (an 2 ) and that Zk>0 a, "™ < co. Using the summability assumption on B, we infer

that
~ —d—g! gl n, 1-ug om
(55) Arm=o| > I e =O(Ai°+ : gl) ,
(k1,....,kN) J:€5,1+€5,2=0
where

We also set &, :=#{j =1,..., N : €;1 +€;2 = k}. Recall that

N
D=3 NP =#{j=1,...N:v =k}
j=1

We observe that
(56) N=E]+&+E=E+E+E=Tg+T;.
It follows from that

N N
nh _7727 = Z (G2 + €je1)

N
Z —i—&tﬂ

=1

<.

since €11 = 0 and so ¢} ; = 0. Thus

N
(57) T+ Y (g + €hann — 1) = 1 (E7 + 267) .
j=1

We now use this estimate combined with to control the exponent of 2, in as follows
1— Uo 1—u

&+ =N & - &+ ——&
r,—&7 o 1 El
S(FO—I'Fl)_ 1 1 _w /77+< +u0)1
2 2
Ty wer/n+ up€
— 1, 4 ot W/ Uocy
O+ 9 92 )
with
N
Wer 1= Z (5;',2 + €;'-1-1,1 - 777]')
j=1

=n#{j=1...N:7=0,¢,+¢c,,>0}.
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Hence we have proved that
Iy
H) =0 (A7)
and that
(1) () — Tot3 ¢ en
H™(v)=0|( A if &' >0 or we >0.

We assume now that
51
H(y) # 0 (A?”) -

/

This implies that £ = wer = 0 for any (£],) as above.

(i) We consider ¢’ ; such that
— €11 =0,
— If (gj2,€5411) # (1,1), then €}, = nejo and €%, | | = nejp1,
— If (gj2,€5411) = (1,1), then €, =p and €%, ; = 0.
Let j € {1,..., N} such that 7; = 0. The fact that w., = 0 ensures that ¢’ , = ¢/, , = 0.
By definition of €/ ;, this implies that ;5 = €;111 = 0. Since & =0, this implies also
that, for each j = 1,..., N, €,,, = 0 and so that ;12 = 0.
The fact that wes = 0 combined with ensures that T'y = & + 2&). But, since
& =0, we conclude that & = LL.
Let j' such that (¢, ;,€% ,) = (,7m), then 75 = 1 (due to the previous analysis of the
j’s such that v; = 0). Furthermore, since €%, ; < nej;, it follows that e = (1,1), that
J' €{2,..., N — 1} (since £1; = 0) and €15 = 0 (otherwise we would have &/, , , =7
and €%, = 0).
(ii) Now, exchanging the role played by €;9 and €111, we consider €’ ; such that
— €11 =0,
— If (gj2,€5411) # (1,1), then €}, = nejo and €%, | = nejr1,
— If (gj2,€5411) = (1,1), then €, = 0 and €, , = 7.
Arguing as in the previous item, we conclude that
—if 7 = 0, then ¢;5 = ;1,1 = 0, and, since £} = 0, then €7, = 0 and so ¢, = 0,
—if (¢/4,€,5) = (n,7n), then v; = 1 (due to the previous item) and ¢; = (1, 1), and so

7,10 <4,2
j€{2,..N — 1} (since e1; = 0) and £;,11 = 0.

Gathering, all these facts, we conclude that :

e 7; = 0 implies that ¢; = (0,0) and ;441 = (0,0).
e I'; is even and the set of j’s such that 7; = 1 is a disjoint union of two sets J and J’
of same cardinal I'; /2 such that
— The set J is the set of j € {1,..., N} such that 7, = 1 and ¢; = (1,1). For any
j€J,wealso have v;_1 = 1,12 =0, €411 = 0.
— The set J' is the set of j’s such that v; =1, (j+1) € J and €;2 = 0. Furthermore,
since these points are either j = 1, or after a j — 1 such that v;_; = 0, or after
j— 1€ J, we conclude that they satisfy also ; = (0,0).

Hence we have proved that

H() # 0 (A5°+F21)
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implies that ' is even, that € is a sequence of (0,0) and (1,1) and that

o if Vi = 0, then € =&jy1 = (0,0),
e if 7, = 1, then either [¢; = (0,0) and vj41 = 1 and ;41 = (1,1)] or [¢; = (1,1) and
Yi-1 = 1 and €j—1 = (O, 0)]

This means that the j’s such that 7; = 1 appear in pairwise disjoint pairs (j — 1, j) such that
(vj-1,7;) = (1,1), and that €; = (1,1) if and only if (j — 1, ) is such a couple. We fix such a
pair (7, €), and still write J for the set of j such that ¢; = (1, 1).

Then, using repeatedly , and , we obtain

M —d

—To—3 = (n (Vi q+15Tmy) Ok 0

WA () =Y ( s >> [] (—QL 1@(0)259)
i=1 "

(k'l ----- kN)EICn j/:’}’]’/:o a€Z4

(I)(O)al;d, —k;_ 1
[T Y BVBYE, Qs an(D)] o)
JjeJ " a,bezZd
and so
T r r Lo M
—Lo=% r7(n Iy 1
WA (y) = 0 (1) + D(0)+ (Z 6£°)> > Iy
acZd (kl ..... kN)E’Cn:kj<kj+1 =1
Bj—kj Ohj_1—kja 1) (1) "
H Q[ H Q[ Z /8(1 /Bb EV kj—k]'_l,(l,b(:l) .
=0 " jET " apbezd

It can be worthwhile to notice that we can restrict the above sum on the set £, made of the
(k1,....,kn) € IC;, such that k; —k;j_y <lognif j € J, and k; — k;_; > logn for the other values
of j’s. Let us observe that, for any (ki, ..., ky) € K/, since k; > k;_ for all j € J, we have

N 1+1
(58) ngmi—l+1 """ Zml; — <H N,(O)!Nﬁl)!) H + {kj2*kj717é0} .
mi_ 14 1slm, v ¢
i JjeT

The fact that we can neglect the sum over K, \ K/, implies that

as soon as there exist j € J and ¢ € {1,...,M} such that k;_; < |nt;| < k; (indeed this
combined with k; — k;_; < logn implies that 0 < k; — nt; < logn and 0 < nt; — k;j—; < logn.
In particular

Ty
E, =o <QL£°+2) if 3j e {1,..,M}, NV e2z+1.

We assume from now on that the N }1)’3 are even and that J is such that, for every j € 7,
there exists ¢ = 1,..., M such that k;_q, k; are in a same set {|nt;_1|, ..., [nt;] —1}. Then, using
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the fact that the sum over K, \ K/, is neglectable and (58)), we obtain that

n

A A () = o (1) + [T | NI @(0)N (Z B >

Jj=1 a€Z4d
N
1 ]2 N// —d
52(1 + 1{k5é0}) Z ﬁ(l)ﬂb v |: kj—kj_1,a, b(l)] Z H 91 )
k>0 a,bezd (K95 Ko )EKT 5=1

(1)
with NY = NJ(O) + N’T and N := Z VY, and where K is the set of strictly increasing

sequences ky < ... < Kjy, with exactly N; i elements between |nt;_;| and [nt;| — 1 and with the
convention kj = 0. Thus

NGO
N 1)

AP (5) T (0)) (D) o) ot MU 1
o = oM+ E [ VW D 27 ot
i

1 ;
20,7 ! Jj=1 a€Z4

with

E = (®(0))V (HA@’/!) > H m
(

j:1 kll’ ’N/I)GIC Jj=1

N
M Lnth—]. J

(59) =o()+2,ME, ([T D2 Lis,, =0}
J=1 \kj=[nt;—1]

NI

: [ ARENOR .
We observe that there exist sequences (Ym,+1, - Ym;4,) € 10,1} 77 in which

J
VO D o
NOYND j2))

the 1’s appear in N;l) /2 pairwise distinct pairs (7y;_1,7;). Therefore

N©O
)

E M (1 A
=B — e (Za) o
1275

Ay =1\ (NY/2) acz

M N;-O)
=o())+ £, ]] (Z ﬁﬁf’)) E | (o500

Jj=1 acZ4

It remains to study the asymptotics of E .

eIfd =1 < a, we consider a Z-valued non-arithmetic random walk (S,), (with i.i.d.
increments) such that (S|, /ay), converges in distribution to the a-stable process W.
The previous computations hold also true (more easily) for S, instead of S, and lead to

N
J

M [nt;]—-1
Nll
Lo~ H Z 1{§kj:0} as n — +00.

kj=|ntj1]
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\_ntj 1

But the process ( 1is,— 0}> of local time at 0 of §n converges in distribu-

tion to the process (Et) of local time at 0 of W. This combined with the domi-
nations of the moments of any order ensures that (E!), converges in distribution to

E [Hj\il (Et — Ly ) } We conclude that

Y N@

E’ N” (1)
S RN (T e (o]
DIt j=1 J z 1

N
=o(1)+E H (Z BC(LO) (ﬁtj - Etj_1)> H (‘75(1)(3&]- - Bﬁtj_l))
j=1 \acZd Jj=1
e If d = a, then
[Ntar]—1 N [ntar|—1 o
WYE | Y rsen | [=O[wN D @
k=|[NTo] k=|NTp]

= O (i) = Apura)/2)™)
converges to 0 as n — 400, since (2,,),>0 is slowly varying. Thus
E =o0(1) ifM>2.
Furthermore, it follows from the proof of Theorem that if M =1,

N//
[nt;]—1 !

E7Iz = 0(1) -+ Q[;NHE,, Z 1{Sk]~:0}

kj=|ntj_1]
= (®(0))M Nyt = (®(0))ME[EN],

where £ is a random variable with standard exponential distribution due to theorem 2.3
We infer that

M
En 1" 1"
" = o() +E | (@(0)&) [ (@(0)¢ - 2(0))" ] x
Q[n Jj=1""j j=2
M Ny
(1)
X H (Z ﬁé‘”) [(aﬁmN) ]
j=1 acZd
Therefore
M Ny
E, !
—~ g =0 +E 11 (Z B (@(0)E(Lgt;»0p — 1{tj_1>0}>)> X
777 j=1 \aezd

M
(1)
X H(Uﬁ<1> (B‘I)(O)gl{t]->0} - B@(O)gl{t‘po}))Nj ] .
j=1
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This combined with the Carleman’s criteria [47] ends the proof of the convergence of the finite
dimensional distributions.

Let us write ((Xt(l’n),Xt(Q’"))t)nzl for the sequence of joint processes and let us prove its
tightness. When d = 1 < a, we set Ty = 0, otherwise we fix some Ty € (0;7'). We use the
tightness criterion of [2, Theorem 13.5, (13.4)]. We have proved the convergence of the finite
dimensional distributions. It remains to prove that there exist a; > 1 and C' > 0 such that, for
every 1, s,t such that Ty <r < s <t < T, for all j € {1,2},

(60) 3p €N, B, [|XI7 = XUW[ XD — X0 | < Ol — v

Observe first that, if 0 < r < s <t < T and t—r < 1/n, then Xt(")—XS(") —Qor XMW _x™ — 0,
thus the left hand side of is null and so holds true. Assume from now on that
To <r<s<t<Tand that t —r > 1/n. We will use the following inequality

||X (m) _ X Js

S

E, [|Xt<jvn) — XUm i x ) Xr(n)|pj] < HXt(j,n) _ xGm|?

QPJ(V n)HLpJ (v) *

Thus will follow from the fact that, for any 7o <r <t < T, |t —r| > 1/n, and j € {1,2},

2p;

a

(61) dp; € N7, sup

a,bir<a<b<t

, < Clt —r|™.
L3 (v)

It follows from our previous moment computation that

[nt]—1 g

sup E, |:|X1§J,n) . Xéj,n)|2pj| -0 Q(;Ll Z Cl];d

a,b:r<a<b<t k=]

Thus it is enough to prove that

[nt]—1

(62) Jag > 0, sup 2! Z at=0((t—r)™).

rit:To<r<t<T,|t—r|>1/n k=[]

Indeed, we will conclude by taking p; = j(|(2a0)™*] + 1) so that (61)) and so hold true
2pjao
/= > 1.

Since (a,)n>0 is (1/a)-regularly varying and since lim,, o A, = +00, it follows from Kara-
mata’s theorem [21], [3] that there exist three bounded convergent sequences (¢(n)),>o (positive,
with positive limit), (b(n)),>o (converging to 0) and (6,)n>0 (positive, converging to == if
d < a and to 0 if d = a, see [3, Proposition 1.5.9.b]) such that

with o :=

Vn >0, na®=2A0, and A, = c(n)naTﬂiefln Sl
Now let us choose ag. If d =1 < a, we set g := 0‘2—;1 If d = a, we take o := 1. Up to change,
if necessary, the first terms of (b(n)),>o and (c¢(n)),>0, we assume without loss of generality
that the sequence (b(n)),>o is bounded by «p.
Ifd=1<a,if r <2/n (observe that, when d = «, this case does not happen for large values
of n since r > Ty > 0) and |t — r| > 1/n, then

[nt]—1

(63) AL Z o (Q;t”) 6] (tl—é—ao> =O((t—r)™),
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implying and so and in this case.

We assume from now on that Tp <r <t < T and 2/n <r <t < T (so that |[nr] —1 > 0)
and t —r > 1/n (so that |nt| — |nr| < 2(nt — nr)). Then, using the uniform dominations on
(c(n),0n,b(n)), combined with a series-integral comparison, we obtain that

[nt]—1 [nt]—1

_ _ 1 e(k) . k b(w)
Q! d _ -\ 0 [, 2o du
n E : O kc(n) na;d k€
k=|nr] k=|nr]
[nt]—1 1
d

64 — O _ k: o Q0
(64 2 Ltk

oIfdzl<a,then1—§—a0:a0andso

nt]—1

a3 a0 ((H) (M ))

(65) ::O((ﬁﬂi%ﬂﬂ)%>=cu@—rww,

ending the proof of , from which we infer and . This ends the proof of the
tightness when d < a.
e When d = «, we obtain

[nt]—1 |\~ n —ag
o 3 wo((5) 7 (5)7)
(66) :o(ﬁﬂlﬁﬂ>=ou—m,

n
from which we infer , , , and so the tightness in the case where d = a.
This ends the proof of Theorem [2.6]
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