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Abstract

The Lyapunov stability theorem for linear systems is extended to linear delay-differential alge-
braic systems of index one. In particular, bounds on the decay of the solution are established in
terms of solvability of a certain Lyapunov-type matrix equation.

Key words: Linear differential algebraic systems, time delay, Lyapunov stability, decay rate

1. Introduction

It is known that if A is a stable matrix (i.e., all of its eigenvalues have negative real
parts), then the linear ordinary differential system

i(t) = Az(t), t >0 (1)

is asymptotically stable, that is, 2(¢t) — 0 as t — 4o0.

The Lyapunov theory can be used to inform about the quality of stability and to measure
the decay rate of the solution (see, e.g., [8]). Indeed, under the assumption that A is stable,
the Lyapunov matrix equation

C=—(A"H+HA) (2)
has the unique solution H = fooo etAT CetAdt = H* > 0 (i.e., symmetric positive deﬁnite)
for all matrices C = C* > 0. Conversely, if the equation (2) is satisfied with some matrices
C=C">0and H=H" >0, then A is stable and, using the quadratic function

v(x(t)) = x(t)" Ha(t), 3)
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we obtain the bound (see, e.g., [9])

Amin (€)

lz()| < VIHI TH [ e” 2" ||lz(0)], ¢ >0, (4)
where || || denotes the 2-norm for vectors and matrices and Ay (C') denotes the smallest

eigenvalue of C'. See also [25] for a comparison with other bounds. Although this bound
is not sharp, it measures the decay rate of the solution (because Apin(C) > 0) by involv-
ing quantities based on the computation of eigenvalues of symmetric (positive definite)
matrices for which reliable algorithms are available [10]. Moreover, the norm of H can
be used in preference to the spectral criterion "Re(\) < 0 for all eigenvalues of A” for
assessing the stability of A : the larger the norm of H, the less stable the matrix A. For
related issues, see, e.g., [18,20,24].

Our goal in this note is to study to what extent a bound similar to (4) holds for linear
differential algebraic systems with time delay, of the form

Ei(t) = Ax(t) + Bx(t — 1), t>0,
z(t) =vt), —-7<t<0,

()

where FE, A, B are real n X n matrices with F singular and 7 is a fixed positive delay.
Time delay systems arise generally in applications where a transport phenomenon occurs.
A wide range of examples can be found in [7,15]. Solution theory for (5) is established
for example in [2,11,22,21,23] and the references therein.

Stability analysis of systems of type (5) has been investigated by many authors; for
example, in [5,6] the analysis is based on a careful choice of a Lyapunov-Krasovskii func-
tion (a generalization of (3)), and sufficient conditions for stability are given in terms of
linear matrix inequalities. In [17], the stability is based on the computation of eigenvalues
of certain matrix pencils. In [3], sufficient conditions for asymptotic stability are formu-
lated with the help of the characteristic equation of the system. In [16], a spectrum-based
approach is developed for the stability analysis and stabilization of systems described by
delay differential algebraic equations. In [4], necessary and sufficient conditions for ex-
ponential stability of classes of systems of the form (5) are derived using the roots of
the associated characteristic equation. In the present note, using a Lyapunov-Krasovskii
type function, bounds on the decay of the solution, analogous to (4), are established in
terms of solvability of a certain Lyapunov-type matrix equation.

2. Lyapunov-based stability analysis

We assume throughout this note that the pencil AE — A is regular (i.e., there exists A
such that det(AE — A) # 0) and of index 1 (this is the index of the nilpotent matrix in
the Weierstral canonical form of A\E — A, see, e.g., [19]). Since the matrices E and A are
real, the real Weierstrafl canonical form can be used to decompose E and A as

1. 0
E=W T, A=W T, (6)

where W and T are real nonsingular matrices, the symbol I}, denotes the identity matrix
of order k, the matrix J is in real Jordan form (see, e.g., [12, Section 3.4]) and corresponds
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to the finite eigenvalues of the pencil A\E' — A and r = rank(FE). Alternatively, the quasi-
Weierstrafl form or a block-diagonalization via the real generalized Schur form may also
be used (see [1], [14]).

The spectral projection onto the right deflating subspace of AE' — A corresponding to
the finite eigenvalues is given by

1
=-— ¢p(AE—A)'Ed\ 7
P g pOE- 4B @
where T is a closed Jordan curve surrounding the finite eigenvalues. Using (6), we obtain
(I 0
P=T T. (8)
00

As a first step, a bound on Px(t) analogous to (4) is obtained in Theorem 2.1. Then,
Theorem 2.2 extends the bounds to z(t). In these theorems, the assumption that the
pencil has index 1 plays an essential role (see the function v(t,y(¢)) in the proof of
Theorem 2.1 and the property (16)).

From (6) and (8) the system (5) can be written

Ey(t) = Ay(t) + By(t — 1), t>0,
y(t) =4(t), —-T<t<0,

where

X I,0\ . J 0 R ) .
E= A= ., B=w"'BT!,
00 0 I, ., (10)

y(t) = Ta(t), p(t) = T(1).
With this notation, we obtain the following result.
Theorem 2.1 Assume that there exists

Hyp 0 , . s 1
H= with Hi1 = H{; >0, Hoo+ Hyy+ -1, <0
0 Hoo T
such that )
ATH +HTA+ -1, H"B
C == — . T 1 == CT > 0
B™H ——1,
2T
Then

(i) the pencil \E — A is stable (i.e., the eigenvalues of J lie in the open left-half plane).
(ii) The following bound holds for t > 0

1P2(t)]| < ae 2T
— i

where

o= TN IR (1l +1n2) max [Pa(0)],

£ = min ()\min(C’), ”}2171_1H) .



Proof

(i)

T z
Let (\,z1) be an eigenpair of J and & = ") and z = be respectively of
0 0
size n and 2n. Then, denoting by z* the conjugate transpose of x, we obtain
2
—2*Cx = 227 Hy1x1 Red + —— ” il
which shows that Re(\) < 0.
Consider the Lyapunov-Krasovskii type function
t 2
: ly(@)ll
tyt)) = y" () EHy(t AT qy, t>0.
o) =y OO + [ D e
yi(t) i T
If we set y(t) = , then y" () EHy(t) = yi (t)H11y1(t) > 0 and
ya(t)

ly@®I _ ly— )l
T 27

8(t, (1)) =y (O H” By() + (By(0))" Hy(t) +
L o)l
7\/15;7' (t_y+7)2 v
=yt H" (Ay(t) + By(t— 7)) + (dy() + By(t — 7)) Hy(t)
o T / lywl?

T V+T

t 2
() ) e o

Note that

2l 0B (12)

t—r<v<t=>({t—-v+7)2<21(t —v+7). (13)

Using (11), (12) and (13) we obtain

B
[ Hua |

ot y(t) < —

ot,y(t), A= min (MH(C), IIZSII) |

Therefore .
o(t,y(t)) < e” Tl v (0, (0)).

Since



a

v(t,y() = y" () EHy(t) = yi () Huyi (1)
> Min (H1) [y (0)1° = [1H |7 lya (D112,

0
0(0,9(0)) =" (OEHy(0) + [ WeIE

< n 2 2

< IBHIy(O)F + max [y(v)]* n2
< 2

< ([[Hull +1n2) _max [ly()]*,

we deduce that

B
ln @)1 < THG | (1l +02) max ly(v)[|% T,

The proof terminates by noticing that
g @) = 1TPz()]| and |T7H|7HPz(@)|] < ITPz(@)] < TP (t)]].

Remarks

In Theorem 2.1, the connection between H and C' is the analogue of equation (2). In
particular, if E =1, B = 0, then the bound in (ii) reduces to (4).

Similar to the ordinary case, the bound on ||Pz(t)|| depends on the solvability of the
Lyapunov-type equation involving C' and H.

In the expression of «, the coefficient In 2 results from our simple choice of the function
v. Of course, more sophisticated choices can be considered.

The factor o depends essentially on the condition number of T, which is an indicator of
the quality of the spectral projection (8), and on ||Hyy|| = |[EH||, which is an indicator
of the stability of J and therefore of the pencil AE — A. A large value of a can result
in a transient growth of Pxz(t). The factor 8 depends on Ayin(C) and ||Hi1| and is
responsible for the decay and asymptotic behavior of Px(t).

The assumption of the theorem results in constraints mainly on the matrix B. Indeed,
by considering the Schur complement, the positive definiteness of C' is equivalent to

A 1
ATH+HTA+ =1, <0, (14)
T
. . A T U |
BTH (ATH +HTA+ In) HTB + o1, > 0. (15)
T T

If we assume that the pencil A\E' — A is stable, then the condition (14) is easily satisfied.
Indeed, by considering, for example, the matrix K = £1I,. of size r x 7 with ¢ > 1, the
Lyapunov equation J"Hy1 + H11J + K = 0 has a unique solution Hy; = Hf} > 0.
Then
) oy 1-—- CIr 0
ATH+H"A+ -1, = T 1 < 0.
T 0 Hos + HQTQ + ;In,T

In particular, the choice Hao = —5= 1, leads to ATH + HTA + %In =<l <0.

T

The condition (15) can be written (W *BT-Y)THHT(W1BT~1) — 3;21 I <0 and
1
will be satisfied if || B|| < (|| H||||T|||W 1)~ (0*1)2 ]

272
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J 0 -3 1 I, 0

For example if n = 4, A = ,Jd = , B = , 7 = 1, then the
0 I 0 -2 00
1 1
equation J"Hy1 + Hy1J + 215 = 0 has the unique solution Hy; = ? ]85 . Taking
15 15
: Hy 0 T T, 1
Hys = —15 and letting H = leads to A" H + HA® + 14 = —I4 and hence
0 Hio

the condition (14) is satisfied. The condition (15) will be satisfied for any matrix B such
—2BTH?B + 1, is positive definite, and, in particular if || B|| < ﬁiHH = 0.70711.

Under the assumption of Theorem 2.1, the pencil AF — A is stable and hence the matrix
A is nonsingular. Multiplying equation (5) on the left by (I,, — P)A~! and noting that
(I, — P)A~'E = 0, we obtain

0= (I, —Pzt)+ (I, —P)A 'Bx(t —7), t>0, (16)

which will be used to derive a bound analogous to (4).
Theorem 2.2 Under the assumption of Theorem 2.1, lett =kt +p, 0 < pu <7, k> 0.
Then

k A
Br_ NI __ 8 B
Hl‘(t)” S O[j;o (H(In — P)AilB” €2HH11H) e 2HH11Ht_|_||(In_7))A 1BHk+1 771—1%31;);0 ||ZZ?(V)||7
where o« and B are defined in Theorem 2.1.
Proof For 0 <t < 7, the equality (16) gives
(70 = P)x(®)]] < [I(7n = PYA™'B]|_max_[lz(v)]| (17)
and for t =7+ u, 0 < p < 7, it gives
(Lo = P)z@®)]l < |(In = PYAT B[ [[Pa(t — )| + | (In — P)a(t = 7)II].

From Theorem 2.1 and the inequality (17) we obtain

B8 —
[Pa(t = 7)|l < ™ AT, (I = Pha(t = 7)) < | (I —~ P)AT'BI|_max [|lo(v)].

Therefore

|(Zn = P)z(®)]| < al|(T, ~ P)A™ Bl " 1 [|(1, — P)A™ B|] _max Jz(v)]. (18)

Continuing this way we easily obtain for ¢t = k7 + p, 0 < pu < 7 a generalization of (17)
and (18) as follows

B

k
H(In—P)x(t)ngazH(In—P)A—lBHJ'e—zumlu<t—JT>+H(In_p)A—1B||k+1 max_||lz(v)].
j=1

—7<v<0

Hence



@I < Pz@) + [[(In = P)z(t)]
k
_ —1p|i o~z (t=i7) _ —1 pyk+1
SaZH(In PYA™'B||7 ¢ 2T + (I = PYAT B max ()]
k

=3 (I~ P)A B T ) oI (1, AT B max ()]

Jj=0

O
Corollary 1 Under the assumptions of Theorem 2.1, lett =kt 4+ p, 0 < pu <7,k >0.
BT
(i) If ||(I, — P)A™'B| el < 1, then

||Qf(t)|| < - 5 + HiaX< ||Jj( )H e 2HH11||
1— (I, — P)A-1B||e2MmaT  —TSV=0

(ii) If | (In — P)A~1B|| ™71 = 1, then

t __B 4
< - MHTY
=) < <a (T + 1) +_max Ix(V)II) e T

(iii) If 1 < ||(I, — P)A'B| i and ||(I, — PYA"'B| < 1, then

BT 1
o e 2THLL *111(”(17L77))A_1B”7;>t
=) < e + max IIw( ) e :
|1, = P)A- BT —1 7=

Proof For the three cases wg use Theorem 2.2.
(i) If |(I, — P)A™1B| el < 1, then

Br(k+1)
”x(t)HSQZ:O(H(I"_P) 1BH62HH11”) ¢~ AT + e 2MHLT 7712%;20”93( V)|l
J=Z

and the desired inequality follows from (k + 1)7 > ¢.
BT
(ii) If | (I, — P)A~B| el = 1, then
Br(k+1)

< 2HH II 2[[Hyy |l
2]l < alk+1) e e T max [o(v)]

and the desired inequality follows from ¢ < (k+ 1)7 <t + 7.
(iii) If 1 < ||(I, — P)A~"B|| T and ||(I, — P)AB| < 1, then

k
el < a3 (1, — P)AT'B| AT )= (|[(I, — P)A~ B 2T )k ¢~ 2t
7=0
_ 1 k+1
(T = PYAT BT max [z ()|

<3 (It =PYAT B 7)) ([(1, — P)A B €T )* ¢z
320

_ —1 | k+1
(I = PIAT B max (2]

o e?llHil 1 kil
< o+ _max (o] (1 ~ )47 B]
(I, — P)A=1B|e#ul —1 7 0
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and the desired inequality follows again from ¢t < (k + 1)7.
O

As a consequence we have the following

Corollary 2 Under the assumption of Theorem 2.1, the solution of (5) is asymptotically
stable if ||(I, — P)A™B|| < 1 and stable if ||(I, — P)A"'B|| = 1.

In particular, when F = I and hence P = I,,, Corollary 2 implies that the solution of
(5) is asymptotically stable, see also [13, Proposition 5.3].

Acknowledgements. The authors would like to thank the reviewers for useful remarks
and suggestions.
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