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Abstract

A framework for development of 3D invariants is proposed. Linear algebra (projection on
the basis of spherical harmonics) and tensor theory are used to derive invariants with respect to 3D
rotations. These invariants can be used to recognize 3D objects using 3D information, as shown in
the experiments.

1. Introduction

Object recognition is a key point in computer vision and automatic scene analysis. Many
works have been dedicated to 2D pattern recognition, either by structural or statistical approach.
By “2D pattern recognition”, we refer to methods that use 2D information (i.e. an image) of an
object. The object itself may be 2D or 3D. In the statistical approach, a feature vector of …xed
length is computed from the 2D image of an object. The components of the feature vector may be,
for instance, the moments of Hu [5], or Fourier descriptors [3] [4]. Recognition is then achieved by a
classi…er, such as a k-nearest-neighbours, or a neural network.

Few studies have been devoted to 3D pattern recognition, by using full 3D information.
However, it becomes nowadays easier and easier to obtain 3D information of objects, thanks to the
development of computer tomographic reconstruction, X-ray scanners, etc. Recent new and interest-
ing research has been devoted to the development of 3D moment invariants [7] [8]. These moments,
which are invariant under 3D translation and rotation of the object, can be used as the components
of a feature vector for a statistical approach. However, these moments are di¢cult to derive, and only
a small number of them is explicitly derived. Thus, it does not allow long feature vectors, which may
be useful for discriminating close shapes. Furthermore, due to their de…nition, that involves multi-
plications by powers of the coordinates, the impact of digitizing errors on the moments is important.
In fact, only the low-order moments are little sensitive to noise. Higher order moments are less reliable.

We propose an approach based on some results of quantum mechanics and group theory
[10] [6] to derive 3D invariants that are not moments. These invariants present the advantages to
be derived in a simple and systematic way, as well as to avoid the drawbacks of moments, such as
multiplication by high powers of the coordinates. Furthermore, hundreds of invariants can be derived,
allowing long features vectors. Although we have not achieved to prove it at present, such vectors
may contain enough information to de…ne the 3D shape without ambiguity (i.e. it would be possible
to reconstruct the 3D shape from the knowledge of the feature vector).
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The approach can be used for automatic object recognition in domains where 3D informa-
tion is available. For example, in the medical …eld, it could be used for automatic classi…cation of
bones (…gure 2). In robotics, a robot equipped with a camera could take multiple views to built a
3D representation of an object, and then use this approach to recognize the object. The proposed
approach may also be used for associative access to a database of 3D objects: such a system would
provide the shapes from the database which are the “most similar” to a shape selected by an operator.

The approach consists in decomposing the object onto an orthonormal basis composed of
the eigenvectors of the angular momentum operator of quantum mechanics (§2). Then, using
Clebsch-Gordan coe¢cients, contravariant tensors of order 1 are built, and 3D invariants are obtained
by tensor contraction (§3). The approach o¤ers an alternative to structural methods for 3D objects
description and recognition. A generalization is presented in §4, and experimental results are provided
in §5 to illustrate the method.

2. Decomposition onto the Basis of Spherical Harmon-
ics

In this section, we consider objects represented by surface information. The generalization
to volume information is presented in section 4. Let us note FS the space of di¤erentiable functions
from [0; ¼]x[0; 2¼] to C, with …nite energy (R dÁ R sinµ dµjª(µ; Á)j2 <1). To each 3D object, we asso-
ciate a function jªi such that ª(µ; Á) is the distance between the center of gravity of the object and
the farthest point still belonging to the object in the direction given by the spherical coordinates (µ; Á).

The spherical harmonics are functions of FS which can be computed by recurrence equa-
tions. They are the eigenvectors common to two operators of quantum mechanics [10] [9]: L2 (square
of angular momentum) and LZ (projection of angular momentum along Z axis). The set of spherical
harmonics fjYlmi; l = 0; :::;1; m = ¡l; :::; lg is an orthonormal basis of FS . Hence, any function
ª(µ; Á) can be described by its coordinates in this basis:

cml = hYlmjªi =
Z 2¼

0
dÁ
Z ¼

0
sinµ dµ Y ¤lm(µ; Á) ª(µ; Á) (1)

and the reconstruction equation is:
jªi =X

l;m

cml jYlmi (2)

The e¤ect of a rotation of the object on these coordinates is given by:
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This equation shows the interest of reasoning in the basis of spherical harmonics instead of the canon-
ical basis: FS can be decomposed in a direct sum of orthogonal subspaces, each of which is globally
invariant by rotation:

² E0 whose basis is fjY00ig
² E1 whose basis is fjY1;¡1i; jY10i; jY11ig
² E2 whose basis is fjY2;¡2i; jY2;¡1i; jY20i; jY21i; jY22ig
² etc

3. Computation of Invariants using Tensor Theory

At …rst, let us recall some tensor de…nitions and properties. Consider a vector space V and a basis
feig. Any vector x of V may be represented as

x =
X
i

xiei = x
iei (3)

where, in the rightmost expression, the Einstein summation convention has been assumed (implicit
summation over any repeated index which is simultaneously in an upper and a lower position).

A new basis f~eig is related to the original basis by:

~ei = ®
j
iej or ei = ¯

j
i ~ej (4)

where ®ji denotes a linear transformation, and ¯
j
i its inverse. Any form A

m1:::mq

l1:::lp
is said to be a tensor

of covariant rank p and contravariant rank q if it transforms itself according to the equation:

~A
n1:::nq
k1:::kp

= ®l1k1:::®
lp
kp¯

n1
m1
:::¯nqmq

A
m1:::mq

l1:::lp
(5)

The outer product of two tensors is de…ned as the product of elements:

Aijklm = ´ijl ¹km (6)

The inner product (or tensor contraction) is de…ned as the operation of pairing covariant and
contravariant indices from two tensors, and summing individually over each such pair. For example,
the operations

Aijm = ´ijn ¹nm (7)

and
Ai = ´ijn ¹nj (8)

preserve tensor properties.
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A vector is a tensor of order 1. It can be represented either by its covariant or its contravari-
ant components:

ai = hajeii (9)

a = aiei (10)

Hence,

ai = hajejjeii
= (aj)¤hejjeii (11)

If the basis is orthonormal, then:

ai = (a
i)¤ (12)

cml is a contravariant tensor of order 1 of El. It is pointed out that only m is a tensorial index, while
l is just a parameter indexing the subspace El in which the tensor is de…ned. Since fYlm;¡l · m · lg
is an orthonormal basis of El, the corresponding covariant tensor is clm = (cml )¤

We will take pro…t of the theorem below to build new tensors:

Theorem [1][2]:
If Tml is a tensor of El, then:

¦(l1; l2)
m
l =

X
m1;m2

hl1 m1 l2 m2jl miTm1
l1
Tm2
l2

is also a tensor of El.

The coe¢cients hl1 m1 l2 m2jl mi are Clebsch-Gordan coe¢cients. They can be computed us-
ing recurrent equations [1] [9] [10]. Thanks to this result, we can build new tensors. In the sequel, we
will use:

¦(l1; l2)
m
l =

l1X
m1=¡l1

l2X
m2=¡l2

hl1 m1 l2 m2jl micm1
l1
cm2
l2

(13)

By multiplying a contravariant tensor of order 1 with a covariant tensor of order 1, and equaling the
indexes, we obtain a tensor of order 0 (an invariant). Hence, we can build, for example, the invariants
below:

N(l) = cml clm

P (l; l1; l2) = ¦(l1; l2)
m
l clm

Q(l; l1; l2; l3; l4) = ¦(l1; l2)
m
l ¦(l3; l4)lm

Obviously, the process we have followed to build the invariants could be continued as far as we want.
For instance, we could build another tensor:

T (l1; l2; l3; l4; l5; l6)
m
l =

X
m1;m2

hl1m1l2m2jlmi¦(l3; l4)m1
l1
¦(l5; l6)

m2
l2
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and use T to build other invariants.

4. Extension to Full 3D Description

Method so far only captures the outer boundary because, in previous sections, the object
was described by a function ª(µ; Á). However, for objects of complex shapes, such a description may
be ambiguous (i.e. two di¤erent objects may have the same description). The objective in this section
is to extend the method to objects described by a function ª(x; y; z) (or equivalently ª(r; µ; Á) in
spherical coordinates). For example ª(x; y; z) could be 1 inside the object and 0 outside. It could
also represent the local density, or anything else related to the object.

Since any real object is limited, it can always be included into a sphere of radius 1 by a
suitable choice of the unit of length. Let us call FV the space of functions from V to C, where V is
the interior of the unit sphere of R3.

The decomposition of a shape jªi onto the basis fjklmig is obtained from the scalar products of
the shape with the vectors of the basis:

cmkl = hklmjªi =
Z 1

0
r2dr

Z 2¼

0
dÁ
Z ¼

0
sinµ dµ ¤klm(r; µ; Á) ª(r; µ; Á) (14)

Once the cmkl have been computed, invariants are constructed using the tensor-based method described
in previous sections. One has only to replace each li by (ki; li) in the equations.

Below, we prove that, if we take:

klm(r; µ; Á) = Rk(r)Ylm(µ; Á) (15)

where the Ylm(µ; Á) are the spherical harmonics, and

Rk(r) =
p
2
sin(¼kr)

r
(16)

where k ¸ 1 and l ¸ 0, then fjklmig is an orthonormal basis of FV . Then, once the cmkl have been com-
puted, the approach is exactly as previously. One has only to replace each li by (ki; li) in the equations.

We have to check that this is an orthonormal system, and that it generates FV . The or-
thonormality is proved by developing the scalar product:

hklmjk0l0m0i =
Z 1

0
r2dr

Z 2¼

0
dÁ
Z ¼

0
sin µdµR¤k(r)Y

¤
lm(µ; Á)Rk0(r)Yl0m0(µ; Á)

= hYlmjYl0m0i
Z 1

0
r2drRk(r)Rk0(r)

= ±kk0±ll0±mm0 (17)

Then, using the properties of Fourier Series, and the de…nition of Rk(r), it is straightforward to
prove that fjklmig generates FV .

5. Experimental Results
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Figure 1 shows some spherical harmonics Ylm represented as a function r = jYlm(µ; Á)j.
Figure 2 shows the reconstruction of a vertebra at various resolutions. The original 3D image of the
vertebra comes from scanner data. A simple thresholding has been performed to isolate the bone.
The cml are computed for 0 · l · L, and then the shape of the vertebra is reconstructed using
equation (2). Increasing the value of L provides a better representation of the shape.

Figure 1: Module of the spherical harmonics Y20, Y21, Y22

Figure 2: Reconstruction of a vertebra at various resolutions (from left to right: L= 4, 10, 20, and
original)

The sampling step size has an impact on the values of the invariants because, in practice, equation
(1) is evaluated by discretizing µ and Á. Experimental evaluations show that the error on the values
of the invariants becomes noticeable only for rough sampling (more than 10o).

Nearest-neighbour classi…cation consists in computing the feature vector (here the 3D in-
variants) of the object to classify and comparing it with the feature vectors of models. The
comparison is performed via the computation of a distance:

d(object;model) =
X
i

(Iobject;i ¡ Imodel;i)2

where Iobject;i stands for the ith invariant of the object and Imodel;i stands for the ith invariant of the
model. The model which provides the minimal distance determines the class. Let us consider the
three models on the right side of …gure 3 (F14-1, X29-1, F15-1). An airplane to recognize is shown
on the left side of the …gure. The 3D-invariants of this airplane are computed and compared with
the invariants of the models. The distances are mentioned on the arrows. As expected, the minimal
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distance is obtained when the object is compared with the X29 model.
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Figure 3: Comparison of an unknown object with three models

The table below shows the distances between three objects to recognize and three models. As
expected, the minimal distances are always obtained on the diagonal (i.e. when the object is
compared with the model of the right class).

X29-1 F14-1 F15-1
X29-2 2.3 380 158
F14-2 360 3 130
F15-2 167 122 3.4

These results illustrate an interesting feature of the approach: the ability to discriminate very
close shapes.

6. Conclusion

A theoretical framework to derive 3D invariants has been proposed in this paper. The ap-
proach consists in decomposing 3D shapes onto an orthonormal basis composed of the eigen-vectors of
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the angular momentum operator, building contravariant tensors of order 1, and computing invariants
by tensor contraction. The approach provides many invariants. Experimental results show that these
invariants can be used to classify 3D shapes.

Such invariants o¤er an alternative to structural methods for description and recognition of
3D shapes, and the framework proposed in this paper allows the derivation of many invariants. An
interesting feature of the approach is also the ability to discriminate very close shapes. Further work
will include evaluation of the discrimination capabilities on larger data-bases, study of reversibility
(i.e. does any subset of invariants characterize without ambiguity the shape of an object at a
given resolution?), and application of the tensors to 3D object positioning. Some properties of the
invariants may also be useful for automatic detection of symmetries of a 3D object.

Acknowledgements: The scanner images of vertebras have been provided by the LTSI Labo-
ratory, University of Rennes.
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