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TO SMALL SETS

FRANCOISE PENE AND BENOIT SAUSSOL

ABSTRACT. For many measure preserving dynamical systems (2, T, m)
the successive hitting times to a small set is well approximated by a
Poisson process on the real line. In this work we define a new process
obtained from recording not only the successive times n of visits to a
set A, but also the position 7" (x) in A of the orbit, in the limit where
m(A) — 0.

We obtain a convergence of this process, suitably normalized, to a
Poisson point process in time and space under some decorrelation condi-
tion. We present several new applications to hyperbolic maps and SRB
measures, including the case of a neighborhood of a periodic point, and
some billiards such as Sinai billiards, Bunimovich stadium and diamond
billiard.
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1. INTRODUCTION

The study of Poincaré recurrence in dynamical systems such as occurrence
of rare events, distribution of return time, hitting time and Poisson law has
grown to an active field of research, in deep relation with extreme values of
stochastic processes; (see [13] and references therein).

Let (Q, F, 1, T) be a probability preserving dynamical system. For every
A € F, we set 74 as the first hitting time to A, i.e.

Ta(z) :=1inf{n >1: Tz € A}.

In many systems the behavior of the successive visits of a typical orbit
(T™x)y, to the sets A., with u(A:) — 0+ is often asymptotic, when suitably
normalized, to a Poisson process. Such results were first obtained by Doeblin
[6] for the Gauss map, Pitskel [17] considered the case of Markov chains.
The most recent developments concern non uniformly hyperbolic dynamical
systems, for example [19, 3, 8, 10, 11] just to mention a few of them.

An important issue of our work is that we take into account not only the
times of successive visits to the set, but also the position of the successive
visits in A, within each return. This study was first motivated by a question
asked to us by D. Szdsz and 1.P. Té6th for diamond billiards, that we address
in Section 6. Beyond its own interest, Poisson limit theorems for such spatio-
temporal processes have been recently use to prove convergence to Lévy
stable processes in dynamical systems; See [20] and subsequent works such
as [14]. Let us indicate that, at the same time and independently of the
present work, analogous processes have been investigated in [7].

We thus consider these events in time and space

{(n, T"x) : n>1, T"x € A} C [0,400) x £,

that we will normalize both in time and space, as follows.

The successive visit times have order 1/u(A;), which gives the normal-
ization in time. For the space, we use a family of normalization functions
H.: A. — V. A typical choice when ( is Euclidean would be to take for
A; an e-ball an H. a zoom which sends A. to size one. Another choice of
extremal processes flavor would be to consider A, as a rare event, and H.
would be the strength of the event. We will then consider the family of point
processes (N:)e on [0,+00) X V given by

Ne@)ei= Y St (T () (1)

n>1: T (z)EA,
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For any measurable subset B of [0, +0c0) x V,
No()(B) = #{n>1 : T"(z) € Ao, (np(AL), H.(T"(x))) € B}.

We will simply write N:(B) for the measurable function N.(B) : = —
No(z)(B).

The main result of the paper provides general conditions under which
the point process N; is well estimated by a Poisson point process P.. This
virtually contains all spatial information given by the space coordinate H.,
and the continuous mapping theorem could in principle be applied to recov-
er many properties related to recurrences in A.. We then present several
applications, with different maps, flows, and sets A..

The structure of the paper is as follows:

In Section 2 we present a general result which gives a convergence to
a spatio-temporal point process in a discrete time dynamical system, un-
der some probabilistic one-step decorrelation condition. Then we provide a
method to transfer this result to continuous time flows. All these general
results are proved in Subsection 2.3.

In Section 3 we introduce a framework, adapted for systems modeled by
a Young tower, under which one can apply the general results. In Sub-
section 3.2 we check these conditions in the case of hitting to balls in a
Riemmanian manifold.

In Section 4 we present several applications of the common framework
mentioned above to two different types of billiards: the Sinail billiards with
finite horizon, the Bunimovich stadium billiards.

In Section 5 we study the case of balls centered around a periodic point
in a uniformly hyperbolic system; as a byproduct we recover a compound
Poisson distribution for the temporal process.

Section 6 consists in a fine study of visits in the successive visits in the
vicinity of the corner in a diamond shaped billiard.

2. POISSON PROCESS UNDER A ONE-STEP DECORRELATION ASSUMPTION
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2.1. Results for discrete-time dynamical systems. Let (Q, F,u,T') be
a probability preserving dynamical system. Let (A:): be a family of mea-
surable subsets of Q with ;1(A;) — 0+ as ¢ — 0. Let V be a locally compact
metric space endowed with its Borel o-algebra V. Let (H.). be a family of
measurable functions H, : A. — V. Weset E := [0, +00) x V and we endow
it with its Borel o-algebra & = B([0,4+00)) ® V. We also consider the family
of measures (m.). on (V,V) defined by

me = p(H ()| Ae) (2)

and W a family stable by finite unions and intersections of relatively compact
open subsets of V', that generates the o-algebra V. Let A be the Lebesgue
measure on [0, 00).

We will approximate the point process defined by (1) by a Poisson point
process on E. Given 1 a o-finite measure on (E, &), recall that a process N/
is a Poisson point process on E of intensity n if

(i) NV is a point process (i.e. N = >, d,, with x; E-valued random
variables),

(ii) For every pairwise disjoint Borel sets By, ..., B, C E, the random
variables N'(By), ..., N (B,) are independent Poisson random vari-
ables with respective parameters n(Bi), ..., n(By).

Let M,(E) be the space of all point measures defined on E, endowed with
the topology of vague convergence ; it is metrizable as a complete separable
metric space. A family of point processes (N:). converges in distribution
to N if for any bounded continuous function f: M,(E) — R the following
convergence holds true

E(f(N2)) = E(f(NV)), ase—0. (3)

For a collection A of measurable subsets of €, we define the following
quantity:

A(A) = sup (AN B) — u(A)u(B)|. (4)
AcA,Beo(US2 T~ A)

Our main general result is the following one.

Theorem 2.1. We assume that

(i) for any finite subset Wy of W we have A(HZ'Wy) = o(u(A:)),
(ii) there exists a measure m on (V,V) such that for every F € W,
m(0F) = 0 and lim._,o u(H-1(F)|A.) converges to m(F).

Then the family of point processes (N2)e converges strongly* in distribution
to a Poisson process P of intensity A x m.

In particular, for every relatively compact open B C E such that (A X
m)(0B) =0, (Nz(B)): converges in distribution to a Poisson random vari-
able with parameter (A x m)(B).

We emphasize that Theorem 2.1 remains valid when ¢ is restricted to a
subsequence € — 0, in the assumptions and the conclusion.

L e. with respect to any probability measure absolutely continuous w.r.t. p
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Condition (ii) is equivalent to the fact that the family of measures (m.).
converges vaguely? to m. This is sometimes too strong, especially when the
m. are not absolutely continuous. Nevertheless, without this hypothesis,
our point process N: may remain well approximated by a Poisson process
P. with varying intensities A X m., in a sense that can be made precise.

Theorem 2.2. We assume that for any vague limit point m of (mg)e and
for any sequence & = (g converging to 0 achieving the above limit, there
exists a family We of relatively compact open subsets of V, stable by finite
unions and intersections, that generates the o-algebra V and that

(i) for any finite subset Wy of We we have A(HZ"Wo) = o(u(Ae,)),
(ii) for every F' € Wg, m(0F) = 0.

Then the family of point processes (N )e is approximated strongly in distribu-
tion by a family of Poisson processes (P:)e of intensities A X my, in the sense
that for any v < p and for every continuous and bounded f: M,(E) — R

E,(f(Ne)) —E(f(P:)) = 0. ()

Proof of Theorem 2.2. Suppose that (5) does not hold for some f. Then
there exists ¥ > 0 and a sequence €; — 0 such that for all &,

By (f(Ne)) — E(f(Pe,))| > 0. (6)

Up to taking a subsequence if necessary, we may assume that (mg, ), con-
verges to some m. Applying Theorem 2.1 with the sequence () we get
that (N, )r converges to a Poisson point process of intensity A x m, and
(P-, )k as well, which contradicts (6). O

This proof shows that the possible non convergence of the measures m.
is not a serious problem. In the rest of the paper, we will assume
without loss of generality - to simplify the exposition of our gen-
eral results - that the intensity measures involved in the results
converge to a unique limit. Clearly, if it is not the case, one can always
reduces the problem to that case by passing through a subsequence.

2.2. Application to special flows. In this section we show how to pass
from the discrete time setting to the continuous time one. Given (Q, F, 1, T')
and an integrable function 7 : Q — (0, +00), the special flow over (Q, F, u, T')
with roof function 7 : Q — (0,400) is the flow (M, T,v,(Y;);) defined as
follows:

M = {(z,t) € 2 x [0,400) : t<T(x)},
T is the trace in M of the product o-algebra F @ B([0, +00))

- ()
- \JpTdu |T’

2This means that for any continuous test function ¢ with compact support the integrals
me () converge to m(y). In particular m may not be a probability because of a loss of
mass at infinity.
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where A is the Lebesgue measure on [0, +00) and Yy(x,t) = (z,t + s) with
the identification (z,7(x)) = (T'(z),0), i.e.
ns(z,t)—1
)/s(.’IJ,t): Tns(l‘,t)7t+s_ Z TOTk([I,') 7
k=0

with ng(z,t) := sup{n : 7} 7o T*(x) < t+ s} the number of visits of
the orbit (Yi(z,1))ue(0,s) to 2 X {O} before time ¢. We will write

VeeQ, VneN, S,7(z ZTOTk and T :—/T(:):) du(x).
Q

We define also the canonical prOJectlon II: M — Q by (z,t) =z

Let (A;): be a sequence of subsets of M. We are interested in a process
that records the times where at least one entrance into A, occurs between
two consecutive returns to the base. This only depends on the projection
A; :=TIA.. Let V be a locally compact metric space endowed with its Borel
o-algebra V. Let (H:): be a family of measurable functions from A, to V.
This leads us to the definition

Ne(y) = > O(tu(A) /7, Ho (Vi (9))-
10 : Yi(g)eA. x{0)

Theorem 2.3. Assume that (N:)e, defined on (2, u,T) by (1) with A :=
A. and H. given above, converges in distribution, with respect to some
probability measure i < p, to a Poisson point process of intensity A X m,
where m is some measure on (V, V).

Then the family of point processes (N.). converges strongly in distribution
to a Poisson process P of intensity A X m.

2.3. Proofs of the general theorems. In this section we prove Theorems
2.1 and 2.3.

To show that the family of point processes (Nz). on R* xV = FE converges
(with respect to some probability measure P) to a Poisson point process
with a o-finite intensity 1, we can apply Kallenberg’s criterion (Proposition
3.22 in [18]). It suffices to prove that for some system R stable by finite
intersection and union of relatively compact open subsets, that generates
the o-algebra V x B(R™), the following holds:

For any R € R,

(0) n(9R) =0,

(A) E(WN=(R)) — n(R),

(B) P(NV:(R) = 0) — e "),
The last condition will be obtained from the simple next geometric approx-
imation.

Proposition 2.4. Let A be a collection of measurable subsets of Q. Then for
any r > 1, any positive integers p1,...,Pr,q1,- - -, qr Such that p; + q; < pit+1
foranyi=1,..r — 1, and for any sets Aq,..., A, € A we have
' T
p(Vi,ma, 0 TP > i) — [ J(1 = m(A0)% | <D~ aiA(A),
i=1

=1
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with A defined in (4).

Proof. We will write a = b+ ¢ to say that |a — b| < ¢. Note that for any
integer ¢ > 1 we have

{Ta, >} = T_l{TA1 >q— 1} — T_l(Al N{1a, > q —1}).
Using the T-invariance of u, this gives

Vi, 74, 0 TP > ¢;)
= u(Vi, T4, 0 TP7P > ¢;)
= u(Ta, > q1 — 1;Vi > 2,74, o TP P71 > )
— (A N {Ta, > q1 — 1;Vi > 2,74, o TPPL 5 1)
=(1—p(A1))u(ra, >q — 1;Vi > 2,74, 0 TPi—Pitl qi) £ A(A).

By an immediate induction on ¢; we obtain
/L(Vl > 1,TAZ.OTpi > qi) = (1—M(A1))qlu(Vi > 2,7",41.0Tpi7q1 > qi)j:qlA(A).

The conclusion follows by an induction on the number 7 of sets. O

Proof of Theorem 2.1. The strong convergence in distribution is by Theo-
rem 1 in [23] a direct consequence of the classical convergence in distribution
with respect to p. The later will be proven as announced using Kallenberg’s
criterion with 7 := A X m.

Let R be the collection of finite unions of open rectangles I x F', where
is an open bounded interval in [0,00) and F' € W.

Let R € R. We rearrange the subdivision given by the endpoints of the
intervals defining R to write R = R'U{J;_, (t;, si) X Fj, where t; < s;, F; € W
for i =1,...,7, s; < tjxq for every i = 1,...,7 — 1 and R’ is contained in a
finite number of vertical strips {t} x V. We assume without loss of generality
that R = (), as it will be clear from the sequel that the same arguments
would give E, [N (R')] — 0 and p(N:(R') =0) — 1.

Note that for all ¢ = 1,...,7r, mc(F;) — m(F;) as € — 0 by Hypothesis
(ii) and the Portemanteau theorem.

Condition (A) follows from the definition and the linearity of the expec-
tation. Indeed,

|
EJNZR) =D > uHN(F)) ~ Y (si—ti)m(F) ~ (Axm)(R).

=1, _|_1 i
n_LH(Xe)J+1

For Condition (B), set p; = [t;/u(A:s)] and ¢; = [s;/u(As)] — 1 — p; and
A= HZ'F;. Observe that NV.(R) = 0 is equivalent to Vi, Ta.; o TP > g;.
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By Proposition 2.4 and due to assumption (i), we have

pN(R)=0) = [ - p(A)% + ZQiA<{Aa,i})

i

= [ - w(A)ym(F))% + o(1)

i

= €Xp (Z QiM(Ae)me(Fi)> +o(1)

— exp (A x m)(R)) + o(1).

O
Proof of Theorem 2.3. Due to Theorem 1 of [23], the assumption holds also
di
with & s.t. d—u = 2, and it suffices to prove the convergence in distribution
T

of (N:): with respect to v.

By hypotheses, (N:): converges in distribution wrt I, (which coincide
with the probability measure on Q with density 7/7 wrt u) to a Poisson
point process P of intensity A x m, i.e. (N oII). converges in distribution,
with respect to v, to P.

Note that for y = (z,s) € M

Ne(y) = (Vey)«(N(I(y)))
with
¢6,y(t> Z) = ((SLt/u(As)JTa_Iy) - S)M(As)/%a Z)
We conclude using the facts that u(A;) — 0 and that S,7/(n7) — 1 v-
almost surely. O

3. A COMMON FRAMEWORK SUITABLE FOR SYSTEMS MODELED BY
GIBBS-MARKOV-YOUNG TOWERS

3.1. General result. The authors have studied in [16] the case of a tempo-
ral Poisson point process, corresponding to V = {0} and H. = 0 (Theorem
3.5 therein appears as Theorem 2.1 of the present paper in this specific
context). In the above mentioned article, the general context was the case
of dynamical systems modeled by a Gibbs Markov Young tower as studied
in [1].
Hypothesis 3.1. Let o, 5 > 0. Let Q0 be a metric space endowed with
a Borel probability measure p and a p-preserving transformation T. As-
sume that there exists a sequence of finite partitions (Qx)r>0 of an exten-
sion (Q, i, T) of (Q, u, T) by I : Q@ — Q such that one of the two following
assumptions holds:

(I) either supgeo, diam(I1(Q)) < Ck~*,

(IT) or supgeq,, diam(TIT*Q) < Ck~.
Assume moreover that, there exists C' > 0 such that, for every k,n with
n > 2k, for any A € 0(Qy) and for any B € o (Um>0 Qm),

Cov (14,150T" SC'/n_Bﬂ(A).
[Cou ( )
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Case (I) is appropriate for non-invertible systems, whereas Case (II) is
appropriate for invertible systems. Wide classes of examples of dynamical
systems satisfying these assumptions can be found in [1] (see also [21, 22]).

Proposition 3.2. Let (Q, F, u, T) satisfying Hypothesis 3.1. With the nota-
tions of the beginning of Section 2.1, assume that there exists p. = o(u(A:)™1)
such that

(i) p(ra. <pelAc) = o(1),
(i) p((9A) L") = o(p(Ae))
(iii) w(H-1(-)|A:) converges vaguely to some measure m,
(iv) for all F € W, m(0F) = 0 and p((0(H-1F))LlC4P="1| A,) = o(1).

Then the assumptions of Theorem 2.1 are satisfied.

We postpone the proof to the appendix. When assumption (iii) is missing,
one has to change (iv) accordingly, going through a subsequence £ = (&), a
family We and a limit point m to get that the assumptions of Theorem 2.2
are satisfied.

Remark 3.3. e Notice that the Assumption (i) is always satisfied
when the normalized first return time uw(A:)ta, to Ac is asymp-
totically exponentially distributed with parameter one, in particular
when the temporal process (corresponding to V.= {0}) converges in
distribution to a Poisson process of intensity A.

e [t may happen that one only has a nonuniform control of the diam-
eters instead of Hypothesis 3.1 (I) or (II). Indeed it is possible to
avoid these hypotheses. It suffices to replace (ii) with

p(0ALF) = o(u(A2)),

where in the non invertible case (1) oAk = UIL(Q), the union begin

on those Q € Q. such that diamI1(Q) > Ck=® and dA. NTI(Q) #
0, k. = |ps/2]; in the invertible case (II) gAke = UIL(T*=Q), the
union begin on those Q € Qop. such that diamII(T*Q) > Ck-®
and OANTI(T*Q) # 0, k. = |p./4]; The modification of the proof

of Proposition 3.2 is immediate.
The following result is helpful to get assumption (iv) in many cases.

Proposition 3.4. Assume that V is an open subset of R?, for some d >
0, that H. are h-Holder continuous maps with respective Holder constan-
t Cy(Hc), that there exists n. — 04 such that Ch(Hg)ng — 0 and that
me — m (where m is a finite measure on V' ). Then there exists a fami-
ly W of relatively compact open subsets of B, stable by finite unions and
intersections, generating the Borel o-algebra of V', such that

(i) m(0F) =0 for any F € W,

(ii) for any F € W,

p((OHTF)AL) = o(1).

Proof. (i) Let m; : R — R be the j-th canonical projection (i.e. 7;((x;);) =
z;). The set G7 := {a € R: (7j)+m(a) = 0} is dense in R, since its comple-
ment is at most countable.
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We then define W as the collection of open rectangles H;l:l(aj; bj) C B,
with aj,b; € G/. By construction m(0F) = 0 for any F € W. The density
of the G/’s implies that W generates the Borel o-algebra.

(ii) For any F' € W we have the inclusion
(OH1F)nel ¢ {19 IOy (Hene],
Hence, for every g9 > 0,
W((OHTF)) AL) < mo(OFCHIMEY) < (9 Mol
for any 0 < e < g, with Me, := sup.¢(g ) C’h(HE)ng. Therefore
T p(9HF) ) A2) < m(@F M),
which goes to 0 as g — 0 since m(9F') = 0. il

3.2. Successive visits in a small neighbourhood of a generic point.
The purpose of the next result is to give examples for which Theorem 2.1
applies for returns in small balls, in the same context as in [16].

Theorem 3.5. Assume that € is a d-Riemmannian manifold and that
dimpg p = lim,_,q W for p-almost every xg € Q. Assume Hypothe-
sis 3.1 with o > dimpg p.

Then for p-almost every xg € Q such that
36 € (1,0édlmH :u)a /,L(B(l’()’&) \B(:L'O’E—e(s) = O(,LL(B(.’L‘(),{-:))), (7)

the family of point processes

'/\/.é(x) - Z 5(n,u(B(x0,€),s_1 expgfo1 (T”:L"))
n: T™(z)€B(x0,¢)
is strongly approximated in distribution by a Poisson process P- of intensity
A x m% where m* = u(H1(-)|B(zo,¢)).

Proof of Theorem 3.5. We apply Proposition 3.2, assuming without loss of
generality that the measures m2° are converging.

Fix 0 € (§/a,dimp p) and set p. = ¢~7. The assumptions imply that the
temporal return times process converges in distribution to a Poisson process
of parameter one (See [16]). By Remark 3.3 this shows that Assumption
(i) of Proposition 3.2 is true. Assumption (ii) follows from (7). Finally,
the family W comes from Proposition 3.4 above, which proves also the last
assumption (iv) and thus the theorem. O

4. APPLICATIONS TO BILLIARD MAPS AND FLOWS

4.1. Bunimovich billiard. The Bunimovich billiard is an example of weak-
ly hyperbolic system (with polynomial decay of the covariance of Hélder
functions).

Let £ > 0. We consider the planar domain ) union of the rectangle
[—0/2;€/2] x [-1,1] and of the two planar discs of radius 1 centered at
(££/2,0). We consider a point particle moving with unit speed in @, going
straight on between two reflections off 0Q) and reflecting with respect to the
classical Descartes law of reflection (incident angle=reflected angle). The
billiard system (€2, 1, T') describes the evolution at reflected times of a point
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particle moving in the domain @) as described above. We define the set (2
of reflected vectors as follows

Q:={0Q x S* : <, T>>0},

where 7, is the unit normal vector normal to 0@, directed inside @, at g.
Such a reflected vector (q,¥) can be represented by = = (r,p) € R/(2(7 +
0)Z), r corresponding to the counterclockwise curvilinear abscissa of ¢ on 9Q
(starting from a fixed point on 0Q)) and ¢ measuring the angle between 7,
and . The transformation 7" maps a reflected vector to the reflected vector
corresponding to the next reflection time. This transformation preserves the
measure p given (in coordinates) by du(r, @) = h(r, ¢) dr dp where h(r, o) =

%. We endow Q with the supremum metric d((r, ), (7', ¢’)) = max(|r —

sl — ¢']).
Theorem 4.1. For p-almost every xo = (ro,po) € 2, the family of point
processes
Z (5(”52;1(3;0)7%)
n>1: d(T™(z),x0)<e
converges in distribution (with x distributed with respect to any probability
measure absolutely continuous with respect to the Lebesque measure on 1)

to a Poisson Point Process with intensity A X Ao, where here Ao is the 2-
dimensional normalized Lebesque measure on (—1,1)2.

o
N—

—~
S

S
~

Proof. The convergence comes directly from Theorem 3.5, case (II) with
a=1,(=1and dimyg p = 2, (due to [16], namely in Section 9 therein) and
from the fact that pu(HZ ()| A:) converges in distribution to the normalized
Lebesgue measure on By, _(0,1). To identify the intensity we observe that

wu(B(xo,€)) ~ cosppe?/(2|0Q)) as € — 0+. O
We now consider the billiard flow (M, v, (Y;);) with
M={(q,7) €Q x S' : ¢€0Q =< i, v >>0},

—f

where Y;(q,v) = (¢, 0") if a particle that was at time 0 at position ¢ with
speed ¥ will be at time ¢ at position ¢’ with speed ¥’ and where v is the
normalized Lebesgue measure on M.

An important well known fact is that the billiard flow system (M, v, (Y;)¢)
can be represented as the special flow over the billiard map system (€2, 1, T")
with roof function 7 :  — (0, +00) given by 7(x) := inf{t >0 : Yi(z) €
0Q x S'}. This enables us to get the following result.
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Corollary 4.2. For u-almost every xo = (ro,p0) € 2, the family of point
processes

Z 5( te2 cos ©0 Yt(yi*xO)

>0 : }/t(y)EBQ (CE(),S) 2w Area(Q)’

converges in distribution (with respect to any probability measure absolutely
continuous with respect to the Lebesque measure on M) to a Poisson Point
Process with intensity A X Ag, where here Ao is the 2-dimensional normalized
Lebesgue measure on [—1,1]? and where Bq(wo, <) means the ball in €.

Proof. Set T := fQ T dp. Due to Theorems 4.1 and 2.3, the point process

Z 5<t527cos<p0 Yt<y>*10)>
t>0 : Yi(y)€Ba(wo,e) srieel :

converges in distribution to a Poisson Point Process with intensity A x Ao.

Moreover 2w Area(Q) = fQ Tcos @ drdy = 2[0Q|T. -

4.2. Sinai billiards. Let I € N* and Oq,...,O; be open convex subsets of
T? with C3-smooth boundary of positive curvature, and pairwise disjoint
closures. We then set Q = T2\ |JI_, O;. As for the Bunimovich billiard, we
consider a point particle moving in ), with unit speed and elastic reflections
off 0Q). This model is called the Sinai billiard. We assume moreover that
the horizon is finite, i.e. that the time between two reflections is uniformly
bounded.

For this choice of @, we consider now the billiard map (€2, u, T') and the
billiard flow (M, v, (Y;):) defined as for the Bunimovich billiard in Subsection
4.1.

Under this finite horizon assumption, the Sinai billiard has much stronger
hyperbolic properties than the Bunimovich billiard (with namely an expo-
nential decay of the covariance of Holder functions), but nevertheless, com-
pared to Anosov map, its study is complicated by the presence of disconti-
nuities.

Theorem 4.3. For pi-almost every xo = (qo, o) € S (represented by (ro, ¢o)),
¢ [Return times in a neighborhood of x| The conclusions of
Theorem 4.1 and of its Corollary 4.2 hold also true.
e [Return times in a neighborhood of the position ¢y of (]
The family of point processes

Z 6 2en. T—TQ
n>1 : T™(xz)€Byg(qo,e) xSt <‘8Q|7 ‘ W)
(where x is represented by (r,y)) converges in distribution (with
respect to any probability measure absolutely continuous with re-
spect to the Lebesque measure on Q) to a Poisson Point Process
with intensity A X mg, where here mg ts the probability measure on
: ; ; cos(¢p)
[—1,1] x [=7/2;7/2] with density (r, ) — =7
e The family of point processes

2 6(%’?@;05")

t>0 : Yi(y)€Bg(qo,e) xSt
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converges in distribution (with respect to any probability measure
absolutely continuous with respect to the Lebesque measure on M)
to a Poisson Point Process with intensity A X mg, with mqg as above.

Due to [21], the Sinai billiard (€2, u, T') satisfies Hypothesis 3.1-(II) with
any a > 0 and any 8 > 0.

Proof. The first item follows from Theorem 3.5 as in Theorem 4.1 and Corol-
lary 4.2.

The third item follows from the second one as Corollary 4.2 comes from
Theorem 4.1.

Let us prove the second item. Let xo = (qo, ) € Q2. We set A.(xg) :=
[0 —¢&,q0+¢] x [7/2,7/2] and H. : (q,¢) — (€' (¢—qo), ¥). Note first that
w(Ae) = 2¢/|0Q| and that u(H:1(-)|Ae) converges vaguely to my.

We follow verbatim the proof of Theorem 3.5 which invokes Proposition
3.2, except for its assumption (i):

The convergence of the temporal process as in the proof of Theorem 3.5,
associated to the position of the billiard particle, is not present in the liter-
ature in these terms. However, a slight adaptation of [15, Lemma 6.4-(iii)]

gives that for any o < 1 and p-a.e. xg € 0Qx] — 5; 5[ we have

pu(ra. < e 71A:) = o(1).

That is (i) of Proposition 3.2 holds with p. =7 °. O

Let us write Ilg : M — @Q and IIy : M — S for the two canoni-
cal projections, which correspond respectively to the position and to the
speed. Using results established in [15], we also state a result of conver-
gence to a spatio-temporal Poisson point process for entrance times in balls
for the flows. We endow M with the metric d given by d((q,v), (¢, 7)) =
max(do(q,q'), |£(7,7")|), where dy is the euclidean metric in @ and where
Z(-,-) is the angular measure of the angle.

Theorem 4.4. For v-a.e. yo = (qo, Vo) € M,

e the family of point processes

Z 5( 2:2¢  HQ(Ye(¥))—g0 4<60,HV(Yt(y>)))

t: (Ya(y))s enters B(yo,e) at time t \™Area(@)’ c ¢

converges in distribution (when y is distributed with respect to any

probability measure absolutely continuous with respect to the Lebesgue
measure on M) to a Poisson Point Process with intensity A X my,

where 1y is the probability measure of density (p, @) — % {(fip, To) "

on St x [=1,1] (with (-,-)* the positive part of the scalar product in

R? and i, the inward normal vector to S at p).3

3In the limit, the authorized normalized positions are the positions located on a semi-
circle (corresponding to positions at which the vector ¥ enters the ball) and the normalized
variation of speed is uniform in [—1, 1]
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dh(v)=—2
[ hS(VO)ZO

H,(q,v)=(8(q).hdv))

e the family of point processes

1 (Ys(y))s enters B(qe)xSt at time t

2. 5( 2net _ Ho(ew))=do ,Hv(Yt(y))>

Area(Q)’ €

converges in distribution (when y is distributed with respect to any
probability measure absolutely continuous with respect to the Lebesgue
measure on M) to a Poisson Point Process with intensity A X my

where my is the probability measure with density (p, @) — ﬁ(ﬁp, )t

on St x §t. 4

H,(q,v)=( 15 %v)

Proof. We apply Theorem 2.3 to go from the discrete time to the continuous
time. Let A. := B(x,e) (resp. A. := B(g,e) x S!). Return times to
these sets have already been studied in [15]. We set A, := IIA. and study
the discrete time process associated to these sets. To this end, we apply
Proposition 3.2 after checking its assumptions.

We know that u(A:) = 2¢2/|0Q| due to [15, Lemma 5.1] (resp.
w(Az) = 2me/|0Q)| due to [15, Lemma 5.1]). So d = 2 (resp. d = 1).
Let 0 < d and § > 1.

Note that u((@AE)[Eé]) = o(u(Ae)). Due to [15, Theorem 3.3] (resp.
[15, Lemma 6.4], u(1a, < e 7|A:) = o(1).

We define B. := {(¢q,?) € 0B(zo,e) x S : (R, v) > 0}. We
endow it with the measure i given by dfi(q,¥) = cos ¢ dr dy with
@ = Z(Rg, V) and r the curvilinear abscissa of ¢ on dB(zg,€).

o Let 74 (y) :==inf{t >0 : Yi(y) € A}
e We define H, : A. — S* x [~1,1] which maps z = (¢,7) € A. to

e M Ig(Yr,, (2)) — qo, £(Vo, D)) (vesp. H. : Ac — S' x S' which
maps & = (¢,7) € Ac to (¢ oYz, (%)) — q),7)).

Note that the image measure of u(-|A.) by @ + Y7, () corresponds
to fi(-|Yr,_ (Ac)). Theset Y, (A:) consists of points of B. such that
(o, v) < ¢ (vesp. Y7, (A:) = Be).

“In the limit the authorized vectors are the unit vectors entering the ball.
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e Hence p(H; 1 (+)|Ae) is the image measure of pu(-|Yr, (A:)) by (¢,7) —
e Yq — qo, (Do, V)) (resp. u(H'(-)|A:) is the image measure of
p(-Be) by (q,0) = (¢7"q, 7).

Hence we obtain the convergence in distribution of these families
of measures.

e For the construction of W we use Proposition 3.4.

O

5. SUCCESSIVE VISITS IN A SMALL NEIGHBORHOOD OF AN HYPERBOLIC
PERIODIC POINT

5.1. General results around a periodic hyperbolic orbit. We consider
the case of a periodic point zy of smallest period p (i.e. p is the smallest
n > 0 such that T"xg = o).

By periodicity, returns to B(xg,&) appear in clusters, so that we cannot
hope that the return process is represented by a simple Poisson process.
However, the occurrence of clusters should be well separated and have a
chance to be represented by a simple Poisson Process.

Thus we define A, as the set of points of B(xy,¢) leaving B(xo,¢) for a
time at least qq, i.e.

90
Az—: = B(LL‘(),&S) \ U T_jpB(x()a 6)
j=1
and consider N; defined by (1) with this choice of A.. This definition of A.
essentially records the last passage among a series of hitting to the ball. We

emphasize that in general, one has to consider gy > 1 to avoid clustering of
occurrences of A. due to finite time effects®.

Lemma 5.1. Assume xo is a hyperbolic fized point of T and that T is
C'™ in a neighborhood U of the orbit xg, ..., TP ‘xg. Then there exist an
integer qo and a > 0 such that for any € > 0 sufficiently small, for any n =
1,...,|alogl/e], A.NT " A; = (), where A := B(xg,¢)\ ?0:1 T=PB(zq,¢).

For ¢ > 0 small enough, we define, as in Theorem 3.5, H. : B(xg,&)
B(0,1) by H. := e 'exp~!. We are interested in the behaviour of the point

processes (N:). defined by

Ne(z) = Y SnuBlaos). He (T (2)))- ®)
n : T"(x)eB(xo,e)

®Indeed, consider the determinant one hyperbolic matrix M = <_0062 7108 4>. The
vector v = (8?) belongs to the unit ball By, Mv ¢ Bl,M2v € B; and M3v ¢ Bj.

Assume that T preserves the Lebesgue measure p and has a fixed point zo such that
DT = M. Let A = B(wo,e) \ T~ B(z0,¢)°. One easily shows that the inequality

wAc NT2A) > w(B(xo,e) N T ' B(xo, &) N T 2B(zo,e) N T *B(z0,¢)°),
contradicts the assumption that A({A:}) = o(u(A:)).
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The extremal index defined by
e = —————

relates the above process to

N(z) = > S(np(Ae), Ho (T (2)) (9)

n : Tn(xz)eB(zo,e)\{zo}

in an obvious way. Indeed, ji/’5 =0, (./\75) where

O. (Z 5(%%)) = Z 80140 ) (10)

We see these processes as point processes on [0, +00)x B(0, 1) (where B(0,1) =
B(0,1) \ {0} is the open punctured ball).

Assume that 2 is a d-Riemmannian manifold. A p-periodic point of T
is said to be hyperbolic if T? defines a C' diffeomorphism between two
neighborhoods of z¢ and if DT,, admits no eigenvalue of modulus 1. We
write By for the spectral space associated to eigenvalues of modulus strictly
larger than 1.

Theorem 5.2. Assume that T~ is well defined on a small neighborhood
of xg and that (N:): converges in distribution to a Poisson point process P

with intensity A x m, then the sequence of point processes (N:)- converges
in distribution to the point process N = ¥(P) on [0,400) x B(0,1), with

la,,
v (Z 5(tn7xn)) Z Z 6(tn P (20)) 7

n:xn#0 k=0

where £, = inf{k >0 : DTy (y) € B(0,1)\ U™, DT B(0,1)}.

Proof. Note that m has support in B(0,1) \ Uj‘):1 DT,’PB(0,1).

Observe that, for every ¢ small enough, N.(z) is the image measure of

Ne(z) by

lap e

RE Z(stmwn DD Otk A T ()

n k=0
with
9
lye :=inf{k >0 : HT " (H 'y) € B0,1)\ | JT7B(0,1)}.
7j=1
Observe that, for every z € B(0,1),
ll_rf(l) Ez,s =Y,
and that, for every k, every ¢ > 0 and every = € B(0, 1),
lin(l)(t — kpu(AL), H.T " H - (2)) = (¢, DT:;]kp(x)).
e—

Let us consider a set R = Ujr;, s;[xF; such that EN(OR)] = 0 where
0 <r; < s; <riy1 and where F; are open precompact subsets of B(0,1).
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Note that, since the closure of U;F; does not contain 0, there exists K > 0
and €9 > 0 (depending on the F;’s) such that

sup  inf{k>0 : H'T"H.(y) € A.} < K
e€(0,60), yEU; F;

and
%)

sup  inf{k>0 : H'T " H.(z) € B(0,1)\ | JTB(0,1)} < K
86(0780)7y6UiFi

j=1

so that

vy e | JF, [ax € Ac, Tk € {0, boc}, y = HET_kp(x)} = l,. <2K.
7

By definition of ¢, ., for every y € |, Fi, every z € A., every k € {0, ..., 0, .}
such that y = H.T~*?(x), we have:
(0)
z=T"e(y)

with 7'1510) (y) := inf{k >0 : T*(y) € A}. Due to lemma 5.1, there exists
e1 € (0,e0) such that, for every € € (0,e1),

-(0)
vyelJF, {TF@W), k=0,..,K}NA. = {TT:(y)}.

Therefore, for every e € (0,¢;)

K
NE(R) = \ila,K(Ns)(R) = Na (U SO;;:(R)> ’
k=0
with

K
Ve k 25(tmxn) = Z Z Oty kpp(Ac), H.T—F0 H: ™ (20))
n n =0

k
and with . 1, : (t,z) = (t—kpu(A:), H-T-*?H-1(z)). Arguing analogously
for N and P instead of ./\~/'€ and N, we obtain

K
N(R)=Tg(P)(R) =P (U %ZI(R))
k=0

and
K
(A xm)(| ] ¢, " (9R))) = EN(OR)] =0,
k=0
with
_ K
\I/K : Zd(t7x) — Z Zé(tn,HsT_kagl(In)) .
n n k=0
and

put () = (tu(Ae), DT P (2)) .
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Since (N:)e converges in distribution to P, we conclude that (./\/'E (U ?:0 ot (R)))

3

converges in distribution to P (Uszo @k(R)). Moreover

k=0 k=0

k=0

with lim. 7. = 0. Since (N:). converges in distribution to P and since
N(OR) = 0, we conclude that

K K
(Na (U ¢1;1(R)> _NE (U ¢€,k(R)>>
k=0 k=0 €

converges in distribution to 0. Therefore (N (R)). converges in distribution
to N(R). O

Theorem 5.2 is designed for invertible systems, near a hyperbolic pe-
riodic point, and does not apply to expanding maps. Indeed, in such a
non-invertible situation, one has to define the set A, with the first passage
in the ball B(x¢,e) and not the last. More precisely, one has to set

Ac =T~ @D B(zg,) \ U, T/ B(xo, ).

We leave to the reader the generalization of Theorem 5.2 and the result of
the next section to this case.

5.2. SRB measure for Anosov maps. We now consider a C? Anosov
map 7" on the d-dimensional riemaniann manifold 2. We assume that the
measure 4 is the SRB measure of the system [12], and that z¢ is a periodic
point of T" of smallest period p.

Theorem 5.3. We assume that pu(B(x,2¢))e® = o(u(B(zo,€))) for some
bo > 0 sufficiently small. Then
(a) The point process N for entrances in Ac is asymptotically Poisson
Pe, of intensity A x m.
(b) The point process N for entrances in B(xo,) is asymptotically
U(P;). .
(c) The point process N for entrances in B(xo, ) is asymptotically
Oc(V(Pe)).-

(d) The return time point process

o= ) Guu(Bleos)

n: TrzeB(zo,e)

is asymptotically the compound Poisson point process 1O (V(P;)),
where w is the projection on the time axis.

The compound Poisson distribution (d) has already been established for
few dynamical systems [9, 10, 8, 2], typically with strong assumptions on
the dimension (1 or 1+1), the measure (non singular) and the shape of
the balls (e.g. products of stable and unstable balls). We point out that

6Indeed this happens when for example the pointwise dimension of p at xo exists and
is bounded away from 0 and oo.
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our result is valid for balls B(zg,¢) in the original Riemmanian metric and
with a possibly singular measure; Note that the convergence of the extremal
exponent 6. is not expected with singular measures.

Proof. Due to the proof of Theorem 2.2, we assume that (m.). converges to
some m. (b) will follow from (a) by Theorem 5.2. The fact that (b) implies
(c), which implies (d) comes from the definitions.

Let’s prove (a) by applying Proposition 3.2. It is well known that our
system satisfies Hypothesis 3.1-(II) for any «, 5 > 0. Our assumption on
(me)e ensures Assumption (iii) of Proposition 3.2.

Choose by, b such that 0 < by < b < ad,log \~!, with a given by Lem-
ma 5.1. Let p. = 77 with 0 = b — bg. By Lemma 5.1

e
n(A: N{7a. <pe}) < Z (A N T AL).
n=|alog1/e]+1
By Lemma 5.4 (with ¢ = 1) this sum is bounded by

pee’uB (0, 2€) = o(u(B(zo,¢€)))
by assumption. Hence assumption (i) of Proposition 3.2 holds by Lemma 5.6.

(ii) comes from Lemma 5.7 and (iv) follows as in the proof of Theorem 3.5.
(]

Lemma 5.4. For any a,b,c > 0 such that alog \+b/d,+c < 1, for e small
enough, for any n > alog1/e we have
(A NT AL < ebp(B(zg, e + €°)).

Proof. Let k > 0 small and consider a partition (or a cover with finite
multiplicity) of €2 by pieces of unstable cubes (or balls) W € W of size ! 7*.
Let V be the set of the V =T7"W, W € W.

We can disintegrate the measure with respect to V' such that for any set
Z

u(2) = [ wzVyauw). (11)

Since each W = T™V is a small piece of a smooth manifold, its intersection
with B(zo,€) consists at most in an unstable ball of radius Ce. Therefore
the proportion of the unstable volume of W N B(xzg,e) in W is bounded
by Ce"¥  where d, is the unstable dimension. By distortion, we get that
(T~ B(zq,¢)|V) < Cehdu,

Using (11) we get

w(B(xg,e) NT " B(xp,¢€)) = /]}M(B(azo,s) NT~"B(zg,e)|V)du(V)

< /V W B(20, &)V Ly rp(an,e)odin(V)
< Ce"hpu(B(xo, € + %)),
since diam V' < CA\Pel=F < g€, O

Lemma 5.5. There exists a constant dg > 0 independent of € such that

p(B(ro, 1)) < (1~ o)u(B(xo,<)).
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Proof. We fix a measurable partition V' of unstable manifolds such that the
d,~-dimensional Lebesgue measure of V' is bounded from below by a constant,
and xo € Uy dV, such that the disintegration (11) holds true.

Let p = I. Suppose that V € V intersects the ball B(zg,pe). Then

8
V intersects also the sphere S (:Uo,%le) in a point say z, and the ball

B(z, %e) NV is contained in B(zog, €) \ B(xo, pe). Since u(-|V) is equivalent

to the d,-dimensional Lebesgue measure, there exists g > 0 such that

p(B(x0,2) \ B(xo, pe)|V) = (B, : ; L)) > dou(B(wo, 2)|V)

and the lemma follows by integration. O

Lemma 5.6. The extremal index is bounded away from zero: 0. > qodj)rl > 0.

Proof. We first observe, using equation (17) that
7
B(xo,€) M {7B(ze,) 0 T* < qo} € T"*Blzo, ge).

for some integer g. Denote for simplicity B = B(xg,¢). By Lemma 5.5 this
gives
w(BN{rpoT? > qo}) > dopu(B).
Recall that
(Ae) = Ocp(B).

We have .
0
Bn{rgoT® >q} C | JT A,
j=0
hence
uw(BN{rpoT® > qo}) < (qo + 1)0-pu(B).
This implies that dyp < (go + 1)0-. O

Lemma 5.7. Suppose that T is C*T* and that o > 1 —1/d,,(x0). Then

#(B(l“o» 6) \ B(:UO, € — 66) = O(/J’(B(‘/E(]a 6)))

for any & such that d,(zg) < 25 < L.
Proof. We fix a measurable partition V' of unstable manifolds such that the
d,~dimensional Lebesgue measure of V' is bounded from below by a constant,
and xg € UydV, such that the disintegration (11) holds true.

Up to applying the exponential map at zy we assume that B(xzg,eq) is
the ball B(0, &) of R

Let € € (0,60). Let V € V. Let y € VN B(0,¢) \ B(0,e —£%). Up to
a rotation we suppose that locally V is the graph of a C'*® map ¢ from
U C R% to R4=% with d,o = 0 where x € U is such that y = (x, ¢(z)).
We have

(e =€) < |2 + |p(@)? < €% (12)

Let h € R% such that z+h € U and (z+h, o(z+h)) € B(0,¢)\ B(0,—£°).
We have

(e =)’ <z +n” +lp(x+h)? <2 (13)
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Subtracting (12) to (13) we get, setting a(h) = |p(z + h)|* — |p(z)|?, since
526 < 2,_:14r57

30 > ||z + A2 — [2> + a(h)| = ||h|* + 22 - b+ a(R)].

Assume that |h| > 6e'3". We fix a unit vector u € R% and seek for the
solutions h = tu of the above equation, which becomes

|t2 + 2z - ut + a(tu)| < 31t

Therefore, dividing by [¢| > 6e'3" we end up with
t 1
a(tu) Rt

2.

< —
-2
Let ¢, be two solutions. We obtain by subtraction
a(t'u)  a(tu)

t t

t+2x-u+

146
2.

t—t+

Note that the function g, (t) := @ is C! in the range of t’s, and

gu(t) = %(2(dw+tu¢u) oz + tu)) — a(ttZU)'

Since ¢ is C17 we have |dy1¢upu| = O(|t|%). In addition,
a(tu) = (|o(z + tu)| = (@) (lp(z + tu)| + |p(@)]) = Oelt] ).
This implies that |g/,(t)| = O(e[t|*~) = O(1+@D*5*) = o(1), hence

1+6

(t— )1 +o0(1)| <e7 .
Using radial integration this gives that the d,-dimensional Lebesgue measure
of those h such that (z + h,¢(x + h)) € B(0,¢) \ B(0,e — £°) is O(zslTH).
Hence pu(B(zo,¢€) \ B(zg,e — 9)|V) = O(e%é), and the result follows by
integration using (11). O

6. BILLIARD IN A DIAMOND

We consider a diamond shaped billiard, with no cusp. The billiard table
Q is a bounded closed part of R? delimited by 4 convex obstacles (T';);cz /47
(with C3-smooth boundary, with positive curvature) placed in such a way
that, for every i € Z/4Z, OT'; meets OI';41 transversely at some point called
corner Cj, but has no common point with 0I'; for j # i — 1,7 + 1. In our
representation of this billiard table, C7 = (0,0) is on the left side of @ and
the inner bisector at the corner C} is horizontal. We consider again the
billiard flow (M, v, (Y;):) and the billiard map (€2, 1, T") in the domain Q.

For any ¢ > 0, we put a virtual vertical barrier I. of length ¢ joining a
point aél) € 0I'1 to a point ag) € 0I'y. and we are interested in the times at
which the billiard flow enters the corner by crossing the barrier I.. So that
we define

Ao =1 xS, with St ::{27:(111,212)651 : v <0}
We take V := R x S and

He (g = (a1 2),9) = (£.7).
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He

Theorem 6.1. The point process

D S

YA
t>0:Y, €A, (”A”a(@ (it )))
converges in distribution to a Poisson point process on [—1/2,1/2] x S* with
density A X mg, with mg the probability measure of density proportional to
(q, V) = |v1| with ¥ = (v1,v2).

6.1. Notations, recalls and proof of Theorem 6.1. Let us recall some
useful facts and notations.

Due to the transversality of OI'y and 0I'y at (', there exist 0 < 6; < 65
such that, for € > 0 small enough, the distance on 0@ between C; and ag)
is between 01¢ and 6Os¢.

Here (2 is the set of reflected unit vectors based on 9Q \ {C1,...,Cy}. We
parametrize Q by U;cz,/47{1}x]0,length(0; N Q)[x [-2;Z]. A reflected
vector (g, 7) is represented by (4,7, ) if ¢ € O'; at distance r (on @ N ITYy)
of C;—1 and if ¢ is the angular measure in [—m/2,7/2] of (7i(q), V) where
7i(q) is the normal vector to 9Q) at gq.

For any Cl-curve v in Q, we write /() for the euclidean length in the
(r, ) coordinates of . If moreover « is given in coordinates by ¢ = ¢(r),
then we also write p(7y) := fv cos(p(r)) dr. We define the time until the next

reflection in the future by
(g, ¥) :=min{s >0 : ¢+ s € 9Q}.

We also define 77 : Q — (0, +00) for the time until the last reflection in the
past (corresponding to 7= = 77 o T~ when 7! is well defined) by

7 (¢, 0) :=min{s >0 : ¢+ s €Q},

with ¥~ be the reflected vector with respect to the normal to 0Q at ¢, i.e.
U~ is the unit vector satisfying the following angular equality Z(7i(q),v) =
Z(v7,1(q)). It will be useful to define Ry := {p = +7/2}, C+ = {(¢, V) €
Qg+ 7(q,0)0 € {Ch,....,C4}} and C— = {(q,0) € Q : ¢+ 7 (¢, V)0 €
{C1,...,C4}}. Observe that, for every k > 1, T* defines a C'-diffeomorphism
from Q\ S_4 to Q\ S with Sy := T*Ry U J¥ T~™(Ry U C4) and
S :=TFRyU Ufn_:lo T™(RopUC-). As for the other billiard models, we set
g : 2 — @ for the canonical projection.

Despite the absence of the so called complexity bound in billards with
corners, De Simoi and Toth have shown in [5] that some expansion condition
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holds, from which the growth lemma [4, Theorem 5.52] follows. It says that
for any weakly homogeneous unstable curve W one has

mw (rn, < 0) < "0 + cdmyy (W) (14)

where myy is the one dimensional Lebesgue measure on W, and r,(x) de-
notes the distance (on T"W') of T"(x) to the boundary of the homogeneous
piece of T"W containing x.

In particular, for those systems one can build a Young tower with expo-
nential parameters, from which it follows that Hypothesis 3.1-(II) is satisfied
for every a, 8 > 0.

Proof of Theorem 6.1. Let A. C 2 be the set of all possible configurations at
the reflection time just after the particle crosses the virtual barrier I. from
thse right side. Note that pu(A;) = m‘ﬁfs/Q,E/Z}X[fﬂ/2,ﬂ/2] cospdrdp =
wa-

Due to Theorem 2.3, it is enough to prove that (A:). converges to a
Poisson point process with density A x mg for the above choice of A. and
for H, : A, — R x SL, such that given by H. = H. o T o II with II the
projection defined in Subsection 2.2. To this end we apply Proposition 3.2.

The fact that Assumption (i) of Proposition 3.2 is satisfied for p. = 77
comes from Proposition 6.2. We take o > 3/0. Assumption (ii) comes from
the fact that the boundary of each connected component of JA. is made of
a part of Ry and of a C'l-increasing curve r = R(p) with R'(p) = 1/(k(r) +

cos(y)
T~ (ry)

leftside of I. coming from {agl), ag)} and to T(RyNA:). The image measure
of u(-|As) by H. is proportional to cos(¢)drdy where r is the position on
[—1/2,1/2] and ¢ the angle (in [-7/2,7/2]) between the vector (—1,0) and
the incident vector (i.e. the speed vector at the time when the particle
crosses I.). We take for W the set of rectangles of the form (a,b) x (¢, d) in
the above (r, ¢) coordinates. Outside the strips A. N{(r, ) |r— ag)\ < e?},
H. is K.e~2Lipschitz (indeed the jacobian is in O(e~!/cos ¢) < ce~2) and
so, using the argument of the proof of Proposition 3.4-(ii), we conclude that
(iv) is satisfied since pu(A4:) = O(e). O

) < 1/mink corresponding to reflected vectors in the corner on the

6.2. Short returns. The aim of this subsection is the following result.
Proposition 6.2. There exists 0 > 0 such that p(ra. < e ?|A:) = o(1).

To this end, we will recall useful facts and introduce some notations. Let
T0 :— mll’l(l’]) j#ii+1 dlSt(CrL, F])/].O

Definition 6.3. We say that a curve v of 0 satisfies assumption (C) if it
is given by ¢ = ¢(r) with ¢ Cl-smooth, increasing and such that minx <
¢ <maxk + %.

We recall the following facts.

e There exist Cy,C; > 0 and A\; > 1 such that, for every v satisfying
Assumption (C) and every integer m such that v N S_,,, = 0, T™~
is a C'-smooth curve satisfying Cip(T™v) > A"p(y) and {(y) <

Co/p(T).
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e There exist Co > 0 and Ay > )\i/ % such that, for every integer m,
the number of connected components of 2\ S_,, is less than Cy 5"
Moreover S_,, is made of curves ¢ = ¢(r) with ¢ C'-smooth and
strictly decreasing.

o If v C Q\ S_; is given by ¢ = ¢(r) or r = t(p) with ¢ or v
increasing and C' smooth, then T is C!, is given by ¢ = ¢1(r)
with min s < ¢} < max s + —— Moreover fT'y dp > fv dep.

min, 7+ °
e There exists mg such that, for every x € Q\ U, Lr=kC,, there
exists k € {1,...,mo} such that 7H(T*"1) > 7.

Let A, C Q be the set of possible configurations of a particle at the
reflection time just after the particle reaches the virtual barrier I, from the
right side. We observe that there exists Ko > 0 and g9 > 0 such that, for

every ¢ € (0,e), for every g between C7 and ag), the set of ¥ such that
(¢,7) € Ac has Lebesgue measure at least K.

Lemma 6.4 (Very quick returns). There exists K1 > 0 such that,
1
Vs> 1, p(T*(A)]A) < Ki(Aa/A7)%?.

Proof. Let ¢ € mg(A:). Let 71 be a connected component of Wél({q}) \ Ss-

We define v := vy NA.NT%A.. Let m be the smallest positive integer such
that min, 7 o T™= ! > 79. By definition of A. and of mg, m < min(mo, s).
Hence T™~ satisfies Assumption (C) and

£() </d<p</ de < U(T™y) < Cov/p(T™).
Y Tmy

Moreover, since v N S_g = (), we also have
p(T™7) < CLAT*p(T*).

But, since T~ is an increasing curve contained in A., we conclude that
9 €9

p(T*v) < fe. Hence
g("}/) S C[)\/ Cl)\T_SQa

By using the fact that ﬂél({q}) \ Ss contains at most CaA§ connected com-
ponents and by integrating on mg(A.), we obtain

m 1
Cov/ACICoAE (Ma/AE )%

T5(A)NAL) < length(mq(Ac)).
w(T75(A:) N A) < 2length(9Q) engthimolds)
We conclude by using the fact that y(Ae) > (1—sin Ko) length(mq(A:)) and
mQ
by setting K := %' -

Lemma 6.5 (quick returns). For any a > 0, there exists sq > 0 such that

e~ fa

Z n(A: NT™"A:) = o(p(Az))-

n=—aloge
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Proof. We take a measurable partition V of Q\ S; by the unstable curves

ﬁ—f = k(r). By disintegration there exist a probability measure i on V, and

a constant ¢ < oo such that for any measurable set B we have
B) < / mu (B)dji(W) =: io(B).
%

We define A, as the set of T—/2 where z € A. and j is the minimal integer
such that T~‘z does not belong to the sides adjacent to the corner. Any
corner sequence is bounded by some constant m depending only on the
billiard table, thus A, C UZ"ZlTEAE. It follows by invariance that
(A NT™"AL) < m? ‘IZI|1&X w(A.NT A,
<m

Therefore it suffices to control u(A. N T~ "A,).

Note that A, is at a long distance from the corner, hence there are finitely
many decreasing curves ¢;, j = 1..mg and a constant c¢ such that A, Cc V.
where :

Ve =Ui{(r,90): (1) — ce <o < gj(r) + ce}
where (7, p;(r)) represents a vector pointing exactly to the corner provided

its two adjacent obstacles are removed. In particular @é( ) < —k. We
denote the kth homogeneity strip” by Hj, for k # 0 and set Hy = Ujk|<ko Hi
for some fixed ko. Set s := min(—alog,1)/3. Let k. = €% and H® =
U< Hg. For any W € V we set W& = W NV, W, = WnNH and
Wg=Win V.. Each Wy is a weakly homogeneous unstable curve.

We cut each curve Wy into small pieces Wy, such that each T7 Wi.is
7 =0,...,nis contained in a homogeneity strip and a connected component
of @\ S;. For x € W[, we denote by ry,(x) the distance (in T"W) of T"(z)
to the boundary of TﬁWlii.

By definition of W¢

mw (Ae NT™"Ac) < my=(T~"VE)

<mw=(HS) + > myws({rn >IN T Vo) + mye (ry < e'79).
|| <ke
The first term inside the sum is bounded by the sum ), mWEi(T_"f/E)

over those i’s such that T"W , is of size larger than e!'=%. In particular

anWéi(T"Wlf.’i) > 175, On the other hand, by transversality
mrmwe (VE) < ce.
By distortion (See Lemma 5.27 in [4]) we obtain
mwg (T~ "W.) < ce’ mwe (Wi,).
Summing up over these ¢ gives the first term inside the sum is bounded by
mwz({rn > 51_5} N T_"ffa) < cssmwz (W5).
On the other hand, the growth lemma (14) implies that

mwe (rn, < el < el T 4 csl_smwg (W5).

"See [4] for notations and definitions.
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A final summation over k gives
mw (Ae NT"AL) < myy (Ve NHS) + e(e® 4+ e7%)mw (V2) + ck0"e! 5.
Integrating over W € V gives
p(Ae NTTAL) < po(Ve NHE) + O(17/%) = O(u(A:)e?),

where we used the fact that pg is equivalent to Lebesgue and Vin HE is
contained in the union of at most mg rectangles of width O(e) and height
k72 =%, We take s, = s/6. O

Proof of Proposition 6.2. Choose a = 1/(4 log()\g//\iﬂ). Observe that, due
to Lemma 6.4, we have

—aloge

K 1 K
Z M(T_SA€|A5) < 75()\2/)\12)_(110“3661/2 < 7;161/4.
s=1 )\2/)\12—1 )\2/)\12—1
This combined with Lemma 6.5 leads to
g~ Sa
> T AA) = o(1).
n=1

APPENDIX A. MORE PROOFS

Proof of Proposition 3.2. Item (ii) of Theorem 2.1 being satisfied by as-
sumption by W, it remains to prove Item (i).

Let Go = {G1,...,GL} be a finite subcollection of H-1W. Let t > 0. Let
A € 0(Go) and B € o(J)=! T~"Gy), with N., := |t/u(AL)).

Set X = (1T7j(Gl), cee 1T*J'(GL)) € RY. Note that 15 = 9(Xq, "'7XNs,t)
for some g: ({0,1}F)N=t — {0,1}. Note that if ¢ is small enough, N.; > p.
by assumption.

Let By = {g(O,...,O,Xl,...,XNE,t,pE) = 1} so that ’]-B —1p, 0 fp5| <
1(+, <p.}- Note that

(BN AJA:) — (B N AJA)| < pu(Ta, < pe|Ae) = o(1).
Moreover

(u(B) — w(B1)| < p(ra. < pe) < pepi(Ae) = o(1).

Set K := |p:/4].

Under (I), set M =0, Px = Qk.
Under (IT), set M = K, P = Qak.
It remains to show that

[1(B1 N A) — u(Br)p(A)] = o(u(Ae)), (15)
|Covia(Lions -1, Li-nrfi-1.4)| = o(A(TMITTTAL)).
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We approximate T-MII~ A (resp. Z/N:_Mfl_lf}a) by the union of the atoms
of Pk intersecting this set. We write A (resp. A.) for this union. Note that
T~MII'A c A (vesp. T-MII7'A. C A.) and that

ANTMIA C A = U Q
QEQx MITMQNAAY,TITM Q\ B, #0

and so (due to the assumption on the diameters of the atoms of Px),

pA) < Qi U Q

QEQxTITMQC(dA)Ck™]

< (@A) = o(u(A)).
Analogously
ANT MITYA, c AL = U Q
QEQK-TITMQNAAD,TITMQ\ A #D
and

(AD) = o(p(Ae)).
Finally we approximate T-™II~! B; by a union B of atoms of U(Uévjf P Pr)
such that T-MII1B; ¢ By and

Na,t_ps
BA\TMI'BicBj== ] F' U Q.
=1 QG'PKiﬁTMQCU;le(3Gk)[CK_°‘]
and
/Z(Bi) = (Ns,t - pe)O(M(AE))-
Therefore

|Covp(Li1451f1,) — Cova(1 4,15,

< |Covp(1z = Vponmpa, 1) + Cova(Lpnfg 1, — Lp-wiip, )|
< |Covp(Lar,13) + [Covp(1 4, 1p)]

+20i(AVi(B1) + 2u(A)i(BY)
< Colp(A)p™" + o(u(Ac)) (N = p)u(Ae)) = o(p(Ae)).

O

Proof of Lemma 5.1. Since the analysis is local, taking the exponential map
at xg if necessary we may assume that U C R? Let Ly be the Lipschitz
norm of T'. We first observe that if a > 0 is sufficiently small, then for any
e > 0small and n < alogl/e, ||x—xo| < e and ||T"x — z¢|| < € implies that

| T"xo — xo|| < [|[T"x — T"xo|| + || T"x — xo]| < Lye + &,

and thus n is a multiple of p. Hence without loss of generality we assume
that p = 1.
Let g be the integer given by Lemma A.1 for the hyperbolic matrix D,,T.
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Since the C'*® norm of T™ is growing at most exponentially fast, changing
the value of a > 0 if necessary, there exists ¢, L > Lg such that for any
x € B(xg,€),

| T2 — T"xg — Dy T"(z — x0)|| < L' < /2, (16)

for any 1 <n <alogl/e.

Let 2g < n < alog(1/e) and suppose that x € B(zg,e) N T~ "B(xo,¢).
Using (16) we obtain || Dy T™(z — 20)|| < |T"2 — 20| + £/2 < 3e. Thus
Lemma A.1 gives || Dy, T9(x — xo)|| < 3e. Using again (16) we get

% — Toao]) < | Day T — wo)| + /2 < 2.
Hence
B(w0,) N T~ B(xo, ) € T~B(ro, 1<), (17)
Set go = 2q. When n > ¢q this proves that
A-NT ™A, C A.NT79B(xg,¢e) =0,
while when n < ¢g the intersection is empty by definition. U

Lemma A.1. Let A be hyperbolic matrixz. There exists an integer q such
that for any vector v, any n > 2q, ||A%]|| < max(||v|, ||A™v||)/4.

We leave the proof to the reader.

REFERENCES

[1] J. F. Alves and D. Azevedo, Statistical properties of diffeomorphims with weak in-
variant manifolds. Preprint ArXiv:1310.2754.

[2] M. Carney, M. Nicol and H.K. Zhang, Compound Poisson law for hitting times to
periodic orbits in two-dimensional hyperbolic systems. J. Stat. Phys. 169-4 (2017)
804-823.

[3] J.-R. Chazottes and P. Collet Poisson approximation for the number of visits to balls
in nonuniformly hyperbolic dynamical systems, Erg. Th. Dynam. Sys. 33-1 (2013)
49-80.

[4] N. Chernov and R. Markarian, Chaotic billiards. Mathematical Surveys and
Monographs, 127. American Mathematical Society, Providence, RI, (2006) xii+316
pp-

[5] J. De Simoi, I.P. Toth, An Expansion Estimate for Dispersing Planar Billiards with
Corner Points, Ann. H. Poincarétextbfl5 (2014) 1223-1243

[6] W. Doeblin, Remarques sur la thorie mtrique des fractions continues (French),
Compositio Math. 7 (1940) 353-371.

[7] A. C. Moreira Freitas, J. M. Freitas and M. Magalhdes, Complete convergence and
records for dynamically generated stochastic processes, Preprint arXiv:1707.07071.

[8] J. Freitas, A. Freitas and M. Todd, The compound Poisson limit ruling period-
ic extreme behaviour of non-uniformly hyperbolic dynamics, Communications in
Mathematical Physics 321 (2013) 483-527

[9] N. Haydn and M. Todd, Ergodic Theory Dynam. Systems 36-5 (2016) 1616-1643

[10] N. Haydn, S. Vaienti, The compound Poisson distribution and return times in dy-
namical systems, Probability Theory and related fields 144-3/4 (2009) 517-542

[11] N. haydn and K. Wasilewska, Limiting distribution and error terms for the num-
ber of visits to balls in non-uniformly hyperbolic dynamical systems, Preprint arX-
1v:1402.2990

[12] A. Katok and B. Hasselblatt, Introduction to the modern theory of dynamical
systems, Cambridge Univ. Press, 1995.




(13]

(14]

(15]

(16]

(17]
(18]
(19]
20]
(21]
(22]

23]

SPATIO-TEMPORAL POISSON PROCESSES 29

V. Lucarini et al, Extremes and recurrence in dynamical systems. Pure and Applied
Mathematics (Hoboken). John Wiley & Sons, Inc., Hoboken, NJ, 2016. xi+295 pp.
I. Melbourne and R. Zweimller, Weak convergence to stable Lvy processes for
nonuniformly hyperbolic dynamical systems, Annales de lInstitut Henri Poincaré,
Probabilités et Statistiques, 51-2 (2015) 545-556.

F. Péne and B. Saussol, Back to balls in billiards, Comm. Math. Phys. 293-3 (2010)
837-866

F. Pene and B. Saussol, Poisson law for some non-uniformly hyperbolic dynamical
systems with polynomial rate of mixing. Ergodic Theory Dynam. Systems 36-8 (2016)
2602-2626.

B. Pitskel, Poisson limit theorem for Markov chains, Egodic Theory & Dynam.
Systems 11-3 (1001) 501-513.

S. Resnick, Extreme values, regular variation, and point processes, Springer Series in
Operation research and financial engineering, Springer 2008.

B. Saussol, S. Troubetzkoy and S. Vaienti, Recurrence, dimensions and Lyapunov
exponents, Journal of Statistical Physics 106 (2002) 623-634

M. Tyran-Kaminska, Weak convergence to Lévy stable processes in dynamical sys-
tems, Stochastics and Dynamics 10(02) (2010) 263-289.

L.-S. Young, Statistical properties of dynamical systems with some hyperbolicity,
Ann. of Math. 147 (1998) 585-650.

L.-S. Young, Recurrence times and rates of mixing, Israel J. Math. 110 (1999) 153—
188.

R. Zweimdiller, Mixing limit theorems for ergodic transformations, Journal of Theo-
retical Probability, 20 (2007), 1059-1071.

1)UNIVERSITE DE BREST, LABORATOIRE DE MATHEMATIQUES DE BRETAGNE ATLAN-
TIQUE, CNRS UMR 6205, BREST, FRANCE, 2)FRANGOISE PENE IS SUPPORTED BY THE
IUF.

E-mail address: francoise.pene@univ-brest.fr

FE-mail address: benoit.saussol@univ-brest.fr



