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April 6, 2010

The purpose of this paper is to establish a geometric scattering result for a con-
formally invariant nonlinear wave equation on an asymptotically simple space-time.
The scattering operator is obtained via trace operators at null infinities. The proof
is achieved in three steps. A priori linear estimates are obtained via an adaptation
of the Morawetz vector field in the Schwarzschild space-time and a method used by
Hoérmander for the Goursat problem consisting in writing conformal null infinity as a
graph. A well-posedness result for the characteristic Cauchy problem on a light cone
at infinity for small data is then obtained. This requires uniform Sobolev estimates
on a timelike foliation coming from a control of the norms of extension operators and
Sobolev embeddings. Finally, the trace operators on conformal infinities are built
and used to define the conformal scattering operator.

Introduction

Scattering theory is one of the most precise tools to analyze and describe the asymptotic behavior
of solutions of evolution equations. As a consequence, it has a great importance in relativity to
understand the influence of the geometry on the propagation of waves. Scattering in relativity
was developed by many authors: Dimock ([17]), Dimock and Kay (|20, 18, 19]) and more recently,
Bachelot ([1, 4, 2, 3]), Bachelot and Bachelot-Motet ([5]), Hafner ([25, 26]), Hafner-Nicolas ([28]),
Melnyk ([34]) and Daudé [15, 16].

The scattering method used by these authors relies on spectral theory: this requires the
metric to be independent of a certain time function. It has consequently been necessary to
develop a scattering theory which is not time dependent. As remarked by Friedlander in [22],
it is possible to use a conformal rescaling to study an asymptotic behavior. This method was
used for the first time by Baez-Segal-Zhou in [6] for the wave equation on the Minkowsky space-
time. Their method consisted in embedding conformally the Minkowski space-time in a bigger
compact manifold.

The conformal compactification of a space-time was first introduced by Penrose in the sixties
in [37] to describe the asymptotic behavior of solutions of the Dirac equations. A boundary, which
represents in some way the infinity for causal curves, is added to the manifold. This boundary
is divided into two connex components .# T and .# ~. When the spacetime satisfies the Einstein
equations (with no cosmological constant), .#+ and .#~ are light cones from two singularities
it and i~. The asymptotic behavior can then be obtained by considering the traces on these
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hypersurfaces of a solution of the conformal wave equation (more precisely the scattering operator
is obtained from the trace operators on .# ™ and .# 7). Asymptotically simple curved spacetimes,
that is to say spacetimes admitting a conformal compactification, with specifiable regularity at
it and ™, were constructed by Chrusciel-Delay (|11, 12]), Corvino ([13]) and Corvino-Schoen
([14]). Mason and Nicolas successfully adapted the method of Baez-Segal-Zhou in the linear
case for the Dirac and Dirac-Maxwell equation by in [32] on this curved background. They also
obtained a compete peeling result for the wave equation on a Schwarzschild background in [33].

This paper presents the construction of a conformal scattering operator for the conformally
invariant defocusing cubic wave equation:

VoVed + bd3 =0

on the asymptotically simple space-time obtained by Chrusciel-Delay and Corvino-Schoen. Our
construction relies on vector fields methods which were previously used to obtain the well-
posedness of the Cauchy problem equation (see the result of Cagnac—Choquet-Bruhat in [9]) to
obtain energy estimates. The choice which is made here is for the vector field is the same as the
one made in [33] and the techniques are essentially the same as in [32].

A specific method is used to handle the singularity in iT: the characteristic hypersurface is
described as the graph of a function. This method was introduced by Hérmander in [30] and
generalized in [36, 35| by Nicolas to establish the well-posedness of the characteristic Cauchy
problem.

The main obstacle and difference with the linear case are the necessity to obtain uniform
estimates of the non linearity. This requires to obtain uniform Sobolev embeddings from H*!
into L®. This is achieved by considering results concerning the constant associated with the
embeddings given by Stein ([39] for extension theorem) and Hébey ([29] for Sobolev embeddings).

The paper is organized as follows:

e the first section introduces the geometrical and analytical background: the space-times
obtained by Corvino-Schoen and Chrusciel-Delay are precisely defined and the function
space on the characteristic hypersurface at infinity are given.

e The a priori estimates are derived in section 2: these estimates are established in three
specific subsets of M: a neighborhood of i® where the estimates come from the asymptotic
behavior of the chosen vector field (the Morawetz vector field), a neighborhood of ™ where
the estimates are established by following the method developed by Hormander, and finally
in a neighborhood of a Cauchy hypersurface. The techniques consist essentially in the use
of Gronwall lemma and Stokes theorem.

e Section 3 is devoted to the well-posedness for small data of the Cauchy problem. The proof
is made as follows: estimates on the propagator of the cubic wave equation are established
from uniform Sobolev estimates. Using a contraction result, a local existence theorem for
the characteristic problem is then obtained for small data: the solution is constructed up
to a uniformly spacelike hypersurface close enough to the conformal infinity. Finally, a
Cauchy problem from this hypersurface gives a global solution.

e Finally, we prove in section 4 the existence of a Lipschitz conformal scattering operator
obtained from two trace operators.

e Section 5 introduces another approach for the a priori estimates based on a weakly spacelike
foliation. This part of the work remains unachieved because it requires a control of the
Killing form associated with the foliation. The author has not yet been able to obtain it.



Conventions and notation

Let (M, g) be a 4 dimensional manifold of Chrusciel-Delay,/ Corvino-Schoen type. Its compact-
ification is denoted by (M, §). The associated connections are denoted V and V.
Let us consider on M the following nonlinear wave equation:

VoVe® 4 b®% =0
We assume that:
a. b is positive;
b. b admits a continuous extension to M such that b vanishes at .% ;

c. b satisfies: there exists a constant ¢ such that, uniformly on M:

3e, | TV b] < cb.

Remark 0.1. a. The positivity of b corresponds to the defocusing case.

b. The vanishing of b on .7 implies that the non linearity vanishes at infinity. This hypothesis
1s made so that we do not have to deal with Sobolev embeddings on & .

c. Since M is compact, the differential inequality satisfied by b does in fact not impose another
specific asymptotic behaviour than the fact that T,V*¢ decrease and vanishes at the same
rate of b.

The following notations will be used:

e we will note:
¢SV
where ¢ and ¢ are two functions over U, a subset of M, whenever there exists a constant C,
depending only on the geometry, the vector 7%, the Killing form V(T® and the function

b, such as:
1 < C¢onU.
If the ¢ and ¢ both satisfy:
¢S Yand P S 9,
we say that ¢ and v are equivalent and note:
PP,

e The geometric notations are the following:

— The quantities with = are geometric quantities related to the unphysical metric.
— p[g] is the volume form associated with the metric §.

— If v is a form over M, then *v is its Hodge dual. If v is a 1-form and V the vector
field associated to v via the metric g, then:

*v = Vulg) or x Vo = Viu[g]

where Ju[g] is the contraction with the volume form p[g]

— iy is the restriction to the submanifold ¥. The pull-forward of a form v on M over
the tangent space to ¥ is denoted by % (X).



1 Functional and geometric preliminaries

We present in this section the geometric and analytic background to the present work. A
specific care is brought to the structure at null infinity and the definition of function spaces on
that structure.

1.1 Geometric framework

The geometric framework is based on the results of Corvino-Schoen ([14, 13]) and Chrusciel-
Delay([11, 12]). They gave a construction of asymptotically simple spacetimes satisfying the
Einstein equations with specifiable regularity at null and timelike infinities.

1.1.1 Asymptotic simplicity

The notion of asymptotically simple spacetimes was introduced by Penrose as a general model for
asymptotically flat Einstein spacetimes and their conformal compactification (see [38] definition
9.6.11):

Definition 1.1. A smooth Lorentzian manifold M satisfying the Einstein equations is said to
be (C*) asymptotically simple if there exists a smooth Lorentzian manifold M with boundary, a
metric g and a conformal factor Q0 such that:

a. M 1is the interior of M;

b. G =% in M;

c. § and Q are C* on M;

d. Q is positive in M ; Q vanishes at the boundary & ofM and d€) does not vanish at 7 ;
e. every null geodesic in M acquires a past and future end-point in &

We assume that the boundary .# is C? (which is sufficient for this work). It is known
that this boundary is a null hypersurface (that it is to say that the restriction of the metric
to .# is degenerate) provided that the cosmological constant is zero. Furthermore, .# has two
connected components .# T and .# ~ consisting of, respectively, the future and past endpoints of
null geodesics. .+ and .#~ are both diffeomorphic to R x S2.

The manifold (M, g) is usually referred to as the physical space-time and its compactification
is referred to as the unphysical space-time. In order to remain consistent with this notation all
along this paper, the quantities associated with the unphysical metric are denoted with a """.

1.1.2 Global hyperbolicity

An important assumption in the context of the Cauchy problem for a wave equation is the
possibility to write the equation as an evolution partial differential equation. This is usually
achieved by requiring that the manifold M is globally hyperbolic:

Definition 1.2. A Lorentzian manifold (M, g) is said to be globally hyperbolic if, and only if,
there exists in M a global Cauchy hypersurface, i.e. a spacelike hypersurface such that any
inextendible timelike curve intersects this surface exactly once.

A useful consequence of this is the existence of a time function on M and the parallelizability
of M, that is to say the existence of a global section of the principal bundle of orthonormal frames
(see the work of Geroch in [23, 24] and Bernal-Sanchez in [7]).

In the case of an asymptotically simple manifold (M, g), this property extends of course to
the manifold (M, §).



1.1.3 Corvino-Schoen/Chrusciel-Delay space-times
We can then introduce the spacetimes obtained by Corvino-Schoen and Chrusciel-Delay:
Definition 1.3. A space-time M is of Chrusciel-Delay/Corvino-Schoen type if:

a. M is asymptotically simple;

b. M 1is globally hyperbolic; let X be a spacelike Cauchy hypersurface; M is then diffeomorphic
to R x 20

c. M can be completed into a compact manifold by adding three points i°, it and i~ such
that S+ and %~ are respectively the past null and future null cones from i™ and i~ and
i® is the conformal infinity of the spacelike hypersurface Xo for the metric §;

d. there exists a compact set K in X0 such that (Rx X0\ K, g) is isometric to (Rx]rg, +00[xS?, gs),
where gg is the Schwarzschild metric with mass m and ro > 2m;

e. there ewists a neighborhood of i* such that the metric § is obtained in this neighborhood
as the restriction of a smooth (C?) Lorentzian metric of an extension of M in the given
neighborhood of it. The same property holds in i~ .

Remark 1.4. a. The result of Corvino-Schoen/Chrusciel-Delay states that the metric is iso-
metric to the Kerr metric outside a compact set; we restrict ourself to a Schwarzschild
metric.

b. The extension of the manifold M in the neighborhood of i™ was used by Mason-Nicolas
(see [32, 33]). The point i™ remains singular in M but it is nonetheless possible, because of
the existence of this extension, to consider geometric data in i+ (metric, exponential map,
connection, curvature) as being the one obtained from the Lorentzian manifold extending
(M, §) in the a neighborhood of this point.

c. The point i® is a "real” singularity of M ; nonetheless, the geometry is completely known in
its meighborhood. This singularity is the main problem we have to deal with in this paper,
being an obstacle to global estimates and Sobolev embeddings for instance.

The last part of this section is devoted to the geometric description around the point i, that
is to say in the Schwarzschild part of the manifold.

We consider here a neighborhood O in M of i% where the metric g is the Schwarzschild
metric. This metric, in the Schwarzschild coordinates (t, r,wgz), can be written:

g = F(r)dt* — T dr? — r?*d®wge
where: 5
m
Firy=1—-—
) =1-2

with m a positive constant. Introducing the new coordinates
1
r* =r+2mlog(r —2m),u=t—r* and R = —.
r
The metric can then be expressed:
2 2 L o
g=(1-2mR)d*u — ﬁdudR — ﬁd ws2.

where d?wsz stands for the standard volume form on the 2-sphere, which can be written in polar
coordinates (6, ¢):
d®ws2 = sin0dl A dg.



Its inverse is:

4 =2 1
g = ﬁauaR — (1 —2mR)9% — ﬁéé’.

The part of the Cauchy hypersurface 3, is then given by the equation {¢ = 0} in these
coordinates.
In the neighborhood O, the conformal factor is chosen to be:

Q=R
and is extended smoothly in M\O. The conformal metric is then:
g = R*(1 - 2mR)d*u — 2dudR — d*wgs.
and its inverse:
G ' =—-20,0r — R*(1 — 2mR)0% — 00,

The point 79 is given in these coordinates by u = —oo, R = 0.
The description of the geometry around i° is completed by the following lemma (lemma A.1
in [33]):

Lemma 1.5. Let € > 0. There exists ug < 0, |ug| large enough, such that the following decay
estimates in the coordinate (u,r,0,1) hold:

r<r*<(l+er,l<Rr'<l+e0<Rul<l+e,
1—e<1—2mR<1,0<s:@<1
T

Proof.The proof of this lemma is straightforward: it only consists in writing simultaneously
the asymptotic behavior or the continuity over M of each of the coordinates involved in the
lemma. &

Remark 1.6. a. As mentioned in the introduction, we choose to work in the neighborhood
of i% with the Morawetz vector T® defined by:

7% = u?, — 2(1 + uR)0g.
The squared norm of this vector is:
GapTT? = v?(4(1 + uR) + v>R%(1 — 2mR)).
This polynomial in uR vanishes at:

GlEV2ZME -2
1—2mR  1F+2mR’

so that, if R is chosen small enough, these roots are arbitrarily close to —2. Let € be a
positive number chosen such that the inequalities in lemma 1.5 hold for a given ug. The
larger zero of this polynomial satisfies:

-2 -2
< .
14++v2mR ~ 14 /e

-2
<—-1-—ce

14+~ ’

the norm of T is then uniformly controlled by:
GapTOT® = u*(4(1 + uR) + u>R%*(1 — 2mR)) > 4ule
on the domain QF = {(u, R,ws)|u < ug} N JH (o), J* (o) being the future of Xo.

Choosing € such that

b. Another criterion, given in proposition 2.5, will be required to define e.



1.2 Analytical requirements

We introduce in this section the technical and analytical tools which are required to the descrip-
tion of the solution for the wave equation.

1.2.1 Conformal wave equation

We recall here how the problem on the physical space time is transformed into a problem on the
unphysical space-time. This is based on the classic transformation of the wave d’Alembertian
operator:

Lemma 1.7. Let M a Lorentzian manifold endowed with the conformal metrics g and G = Q%g
where  is a conformal factor in C2(M). The connections associated with g and § are denoted
by V and \Y respectively.

Then, for any smooth function ¢ on M, the following equality holds:

VoV + %Scalgqﬁ =3 (@N“ (Q7'¢) + %Scalg (Ql¢)>

where Scal, and Scaly are the scalar curvatures associated with g and § respectively.

Assuming that we are working on a vacuum space-time, for which the scalar curvature
vanishes, the equation becomes:

Ao 1
VoVip =073 (vava Q') + 5 Scaly (Ql¢)> (1.1)
We obtain in particular the useful formula:
1
3V, VeQ = g Scaly. (1.2)

Let us now consider the Cauchy problem on the physical spacetime M:

O¢ +bg® =0
8|5, =0 € C5°(3o) . (1.3)
T9V.¢|y, = € € C5°(o)

Using this transformation, this Cauchy problem is transformed into a Cauchy problem on the
unphysical spacetime M as followed:

Lemma 1.8. The function ¢ is a solution of problem 1.3 if, and only if, the function
b=0"¢
is solution of the problem on g:
O + L Scalgyy + bip® = 0
U]y, = Q710 € C°(20)
ToVat]y, = & (€= (T°V0)§) € C(%0)
Remark 1.9. a. Because of the finite speed propagation, since the data on the physical space-

time are smooth with compact support on g, the data on the unphysical space-time are
smooth with compact support in Y.

b. Another consequence of the finite speed propagation is that, because the data remain with

compact support in g, we do not have to deal with the singularity in i°.



c. Conversely, it is possible to start with a Cauchy problem on X in the unphysical space-
time and obtain a Cauchy problem on the physical space-time: starting with the Cauchy
problem on M : R

O + £ Scalgty + by® =0

b, =0 € C5°(o)

TVaply, =€ € C5° (o)
then ¢ = Q) satisfies the Cauchy problem:

Op+by® =0
D), = € C5°(20)
TVapls, = Q6+ (T°Va)b € C5°(Xo)

1.2.2 Function spaces

The purpose of this section is to give a precise description of the Sobolev spaces which are used
in the present paper. Two problems are encountered in this section: the first one consists in
adapting the definition of Sobolev spaces on a null hypersurface and the second is the difficulty
coming from the singularity at i°. This difficulty has two aspects: the necessity to adapt the
definition of the Sobolev space to the singularity: this is solved using weighted Sobolev spaces
on .. Another aspect of this singularity is encountered in section 3.1.3.

We recall the definition of a Sobolev space on a uniformly spacelike hypersurface X: for a
smooth function v on ¥, consider the norm, when the integral exists:

P
] 2 = / S (1D*ulEdulh,
¥ k=0

where h is the restriction of the metric § and D is the restriction of the connection V to 3.

Definition 1.10. The completion of the space:
{uec=@)llull, < +oo}

in the norm || % ||pis denoted by HP(X).
When X is is a compact spacelike hypersurface with boundary, the completion of the space of
smooth functions with compact support in the interior of ¥ in the norm ||  ||pis denoted by

Hg (%)

Remark 1.11. [t is known that, when working on a Riemannian closed manifold, the Sobolev
spaces are independent of the choice of the metric. Nonetheless, this fact is not true any more
when working with a weakly spacelike hypersurface, as we are about to see. Arbitrary choices are
made for their definitions.

Because of the degeneracy of the metric, it is not possible to define on £ geometric quan-
tities that only depend on the metric §. Two solutions can be provided:

e lifting the metric from ¥y to & T;
e adding geometric information on £ by using the uniformly timelike vector field 1.

Following |27, 31| and using Geroch-Held-Penrose formalism, .#7 is endowed with a basis
(1%, n* €4, el) such that:



e [% and n® are two future directed null vectors; n® is tangent to .#; they satisfy:
1% 4 nt = /j—va;
in the neighborhood of i°, they are chosen to be:

1% = —20p and n® = 429,

o the set {I%,n} is completed by two vectors (e, e§) orthogonal to {I% n®}, orthogonal to
each other and normalized.

#* is then endowed with the volume form i*,, (1*,u[g]). The following norm is defined on .#*,
for u a smooth function with compact support which does not contain i® or i*:

N 2
n“Vu)
2 ( v
u = — + V 2U
ity = [ | g * [

2
|+ | i (o oula))

where ‘@Szu‘ stands for the derivatives with respect to (e, e$).

Following chapter 5.4.3 of Friedlander’s book (|21]), the Sobolev space H! on .# ¥ is finally
defined:

Definition 1.12. Let M be an extension ofM behind it and consider the function space D(.FT)
on It obtained as the trace of smooth functions with compact support in M which does not
contain i. The weighted Sobolev space H' (.7 1) is defined as the completion of the space D(.F+)
in the norm || x ||g1(.s+).

Since the volume form is written on the Schwarzschildean part of M as, using polar coordi-
nates:

wlg) = sin(0)du A dr A dO A dep,

this norm is written in the Schwarzschild part of the manifold:

1 ~
6l oy =2 (020000 + Feaol + 62 ) e
s+ \4
since, on ¥ T, o
n® = u?9, and §oqT°T¢ = 4u?

The metric at i* is obtained as the restriction of a smooth metric of an extension of M
beyond .# . As a consequence, a trace theorem could give another way, more intrinsic, to define
H(#% N O) where O is a bounded open set around ™. Another way to obtain the fact that
the point i does not matter in the definition of the Sobolev space over £ is to notice the
following property:

Proposition 1.13. The set of smooth functions with compact support on F+, whose support
does not contain it is dense in H(#7T).

Proof.The method of the proof relies on the construction of an identification between H¢ (X0)
and H'(#7T). This identification is brought by Hérmander in [30] and is obtained as follows.

Let ¢ be a smooth time function in the future of ¥y in M. This time function gives rise
to a local coordinate system, where ¢ is the time coordinate. We denote by 0; the vector field
associated with this coordinate. The flow associated with this vector field is denoted W,.

For = in X, let ¢(z) be the time at which the curve W,(x) hits £ and consider the
application defined by:

£€CF(Zo) r— (eI = E(T_y(v))



This application has value in C§°(.#) since the future of a compact set in ¥y has compact
support in #*. Furthermore, this application can easily be inverted:

EECR(IY) s (z€ I 5 & (V_ym)(2)) € C5° ()

and can consequently be used to define on .#* a Sobolev space by pushing forward the H'-norm
on Yg. The Sobolev spaces which are obtained are then equivalent on H!(.#7) since the norm
are equivalent on any compact set of .#T.

To prove the theorem, it is then sufficient to prove that the smooth functions with compact
support in Xy wich does not contain the preimage of it by the flow associated wit the time
function ¢. Since ¥y has no topology, it is sufficient to establish the following lemma:

Lemma 1.14. Let us consider the set of smooth functions defined in B(0,1) C R® with support
which does not contain 0. Then this set is dense in H*(B(0,1)).

Proof.It is sufficient to prove that the constant function 1 can be approximated by a sequence
of smooth function whose compact support does not contain 0.
Let f be the function defined on RT by:

e [ is a smooth function on RT with value in [0, 1];
e f=1in [%,+oo);
e f vanishes in [0, %]
Let us consider the sequence of smooth spherically symmetric functions defined by:
Vn € N,Va € B(0,1), ¢ (x) = f(n||z|]).
They satisfies, for all n in N:
e ¢, =1in B(0,1)\B(0, 5-);
e 1, vanishes in B(0, 5-);

e 1), is a smooth function on B(0, 1) with value in [0, 1] since it vanishes in a neighborhood
of zero.

Finally, the difference (1 — ), converges towards 0 in H!-norm:

11 = nl[F

/ ((1 - f(m"))2 + n2(f/(m’))2) r2drdws2
B(0,1)

4 L ) ) P
gﬂ' </0 (1= f(nr))*dr+n /1

A (f’(nr>>2r2dr>

([ 0 arypar s a0,

IN

n

The remaining integral converges towards 0 by Lebesgue theorem. As a consequence, the se-
quence (¢, ), converges towards the constant 1 in H'(B(0,1)).

Finally, let f be a function H'(B(0,1)) (or in H}(B(0,1))). Cauchy-Schwarz inequality
gives, for all n in N:

11 = n)lfin

2 2

1FQ = pa)lfe + [ [AIVA = wal]] L + [[IVAQ = vn)|[
211711 = Wnl -

(f1n)n is then a sequence of functions in H!'(B(0,1)) whose support does not contain 0 which

converges in H' towards f. @
Using this lemma in the neighborhood of the preimage of i™ immediatly gives the result. &

IN
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1.3 Cauchy problem

A well-posedness theorem in our framework is now stated. It is based on a result of Choquet-
Bruhat and Cagnac in [9] (and see also [10], appendix IIT for a survey on the wave equation,
and appendix IIT chapter 5 for our problem).

The geometric framework for this well-posedness theorem is the following (definition 11.8 in
[10]):

Definition 1.15. A space-time (M, g) is said to be reqularly sliced if there exists a smooth 3-
manifold ¥ endowed with coordinates (x%) and an interval I of R such that M is I x ¥ and the
metric g can be written: . .

g = N?dt? — g;;(dz" + B'dt).
and its coefficients satisfy:

a. the lapse function N is bounded above and below by two positives constants:

(¢, C),0 < c < N < C;

b. fort in I, the 3-dimensional Riemannian manifolds ({t} x M, g:.; = gi; © ) are com-
tyx M
plete and the metrics g; are bounded below by a metric h i.e.:

YV € TS, hijVIVI < g,i; VIV,

c. and, finally, the norm for the metric g; of the vector [ is uniformly bounded on M.

Remark 1.16. a. This hypothesis implies that the space-time is globally hyperbolic (theorem
11.10 in [10]).

b. The asymptotically simple space-time and its compacification which we are working with
do not satisfy this property.

The following theorem, obtained by Choquet-Bruhat and Cagnac in [9] , gives existence and
uniqueness of solutions to the Cauchy problem for a cubic wave equation:

Theorem 1.17 (Cauchy problem for a nonlinear wave equation). Let us consider the Cauchy
problem on the regularly sliced manifold (M =R x X, g):

O¢ + 2 Scaly¢ + bg* = 0

O oy =0 € H'(2)
_ 2
6tq§‘{0}xz =0¢e L*Y)

Then this problem admits a unique global solution on M in C°(R, H(X)) N CH(R, L3(%)).

As already noted (see remark 1.16), this theorem cannot of course be applied directly to the
compactification of M because of the geometry in the Schwarzschild part. This problem can be
solved using an extension of M constructed as follows:

a. Let 6 and ¢ be two function in H'(3g) and L?(3g) with compact support in the interior
of ¥y. Let K be a compact subset of ¥ containing the support of § and &.

b. Let £ be a time function on M such that X is given by {f = 0}; the associated foliation
is denoted by (X;) for ¢ € [0,T]; we assume that the gradient of this time function is
uniformly timelike for the metric g.

11



¢. The manifold (J*(K),g) is a 4-dimensional Lorentzian manifold with boundary. This
boundary is constituted of K, the light cone from K, CT(K), and the part of .# U {i*}
in the future of K. Since (M ,g) is extendible smoothly in the neighborhood of i*, there
exists a smooth extension of (J*(K),g) into a 4-dimensional Lorentzian manifold (M, §),
depending on the support of K such that the manifold M is diffeomorphic to [0, T] X3,
where ¥ is topologically equivalent to 83 and such that the foliation (X;) is extended into

the uniformly spacelike foliation ({t} x X).

Since M is compact, conditions 1 ,2 and 3 of definition 1.15 are clearly satisfied. As a
consequence, using theorem 1.17, we obtain the well-posedness in C°(R, H'(X)) of the Cauchy
problem for

O¢ + 4Scalyo + b = 0
¢|{0}x2 =0 € H'(X) with compact support in K
6tq§‘{0}xz =0c L?(X) with compact support in K

As a consequence, we obtain by restriction to J¥(K) and on M well posedness of the Cauchy
problem for data in Hg(3¢) x L?(20).

Remark 1.18. a. The extension of the solution of the wave equation to a cylinder was also
used by Mason-Nicolas in [33] (proposition 6.1) to obtain energy estimates.

b. The space C°(R,H'(30)) N C'(R, L*(X0)) C L>(R, L*(Xg)) is the space in which the
Qauchy problem is well-posed. M is nonetheless not diffeomorphic to a product R x X. If
M is extended in the same way, it is then possible to set a well-posedness theorem in this
space.

2 A priori estimates

The purpose of this section is to establish a priori estimates for solutions of the wave equation, in
the sense that it is possible to control the energy on .# by the energy on Xy and reciprocally.
These a priori estimates will be used in the next section to establish the continuity of the
conformal wave operator, its domain of definition and the existence of trace operators.

Let us consider in this section a smooth solution with compactly supported data of the

problem: R
D¢ + 1Scalyp + b = 0 (2.1)

and the associated stress-energy tensor:

R R . 1 ~ e ¢2 ¢4
Tab = va¢vb¢ + Gab —§VC¢V ¢ + 7 + bz .

The contraction of this tensor with T“, T“Tab, is called "energy 3-form"; it satisfies an "approx-
imate conservation law":

Lemma 2.1. The derivative of the energy 3-form satisfies:

Ve (TbTab) - (WGT””) T + <1 - %Scalg) STV o + T“@abf

This derivative will be designated as "the error term" since it arises in the volume term when
applying Stokes theorem.
A quantity which is equivalent to the integral:

/ PF(KTT )
S

12



Su = =
JJO:{R:O,u<u0} o = {u =m0}

07 = {t=0,u < ug}

Figure 1: Neighborhood of i°

on the hypersurface S is called an energy and is denoted by E(S). A global E(S) is piecewise
defined in the future of ¥y in propositions 2.5, 2.16 and 2.21. The purpose of this multiple
definitions is to simplify the comparison with other quantities.

2.1 Estimates in the neighborhood of 7’

The purpose of this section is to obtain a priori estimates for the energy associated with the
energy 3-form on .+ and Xy, using the fact that the geometry is known almost completely.

The estimates which are obtained in this section are close to the ones obtained for the linear
wave equation by Mason-Nicolas in [33]. These estimates are based on two main tools:

e an explicit control of the decay of the physical metric in the neighborhood of i°
e and the use of Gronwall lemma.

We define, in Qjﬂ ={t > 0,u < up}, the following hypersurfaces, for uy given in R:
e S, = {u=wup}, a null hypersurface transverse to .#+;

° Eg°> = Yo N {ug > u}, the part of the initial data surface Xy beyond S, ;

o . =Qf NI, the part of 1 beyond Sy,;

o Hy = Qf Nn{u = —sr*}, for s in [0,1], a foliation of Qf by spacelike hypersurfaces
accumulating on .#.

The volume form associated with g in the coordinates (R, u,ws2) is then:
u[g) = du A dR A dPwse. (2.2)
Finally, we consider the approximate conformal Killing vector field T

7% = 4?9, — 2(1 + uR)dg.

13



Remark 2.2. a. This vector field is timelike for the unphysical metric and, as such, is trans-
verse to % . More precisely, it is uniformly timelike in a neighborhood of i° (see remark

1.6 for the choice of the neighborhood).

b. Its expression is derived from the so-called Morawetz vector field in the Minkowski space
and was previously used to obtain pointwise estimates in the flat case.

The strategy of the proof in this section is the following:
a. writing an explicit description of the hypersurfaces S, and F{¥°;

b. proving energy equalities in both ways for f *TT using the Stokes theorem between the
hypersurfaces X} and J}°;

c. determining an energy F(H!") equivalent to [ *1%T,,;, from the decay of the metric g;
d. obtaining an integral inequality for E(H0) to apply the Gronwall lemma;

e. starting from point b, doing the same work from a Stokes theorem applied between .7,
and Hyo.

2.1.1 Geometric description

This section is devoted to the description of the energy associated with the nonlinear wave
equation in the neighborhood of 7°.

Proposition 2.3. The energy 3-form, written in the coordinates (R, u,0,1), is given by:
K19, = [u2(au¢)2 + R2(1 — 2mR) (u®0r¢0ué — (1 + uR)(9rd)?)
+ <%|Vg2¢|2 ‘f + b¢4>} sin(f)du A df A dip
1 2 3,2 2 2 2, 9 ¢* .
3 ((2+uR)® — 2mR*u?) (0r9°) +u <§|ng¢| + = +b— )] sin(0)dR A df A dip
+sin(0) [u?0u¢ — 2(1 + uR)Ord] (—pddu A dR N dw + Oppdu A dR A db)
The restriction of the energy 3-form can be written:

o to H,:
W5 (3T To) = (u?(0u9)? + R* (1 — 2mR)u*Or¢dud

—omR) <(2 +ul)t melR uR)> (0r0?)

R*(1
+ ( 2s s

u?R?(1 — 2mR)
L

2(1+ uR)) < |Vs2 | + —= + b¢4)> sin(0)du A dO A di;
e toSy:
ig, (xTTyp) = (% ((2+uR)® — 2mR*u?) (Or?)
¢2 ¢!
( |Vs20> + — + b— ) ) sin(0)dR A dd A dip;

14



e to Tt

4
Vs T Toy) = <u2(au¢>2 +1IVee @] + 62 + b;) sin(6)du A db A di).

Proof.For the calculation to come, let us denote by A, the quantity:
A= f%@6¢@0¢+ %2 + b%4
We calculate the general form of xT%T;:
KT, = (1?0 — 2(1 4+ uR)IL) Tup
= (u20up — 2(1 + uR)Ire) * Vipd + u> A% 1p[g] — 2A(1 + uR)Or sp§].
Using the expression of the volume form in the coordinate system (equation (2.2)), we obtain:

Duopld) = dRAd*ws2,  Ogoplg] = sin()dR A du A dé,
Oroplg] = —dund®ws, Opoplg) = —sin(0)dR AduAde.

V¢ is written in the coordinates (R, u,wgz) as follows:
Vo = —0r¢0u — (9ud + R*(1 — 2mR)0pd)0r — V2 ¢
its norm is then:
VedVo = (=0r0)°9(0u, 0u) + 20r0(0ué + R*(1 = 2mR)0r¢))9(Du, Or) — [Vs20|”
= —R*(1 - 2mR)(0r$)* — 20r¢0ud — [Vs20|*.
The Hodge dual of V,¢ is calculated by splitting V,u over (du,dR, dwg2):

*Vip = x(Qupdu + OrdpdR + Dppdd + dyde))
= Ou@dR A dwge — Ogpdu A dwge

The gradient of each coordinates is calculated:

Viu = §V,u= -0z VP = —sin(0)dy
VPR = -0, - R*(1-2mR)Or V% = -0y,
and, as a consequence,
*xdu = du A dwse *df = —sinfduAdRAdY
*dR = —dRAdws: + R?(1 —2mR)du A dws: *dyp = duAdRAdO ’
so that *V,¢ is:
*Vaop = Oyddu A dwsz + I (de A dwsz + R*(1 — 2mR)du A dwsz)

—Jp¢psinfdu A dR A dip + Oypdu A dR A df
= (0ud+ R*(1 — 2mR)Ore) du A dws: — IppdR A dws:
—0Ogpsinfdu AdR A dyp + Oydu A dR A df

The energy 3-form is then:
KTy = [zﬁ(auqs)? + R2(1 — 2mR) (u20p¢0ué — (1 + uR)(Ore)’

1 2, O ¢
+2(1+UR) §|V§2¢| + o5 +bz du A dws2

1 2 3,2 2 2 1 2 ¢2 ¢4
+ {5 (2 +uR)* = 2mR7) (0re") + u <§|VS2¢| +7+bz)]dR/\dwgz

+sin(f) [u?0u¢ — 2(1 + uR)Or¢] (—Oppdu A dR A dip + dydu A dR A d6)
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Remark 2.4. To calculate the restrictions of *TTy, to the hypersurfaces H, S, and FT, it
is necessary to give the restrictions of each of the differentials of the coordinates. Nonetheless,
since Oy and Oy are tangent to Hs, Sy, and I+, the only remaining 3-forms to consider when
restricting to these hypersurfaces are du A dwsz and dR A\ dwsz. This means that only du and dR
should be taken care of.

Noticing that
dr* -1

dR ~ R2(1-2mR)’

*

we get, on Hy, defined in QIU by u = —sr*:

R?(1 — 2mR) r*R?(1 — 2mR)
AR, = (f R - 2mR)

The restriction to H, of the energy 3-form is then:
ite, (1Top) = ([42(0u0)? + B2(1 = 2mR) (w0p0u6 — (1 + uR)(9n6)”

2 4
+2(1 4 uR) (%Wgwﬁ + % s ﬂ
+R (1 —SQmR)

[ (24 uR)? — 2mR3?) (9r¢?) + u® (—|v ¢|2+¢—2+b¢4)}
9 R 2 S?

du A dez
W5 (3T Top) = (u?(0u9)? + R* (1 — 2mR)u*Or¢dud

+R*(1 - 2mR) <(2 +uR)® m“jRB —(1+ uR)> (Ord?)

2s
<u2R2(1 —2mR)
+ P ———

S

o
+2(1+uR)>< Vsl + - + b5 >)du/\dwsz.
#7T is defined by R = 0; so the restriction to .# T of the energy 3-form is:

z’%(*TGTab):( (0u8)’ (|Vs2¢|+¢ —l—b—))du/\dwgz.

Finally, for S, which is defined by {u = constant}, we obtain:
% fa 1 2 3,2 2 2 (1 2, O 0
i, (T Tap) = 5((2+uR) —2mR*u?) (0re®) + u 5|VSZ¢| + 5 b dR A dwg:.®

Proposition 2.5. There exists ug, such that the following energy estimates holds on Hs in Q;FO :

2 4
/ e, (*T“Tab) ~ / <uQ(8u¢)2 + %(8@)2 + Vel + ‘75— b > du A dwg
Hs s

Proof.Let us consider the expression of if;_ (1T ):
i, (\TTw) = (u2(8u¢>)2 (2.3)

+R%*u*(1 — 2mR)Oppdy b (2.4)

u 2 mu2 3
mm((“ LIl —<1+uR>) (0r?) (2.5)

R*1-2
+ ( 2s

(u2R2(1 —2mR)
_l’_ i

S

+2(1+uR)) ( Verd| + 5 +b¢4) )du/\dwgz. (2.6)

16



Each of these terms is estimated separately using lemma 1.5 and the obtained estimates are
summed. Let ¢ be a given positive number and let ug be the non positive constant associated
to € via lemma 1.5; € will be chosen during the proof.
Nothing needs to be done for (2.3).
u _ |uf

For (2.6), since u is non-positive and s = —-% we have, on one side:

2R?(1—2
(M+2(1_|u|3))

(Rr*)(R|u|)(1 — 2mR) + 2(1 — |u|R)

S

< (Rr*)(RJul)(1 = 2mR) + 2
< (1—e(l+e)+2

and, on the other side:

(M Lol - |u|R)) — (R — 2mR)(Rlul) + 2(1 — [u|R)

> 1-(1—e) - (Rluf) +2(1 - [u[R)
> 2—(1+¢€)(RJu|)
> 2—(14+e¢)(1+¢)
> 1—2— € (2.7)

e is chosen such as (2.7) is positive.
For (2.5), the proof slightly more complicated. We have, since u is non-positive and s =

—L = l%‘, on one hand:
u 2 mu2 3
R%*(1 — 2mR) ((2 +28R) - SR —(1+ uR)) (Or0)*
= R*(1 — 2mR) (% — (mR)(R|u|)(Rr*) — (1 + uR)) (Oro)?
_ E 2 —9m * (2_|U|R)2_m u2_M M w
~ (mtorer) (- 2mmyrre) (=L iyl - s Blral)  2s)

< (Eowor) 1040 (B 1104 0).
(qono?) 1049 (55 )

Starting from equation (2.8), the lower bound for (2.5) is obtained as follows, setting X = |u|R:

(%(amﬁ) (1 — 2mR)(Rr*) <w — (mR)(RJul)® — g N %Rw')
> (yner) -0 (%(Rm - (mR)(Rr)X? - X+ X°)

E o) 1—¢) . 2_, €)X2
2<|u|(8R¢)> 5 (4 6X +3X (1+ )X)

The polynomial 4 — 6X + 3X? reaches its minimum for X = 1 and equals 1 at X = 1 so that:

B N (@R )l
() 1~ 2mm(r) (B=5E — ) f)? - 21+
R oNO-9 0
> (Donor ) L5 (- s o)

To deal with (2.4), we write:

|R*u?(1 — 2mR)Or¢d,¢| = (1 — 2mR) <R2|u|\/§83¢> (@u@u(b) ,
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so that:

1 2
|R*u*(1 — 2mR)drepdug| < (1— 2mR)3 (g (udud)” + §(R3|u|g)%(83¢)2)
3 5 1 3 R 5
< 2 ~1 =
< J0u0)" + 50+ 1 0r0)
Finally, the following equivalence estimates hold:
2 4
o [ (120002 4 1 (@ro 4 1Vsr0 4 5 405 dunduss < [ i (v1Tn)
5, |ul 2 4 5.
and
R R 2 4
[t (0T} < 0 [ (1007 + - 0mo + V0 4 G 405 ) dun dus
I, I, |u 2 4
where oo
1
C. = max <1,§(1 +e)3 (1+e¢) <(3+T€) +(1 +e)> ,(1—¢€)(1+e) +2>
and

11
Ce = min (Z,g —€eP(e), 1 —26—62) ,

where P(e) is a polynomial in €. ¢ is chosen such that the constant ¢, is positive. Using lemma
1.5, there exists ug, negative, |ug| large enough, such that the estimates of the coordinates hold
in QIU and, consequently, the equivalence is true on this domain.)

ug is now fixed, being equal to the uy associated with the € which ensures that the energy
equivalence established in proposition 2.5 holds. The neighborhood of i® where the energy
estimates are relevant is then Qf .

2.1.2 Energy estimates near i’

The energy estimates are established between 26‘°>, Sy, and ﬂuf) , by writing a Stokes theorem
between H, , S5 = {(u, R,ws2)|u = u = ug,u < —sr*} and I .
The first step consists in evaluating the error term:

Lemma 2.6. The error is given by:

ve (TbTab) = 4mR2(3 + uR) (0rd)? + (1 — 12mR) ¢ (u20,6 — 2(1 + uR)Ird) + Ta@abf.

Proof.The Killing form of the vector T is calculated via the Lie derivative of the metric:
Vialy) = Lzg

=L;(R*(1 - 2mR))(du)® + 2R*(1 — 2mR)L;(du)du — 2L (du)dR — 2L 4 (dR)du — 2L (dws?)
= —4R(1+uR)(1 — 3mR)(du)® + 2R*(1 — 2mR)d (L (u)) du — 2d (L (u)) dR — 2d (L4 (R)) du — 0

= —4R(1 +uR)(1 — 3mR)(du)® + 2R*(1 — 2mR)d(u*)du — 2d (u*) dR — 2d (—2(1 + uR)) du

= —4R(1+uR)(1 — 3mR)(du)? + 4uR*(1 — 2mR)(du)? — d4ududR + 4(Rdu + udR)du
= (=2R(1 +uR)(1 — 3mR) + 4uR*(1 — 2mR) + 4R)(du)?
= (12mR?* + 4muR®)(du?),

or, in the vector form:

VETY = 4mR*(3 + uR)OrOR.
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A direct consequence of the above formula is that the Killling form is trace-free:

VT, = 4mR*33+uR)j(Or,0r)
= 0.

The scalar curvature of the rescaled metric is given by equation (1.2); choosing Q2 = R gives:

1
G Sealy = RV, V'R
= 2mR.
Finally, the error term is given by:
4
VT T, = 4mR*(3+uR) (Ord)’ + (1 — 12mR) (T°V¢)¢ + T*Vab

= 4mR*(3+uR) (0r¢)’ + (1 — 12mR) ¢ (u?dud — 2(1 + uR)Ige)
R

Remark 2.7. As noticed in [33], one obstacle to the use of the parameter s for the foliation is
the fact that this parametrization in s is not smooth in the sense that (r*)~! is not a smooth

function of R at R = 0.

In order to avoid this singularity, the speed of the identifying vector field is decreased by
means of a change of variable: let 7 be the function defined by:

0,1 — [0, 2]
s =2(y/s—1).

fut is then given by s = 0 and 7 = 2 and Eg°> is given by s = 1 and 7 = 0. The new identifying
vector field V¢ is then chosen such that:

(2.9)

dr(V®) =1 so that V* = (r*R)% (1 — 2mR), /%a;{. (2.10)

The foliation Hs, when parametrized by 7, is denoted by X,
Finally, we can prove the following estimates:

Proposition 2.8. The following equivalence holds:
E(I.) + E(Su,) ~ E(55°7)

where

E(JJO) :/ Uy (*T“Tab) and E(Su,) :/ is, (*T“Tab).
Sy Sug

Proof.The proof of these estimates relies on Stokes theorem applied between the hypersufaces
Ss. = {(u, R,ws2)|u = ug, |u| > sr*}, Hy;) = By and 5§°7. Stokes theorem can be used here
since the data are compactly supported in ¥y and, as a consequence, the future of the support
of the initial data does not contain the singularity i. Let be M be the subset of Qf whose
boundary consists of these hypersufaces. We have:

/ . 0%, (FTTop) + / i% (xTTy) — / ) >i§0(*T“Tab)— = / o Ve (TbTa,,) 1[d]
Suo pe =00 My,
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and, using the notations in the proposition, the foliation given by 7 defined by equation (2.9)
and lemma 2.6, this becomes:

E(SZ(<;>)+ / i (T ) — / igo(*TaTab)
pI) " Ego>

— /OT </E {4mR2(3 +uR) (Or¢)” + (1 — 12mR) ¢ (u*dud — 2(1 + uR)Iro)

A 4 R
+T“Vabz}(r*R)g(1 — 2mR) mdu A dwgz>d7'

The error term is bounded above in absolute value; each term is evaluated separetly:

" R)E (1 — 2mR) | L amR2(3 + uR) (9r0)? |

|ul

— (" R)} (1 — 2mR)(3+ [ul ) (RJu) /2R (9re)?

|ul
<(l+0}1-(d40)- (1%)%% (0n6)’
R, .
S Tl (Oro)”™.

and

| (1—12mR) (r*R)Z(1 — 2mR) £u2¢8u¢| =|(1—12mR) (r*R)Z(1 — 2mR)/Ru|p(ud.|)

|ul
<1466 (1462 -1-(1+€) (62 + (uduo)?)

< ¢ + (udud)?.

|~

The remaining term is controlled by:

|(1 = 12mR)(r*R)? (1 — 2mR) %qbagqb < (1466)(1+€)2¢ ( %ama)
< 6040} (¢4 Hono?).

Remark 2.9. This term is the main obstacle in the use of the parameter s: if the foliation was
parametrized by s, this term would be replaced by:

(r*R)?(1 — 2mR
Jul

which cannot be compared to ¢* + WR‘@RQS)Q.

‘(1 — 12mR) )¢8R¢‘ < (1+66)(1+¢)”

$OR®
u

Gathering these inequalities, it remains:

/OT (/E {4m32(3 +uR) (Ore)” + (1 — 12mR) ¢ (u?dy¢ — 2(1 + uR)Ir o)

4
+T“Vabz}(r*R)g (1—2mR) |—Rldu A dwgz> dr
u

< / E(X,)dr.
0
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Finally, the following inequalities hold:

E(S,)+EB(Sw”) S [y B(E)dr+ E(S§°) (2.11)
B(Z5) S Jy B(E)dr + B(S:) + B(Si”)
Since E (SZ(UT)) is positive, the integral inequality holds:
E(X2;) 5/ E(X,)dr + E(Z°7).
0
Using Gronwall’s lemma, we obtain:
B(2:) S E(%5°7). (2.12)

Putting this inequality back into (2.11), we obtain the first part of the inequality, for 7 = 2:
B(S5) + E(Su,) S B(Z°7).

The other inequality is obtained by doing the same calculation between the hypersurfaces
Sug,s = {(u, R,ws2)|u = ug, |u| < sr*}, Hy and $¢°7. Let be M2 be the subset of 2} whose
boundary consists of these hypersurfaces. Applying Stokes theorem, using the parametrization
by 7 and the previous estimates of the error term, we obtain:

B < / B(S,)dr + B(F}) + B(§"0)
0

As a consequence, since the integrand in (S“OVS(T)) is positive, the following integral inequality
holds:

E(%,) < / E(S,)dr + E(F}) + E(S™).
0
The use of Gronwall lemma gives the second inequality:

E(X5°%) S E(S,) + E(S™)@

2.2 Energy estimates far from the spacelike infinity °

The estimates which are obtained in this section are widely inspired by the work of Hérmander
[30] and generalized in [36] to establish the existence of solutions for the characteristic Cauchy
problem for the wave equation on a curved background. The main tool consists in writing the
characteristic, or weakly characteristic (that is to say is locally either spacelike or degenerate;
this is also referred to as achronal) surface as the graph of a function and expressing all the
relevant quantities in term of this graph. This method was also used by Mason-Nicolas in [32]
to control how spacelike surfaces converge to null infinity.
M\Qjo N J+(3p) is divided in two parts as follows:

e let ¥ be a spacelike hypersurface in M for the metric § such that ¥ N .#+ = §,, N7+
and X is orthogonal to 7.

e the part of M \Qjo contained between Yy and X, denoted by V;

e and finally the future of ¥, containing ™, U. The subset of its boundary in .# is denoted
by 2.

This decomposition of the future of ¥ is represented in figure 2.2.
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Schwarzschildean part

+
qu —

N
\

o Sug

N

'l: \\\ % Zqojjo<

uo >
>0

Figure 2: Future of X

Remark 2.10. The fact that the timelike vector field 19 is orthogonal to the spacelike hyper-
surface is an assumption which is made about this timelike vector field. It is build outside the
Schwarzshildean part of the manifold as follows:

e outside Qjﬁ, Te s smoothly extended such that it is orthogonal to a uniformly spacelike
hypersurface Y. whose boundary is FT NSy, .

o The intersection of Sy, and . is the Schwarzschildean part and is given {u = ug, R = 0}.
The vector field T is then orthogonal to this 2-dimensional surface.

This subsection deals with estimates on U. As previously said, we use here Hormander’s
techniques which consists in writing .#" as the graph of a function.

We consider on U the flow associated with eff = Let t be the time function induced

by this flow. The set {e&} is completed in an orthonormal basis of M by choosing an orthonormal
basis {e?;i = 1,2, 3} of the spacelike foliation {3,} induced by ¢. For the sake of clarity, ¥ is
denoted X7 as corresponding to the slice {¢t = T'} (T is chosen to be non zero, in order not to

introduce confusion with X).
2.2.1 Geometric description of fTJr
Using the flow ¥, associated with e, f; can be identified with Xp:

ET — f;

¢ e U (o) (2.13)
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where ((z) is the time at which the curve ¢ — W;(x) hits .Z; . £ can then be considered as
defined by the graph of the function ¢ : € Xp — @(x).

We denote by V;p the derivatives of ¢ with regard to the vector tangent to X7 ef at time
T.

Remark 2.11. a. As noticed in the introduction, the spacetimes constructed by Chrusciel-
Delay and Corvino-Schoen have the specificity that the regularity at #+t\{i®,i*} can be
specified arbitrarily. In order to insure that some geometric quantities are defined, we
assumed that the manifold is C? differentiable at #T\{i®,i*}. The use of the implicit
functions theorem then insures that the function ¢ has the same regularity.

b. The function ¢ is defined on a compact set and as such admits a mazimum. This maximum
1s denoted by Tyaz-

The lapse function associated with this choice of time ¢ is denoted by N. The metric can be
decomposed as:
g = N?(dt)* — hx,

where h is a Riemannian metric on ¥; depending on the spacelike leaves of the foliation induced
by the time function, and N is the (positive) lapse function. Since the time function is build
from the vector ef, the vector field 0, satisfies:

0 = Neg.
The following lemma describes the geometry of .Z; in term of the parametrization:
Lemma 2.12. The vector N® defined by
N =ej — Z NV ;pej
je{1,2,3}

is normal and tangent to the hypersurface ﬂT+
The set of vectors defined by, for i € {1,2,3},

t; = NV pej — €3

are normal to N® and, as such, forms a basis of Tf;f.

Proof. The fact that N is null directly comes from the fact N¢ is normal to ., which is
a null surface. The derivatives of ¢ then satisfies:

N? Z (Vig)* =1

i=1,2,3
The tangent plane to ﬂTJr is given by the kernel of the differential of the application
z— (p(x), 7)

which is given by o
h® € Ep — b + gij(p(x), 2)Vieh’ Neg .
~—~
Ot

It is then clear that the set of vectors

tf = NViped — ef

1
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forms a basis of Tﬂ;f . N® is then a linear combination of them:

N = > NViptf.®

i=1,2,3

As a direct consequence of this lemma, the vector defined by

=i+ Y NViedf
7€{1,2,3}

is null and transverse to JT"’ .

In order to complete the geometric description of ﬂT"’ and facilitate the calculation afterwards,
we introduce the following objects:

e using the Geroch-Held-Penrose formalism, the set of two null vectors (7%, N*) is completed
by two normalized spacelike vectors (v, v$) tangent to % to form a basis of T'M;

e 7 is endowed with the 3-form:
Lo =t NEEAE
which satisfies:
Ta Aty Ato Nt = (L+ N Y (Vi)*)uld]
i=1,2,3
= 2u[g];
this 3-form will be used as the form of reference to calculate the energy on %}

Remark 2.13. The tangent vector n® used in definition 1.12 for the H'-norm on £+ is colinear
to the vector N°:

na

N = ——.
gchch
As a consequence, the norm used in definition 1.12 are equivalent.

Finally, in order to prepare the estimates, the expression of the 3-form *T%T,;, on the surfaces
¥ and f; is given:

Lemma 2.14. The restrictions of the energy 3-form *TTy to Xy, fort given in [T, Tz, and
f; are gien by, respectively:

: (15 0 o
i, () = 1170 | 5 D (eVa0) + 2+ 05 el ne2 e
i=0

and

-k a _ ||Ta|| as 2 av 2 ae 2 ¢_2 1 2 3

i (KT Tab = (NVad)” + (v5Vep)” + (v5Ve9)*) + 5 ta Nt AT,

T
Remark 2.15. a. The expression which is given for the energy form on % is consistent

with the one obtain by Hérmander, since it only depends on tangential derivatives to null
infinity. It is nonetheless not identical: the result of Hormander is similar to a calculation
made with respect to the Riemannian metric obtained from ¢ and the timelike vector field
Te.

24



b. The part of the energy form on & given by (v§ v 0®)? + (Ugﬁafﬁ)z is usually interpreted as
the norm of the gradient on a 2 sphere, even though the distribution of 2-planes Span(vy,v2)
is not integrable.

Proof.Using the basis (e )i=o

1
¥ can easily be calculated:

4 which is adapted to the foliation, the energy 3-form over

.....

R o R R 2 4
i, (1T) = (19900) i15,(90) + (- sV 0+ 5 405 ) i, (1)

Since the vectors {ef };=1,2,3 are tangent to the hypersufaces ¥;, we obtain:
o i, (¥To) = [|T||e§oplg] = [|Tles A el A e

i, (Vo) = eh Vi (egoplg]) = (5 Vio)el Ae2 Ael

and
4

2 4
i (*TaTab) = ||| lz:(eflvaqﬁ)Q + il + b¢— el ne2Ned.
+ 2 i 2 4 a a a

=0

To calculate the restriction of the energy form to .#;, the vector fields T and @qb are split
over the basis (N%, 7%, 0%, v%):

. T
b I > I (N® 4 70) (2.14)
. NV, ay, . .
Vi = 2V ¢7'b + T Z ¢Nb — (VIV )0} 4 vIV 4 v}
VepVedp = NVupr"Vad — (1§Vad)? — (v5Va0)%. (2.15)

The only relevant terms in the expressions of %, (*Vy¢) and (o (T}) are those which are
transverse to ., so that:

. A T . . S ay .
el = () i (Vo) = MFelin(r,)
T, a A _ N.d_a po
= o] = T opg]
= T A2 A3 = NVl A2 At3

and, finally, using equations (2.14) and (2.15), since the function b vanishes at .#:

’L;; (*TaTab) _ ( V Q/)Na a(b* V ¢VC¢+ ) ||1:L ||t1 /\t2 /\t3
- “1;” ((N*9ub) + (0 Va0)” + (05 Va0)) +6°) 1L AN D

2.2.2 Energy estimates on U

The techniques used in this section are exactly the same as in the other section: they rely on
Gronwall lemma and Stokes theorem carefully applied to the 3-form *TT .

The first step of the proof consists in establishing a decay result for the energy on slices
{t = constant}.

Proposition 2.16. Let E(X;) be the energy on the slice Xy:

4 2 4
E(%, / GZ (e4V,0) +¢—+b¢>uzt

=0
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where ps, = el Ne2 Ned.
Then this energy satisfies:

E(Z,) ~ / i, (*TaTab)
3t
and for s and t two real numbers in [T, Tpaz), such that t > s:
E(Zt) 5 E(Zs)
Remark 2.17. a. In this section, the calculations are made with respect to E(Xr) rather

than th 0%, (*T“Tab).

Proof.Since 7 is a non-vanishing timelike vector field on the compact M , there exists a

positive constant C' such that:
1

<
o<

and, as a consequence of lemma 2.14, the energy E(3;) is equivalent to th i35, (*TaTab) since:

| <c

1 )
— < X @ < .
SGE®) < /E i, (*T Tab) < CE(,)

Remark 2.18. The same result holds for the energy on ﬂT"’, that it to say that:

2
/ Dy (*T“Tab) ~ / <(N“Vaq§)2 + (V§Va9)? + (V5Va$)?) + ¢—> AN
gt T e 2

We denote by E(f;f) the right-hand side of this equation. The expression of this energy is not
intrisic, since it depends on the one hand, on the parametrization of T by the function ¢ and,
on the other hand, on the choice of a basis. The energy used by Hormander suffers from the
same property that it depends on the graph and on the chosen coordinate system.

We assume here that t > s and apply Stokes theorem between the surfaces X; and ¥s. The
part of . between the time ¢ and s is denoted .#! and the part of U between X; and X, U!.
The following equality holds:

/ i, (*TaTab) n / i, (*TaTab) _ / it (*TaTab)
PN B2 b3}

i 1 L Lo ot
— / <V(aTb)Tab + (1= 5Scaly)pT"Vag + T“VG%> w9
Ut
As it was noticed in lemma 2.14, the integral over .# T of the energy 3-form restricted to . is
positive. So the following inequalities holds:

/ Z’%t (*T“Tab) Jr/ 05, (*TaTab) f/ ZE?S (*TaTab)

N It .

<)
Ut

and, as a consequence,

NP 1 N A 4
(V(“Tb>Tab +(1- Escalg)doT“Vagb + T“Vab%> ‘ w[g]

/ i, (*TaTab)+ / i, (*TaTab)
M gt
4

lapbr % pulg] + / it (*TaTab) .
s

S/
Ut

s

1 A A
+ ‘(1 - EScalg)ngaVaqb

+ ’T"’@ab
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Since [, 1%, is non-negative (see remark 2.18) and

/ i, (*T“Tab) ~ E(2,),
¢
it remains:

E(S) S /U ;

Since U is compact, there exists a contant ¢ depending on @“Tb, Scal; and TV 4b which controls
each term in the error

4

AVAC Ak %u[g] + B(Z,).

+ ’T“@ab

+ }(1 - %scalg)(bfa@aqs

NN 1 . a . a 4
/ (V(“Tb>Tab +(1-— EScalg)qu“Vaaﬁ + T“Vab%) w[g]
Ut

in function of the energy on a slice at time r. To perform such an estimate, the 2-form V(a7
is split over the orthonormal basis (e?)izo,___A; each of the components is bounded by ¢. The
remaining terms, when contracting with T, are of either products of derivatives or functions
which can be estimated by ¢? or b¢* and their derivatives.

Finally, the volume form p[g] is decomposed over the basis (ef);—o

=0,...,

4, to obtain:
t
E(%) 5/ E(2,)dr + BE(Zs)

where the form dr is €2. So, applying Gronwall lemma, we obtain since we are working in finite
time:

E(X) S E(X).®

A straightforward consequence of this proposition is that all the energies on slices are con-
trolled by the energy on 3. This is a necessary step to establish the following proposition:

Proposition 2.19. The energies on ﬂT"’ and on X are equivalent:
E(2}) ~ E(S7).

Proof.The proof is based on the use of Stokes theorem. We denote by, for ¢t between T and

Tma:v:
e U, the part of U for time greater than t;
e 7" the part of #* for time greater than t.

Stokes theorem is used between the hypersurfaces .#," and %;:

[ o) [
IF Xy

A 1 .. . .t
:/ (V(“Tb)Tab—l—(l—ESCalg)qu“Va(b—l—T“Va%) u[g]
Uy

Using exactly the same estimate as in proposition 2.16 of the error term, we obtain:

/ ' (*TaTab) f/ Z;Jt (*TaTab)
,ﬁf P

Trmax
< / E(X,)dr.
t
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As a consequence, the two following inequalities hold:

Tmaz
[ (202a) = [, (vom) s [ B an (2.16)
oF by t

t

TTVL(LT
/ i%, (¥1Tus) - / i (WT°Tw) S / E(S,)dr, (2.17)
¢ ]; t
/ Z‘*]+ (*TaTab) Z / Z‘*]+ (*TaTab) .
TF Ir

We first deal with inequality (2.16). Since, according to proposition 2.16, all the energies on
a slice {t = constant} are controlled by E(Xr) for t > T, the integral ftTm‘”” E(X,)dr satisfies:

and

since

T’VTL(L’I?
/ E(S,)dr < E(S).
t

Using inequality (2.16), a straightforward consequence is:
/ o (*T“Tab) < B(Sp)
IL

and with remark 2.18:
E(47) S E(Zr).

On the other hand, to obtain the second inequality, we use Gronwall lemma in inequality
(2.17); this gives:

E(S) < / P (*T“Tab)
I+

and, consequently, for t = T
E(2r) S E(J7)-®

2.3 Estimates on V

The geometric situation in this section is almost the same as in the previous one since the
hypersurface S, is known to be null, the only difference being that an additional term comes
from the boundary of the future of ¥;°<. The energy estimates will then be obtained in exactly
the same way. Nonetheless, we wish to keep the term with an energy on the hypersurface S,
in order to compare these terms with the inequalities obtained in section 2.1.

It is clear that the time function which was defined in the previous section cannot be used here
since 7 is not necessarily orthogonal to 3y. We now consider another time function 7, defined
in V (or in a neighborhood of V, as done in remark 2.20 below) such that the hypersurface
{7 = 0} corresponds to ¥ and the hypersurface {7 = 1} to ¥ = X7. We consider on V the
orthonormal basis (e§, ef);=1,2,3 such that:

Vver

el =————
0 gchCTVdT

By construction, the vector fields (e?)i:172,3 are tangent to the time slices.
We introduce the following function:

a=1+ > (Jeafef)* > 1

i=1,2,3

where f¢ is the normalization with respect to the metric § of the vector field T,
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Remark 2.20. e The constant « is used to construct the so-called Lipschitz norm of the
foliation .

e Such a time function T can be constructed as follows: since M is globally hyperbolic, there
exists a time function on M. Let 7 be a time function. Let U= be the flow associated with
T and let Vy be the preimage of X on X by the flow. We then obtain a diffeomorphism
defined by:
Vo — b))
where ¢(x) is the time at which the curve T — Wz(x) hits X. The new time function T is
then defined as: let p be a point lying between Vi and X, p is written Wz (x); then

_ i
T(p) = 5(2)

satisfies the required assumption.

o T% and el are both uniformly timelike. Therefore, the scalar product
6 = gcdfceg

defines a positive function over V since T® and eg are both future directed and timelike
over a compact set.

The following notations will be used, in order to be coherent with section 2.1:
e the section of the initial data surface below ug is denoted %{°<;

e as previously introduced, the slices {t = contant} in V are denoted %;

e the part V between time ¢ and s (with ¢ < s) is denoted by V,*;

e the part of S, between time ¢ and s (with ¢ < s) is denoted by S};

The expression of the energy on S,,, are the same as the one define in 2.1 for (see proposition 2.3).
Since we are not working with an orthonormal basis, the expression of the energy is adapted to
this surface.

Following the method already used in this paper, a geometric description of of the energy
3-form is given and an equivalence result of the integral of the 3-form with an well chosen energy
is established:

Proposition 2.21. The restriction of the energy 3-form to Xy is given by:

05, (*T“Tab) = { ( (fC@cq?P

2(1+ Zz‘:l,zs(gcdfcedci)Q)

1 (geafelc;)? &9 ¢* P! gchCTd
Z 1— AV — 4+ b— p——ef Neg A
2 i:%B ( 143001 0.3(geafee’c:)? (Vs ) 2 "7 Geal e AN

and, as a consequence, the following equivalence holds, for all t in [0,1]:

/Ezz (*T“Tab)z/z (FVed) + D (e4Vad)® + ¢2+b¢ % A el A el

t t i=1,2,3

We denote by E(3;) this energy:

. 2 4
B = [ 000r+ 3 @a0r + G

a a a
el Ney ANes.
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Remark 2.22. This proposition together with proposition 2.16 states that the energy on a space-
like slice for two uniformly timelike (for the metric §) vector fields are equivalent. This justifies
that we write in the same way the energy in proposition 2.16 and in this proposition.

Proof.the strategy of the proof is the same as usual: the geometric objects are split over the
basis (f%, ef);=1,2,3 where f® is transverse to X; and (ef);=1,2,3 tangent to X;.
Considering the 4-form
faNeT ANes Nes

f® is decomposed as follows:

fe=Beg— Y dlef

1=1,2,3
with ) )
0 = geafef and BZ =1+ Y ()

i=1,2,3

The volume form p[g] satisfies:

~ 1 a a a
ulg) = Efa/\el Neg Aeg

and its contraction with the vector f¢ is:
fooplg) = | Beg — Y S | oulg) = Bef Aeg Aef
i=1,2,3
as a consequence, we have:
i5, (WTa) = [T, (xfa) = 1711 apulg] = || T Bes A e A es.
We then deal with @Cgb which can be written:

@c(b:bfc_ Z aieic
i=1,2,3
where
_ gabﬁa‘beg _ F*Vad + zi:l,Q,B 5i€?¢a¢
B 532

Consequently, its norm is:

b and a; = ef'V,¢ — bd' for i € {1,2,3}.

e Vo —1.2.3 06 Vo) .
Tt = L ¢+273§’2’3 AL R Tk

and the restriction to ¥; of ¥V is:

Wah 43 4508V,
i, (Vo) = (Ve Zzﬂ;’“ ‘ @z‘;t(*fa)

a a a
el Ney Aeg

B

[Vad+ Y e Voo

i=1,2,3

(2.18)
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Using these results, the energy 3-form is given by:

i, (L) = TV | [ £7Va0+ 3 eV, | AL20E

i=1,2,3 B
1 (f*Va0+ dim123 51efV )2 JUR $2 o
2 5 = 3 (@Vad) | b T A g Ak

| 2

1 cE 2 a 2/ 12 i)2 2 ? ¢4 ||Ta a a a
=95 | (fVep)" + E (efVag)* (B~ —(6")7) | + 8 <7 erz) 5 A Neg Nes
1=1,2,3

To get the equivalence, it is sufficient to notice that:

° gchCTd is a positive function over the compact V and, as such, is bounded below and
behind by two positive constants;

e as already noticed in remark 2.20, 3 is a positive function over V;

e and, finally, the scalar products 3, d; and the difference 82 — 6; are clearly bounded below
by 1 and above by a certain constant since we are working on a compact.

The energy equivalence then holds:

~ 2
. °V, 1 R 2 4
/ i (*T"Tab) z/ (Ved) + 5 (e?va¢)2+¢—+b¢— el Aed A eS®
m Xt 2 2,3 2 4

From now on, the strategy is exactly the same as in subsection 2.2.2. The fact that the
energy over X dominates the energy on all slices ¥; is established:

Proposition 2.23. The following estimate holds, for all t in [0,1]:
E(x) S EEX)

Proof.Let t be in [0,1]. The energy 3-form is integrated over the surfaces 3, ¥; and S};
Stokes theorem then gives:

/ i (*TaTab) — / is, (*TaTab) — / %, (*TaTab)
b st 7" A

t

A 1 AN Ao ot
= / <V(“Tb)Tab + (1 = ZScaly) T Vad + T“VG%> u[g)-
v
As in the proof of proposition 2.19, the error term is estimated considering that V(@7 has

bounded coefficients in the given basis, that Scal; is bounded and using the behavior of b. The
volume form is decomposed on the basis (dt, 631)172,3 as:

o dtnel ANeZned

o =

where egﬁat is a positive function and, as a consequence, is bounded above and below by two
positives constants.
We obtain, when contracting the volume form through ef in order to integrate in time:

1
< / E(y)dt.
4 t

SN 1 SN Lt
/w <V(“Tb)Tab +(1 - 6s,<;a1g)¢>Tava¢>+Tava“z’—> 19
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Using the energy equivalence proved in proposition 2.21, the following inequality then holds:
1
ESH+EX) < / E(Zy)dt + E(Y). (2.19)
t

Since E(S}) is non negative (see lemma 1.5 and proposition 2.3), (2.19) turns into the integral
inequality:

B(D) < /1E(Et)dt+E(E).

Using Growall’s lemma, we get:
E(X) S EXE)®.

Finally, the following proposition holds:

Proposition 2.24. The following estimates are satisfied on V :
E(%) = E(Su,) + E(35°7)

Proof.The energy 3-form is integrated over the surfaces o, ¥; and S§; the application of
Stokes theorem gives:

/E %, (*T“Tab) - /S ik, (*T“Tab) _ /E %, (*T“Tab)
z/ (@<“Tb>Tab+(1——sca1 V$T NV gp + T4V ¢4) 1[g).
Vi

The error term satisfy the same inequality as in proposition 2.23:

/ E(S

/ (V(“Tb)T (1 — —Scal $)0TV oo + TV )
v
As a consequence, the two following inequalities hold:
t
E(S{) +E(Xo) = / E(3)dt + E(%) (2.20)
0
t
E(x) < / E(%,)dt + E(S) + E(Z0). (2.21)
0
The right-hand side of inequality (2.20) is estimated via proposition 2.23 as:
t
| B s B
0
and, as a consequence, for ¢t = 1, the first part of the equivalence can be stated:

E(Syu,) + E(X0) S E(21).

Using the positivity of E(S}), inequality (2.21) becomes:
t
B(S) S [ BE)d+ B(Su) + E(So).
0

Using Gronwall’s lemma and setting ¢ = 1, the second part of the equivalence is obtained:

E(X) S E(Sy,) + E(30)-®
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2.4 Final estimates

Finally, using the three propositions 2.8, 2.19 and 2.24, the following a priori global estimates
hold:

Theorem 2.25. Let u be a smooth solution with compactly supported data of the nonlinear wave
equation:

1
Ou + gScalgu +bu? = 0.

Then, the a priori estimates hold:
E(3) =~ E(4T).

Remark 2.26. a. The solution of the wave equation is assumed to be smooth in order to
avoid the problem of defining trace operators for weak solutions of the equation. Nonethe-

Faid
less, using a usual trace theorem, as soon as u is in H?2 (M), its trace over F T and Xq is

well defined.

b. Furthermore, in the framework of a (characteristic) Cauchy problem, it is know that the
solution is in Hl(M) Using the same theorem of existence of trace operators, u is only
in H2(Xo) or Hz(F1), which is clearly not sufficient to write such estimates. It will be
shown in section 4.1 that these operators are well defined and with values in H*(3g) or
HY(7T).

Proof.Let us consider the hypersurface Xg. This hypersurface is split in $4°< and %30
E(X0) = E(Z5°%) + E(Z°7).

Using proposition 2.8:

proposition 2.24:
E(Su) + E(Z5°%) S E(S7),

and proposition 2.19:
E(¥r) < BE(J7),

we obtain the first part of the apriori estimate:
E(%0) S BE(Jf) + E(Sy) = E(I7).

Conversely, let us consider

E(I) = E(S}) + E(I]).

Using proposition 2.19:
E(J7) S E(Sr),

proposition 2.24:
E(27) S E(Su,) + B(Z5°7),

and proposition 2.8:
E(Su,) + E(A) S E(55°7),

we get the other side of the inequality:

E(IT) S EXEPT) + E(X°T) = E(X0).®
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3 Goursat problem on .#*

We show in this section that there exists a unique solution to the Goursat problem on .#* for
characteristic data in H*(.#1):

Clgp + LScalyp 4 bp® = 0

sl § 00, (3.1)
¢,y =0 HY(IT).

It is known (see [30]) that the linear Goursat problem on a smooth weakly hypersurface admits
a global solution; nonetheless, due to technical problems coming from the singularity at 7%
(essentially the fact that some Sobolev embeddings are not valid), the existence of a global
solution must be justified carefully.

The proof of the existence for problem (3.1) is made in three steps:

a. considering two solutions of the wave equation, estimates on the difference of these solutions
are established; the main technical problem, which consists in obtaining uniform Sobolev
estimates, is encountered and solved in section 3.1.

b. Let 8§ be a uniformly spacelike hypersurface for the metric § in the future of ¥y and
close enough to .#*. The existence of solutions for problem (3.1) with characteristic data
whose compact support contains neither i° nor 4 is obtain through a Picard iteration in
the future of § for small data in section 3.2.

c. Then this solution is extended down to ¥y, by means of a Cauchy problem on 8 and density
results in section 3.3.1.

d. Finally, using estimates for the propagator between .#% and ¥y obtained in section 3.1,
the result is extended to H'(.#71) for small data in section 3.3.2.

3.1 Continuity result

This section is devoted to the proof of a continuity result in function of the characteristic data,
although an existence theorem has not yet been stated. Consequences of these estimates wil be
required to obtain well-posedness of problem (3.1).

3.1.1 Technical tools

The greatest problem when dealing with foliations is the difficulty to obtain uniform estimates
of the non-linearity. This requires that the constants associated with the Sobolev embeddings
are controlled uniformly over the foliation. Two theorems are given to control these constants.

The first one is a result by Hébey-Vaugon which is used to obtain a uniform control over the
Sobolev constant for the embedding from H' into LS on the leaves of a foliation. The result is
the following (theorem 7.2 in [29], adapted to dimension 3) :

Theorem 3.1 (Hébey—Vaugon, 1995). Let (X,g) be a smooth complete Riemannian manifold
of dimension 3. Suppose that its Riemann curvature R;ji; and its injectivity radius inj, satisfy:

3()\1,)\1,@'), ||Rijkl||g < A1, ||VaRijkl||g < X2 and injy > .

Then there exists a constant B depending only on A1, Ao and i such that, for all functions u in

HY(M): 3
(/M |u|6du[9]) < \/E/M |Vul?dulg] + B/M w2dylg),

where ws is the volume of the unit sphere in R*.
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The second useful result is an extension theorem. It is used in the following as an intermediary
result to apply theorem 3.1. As previously, it is necessary to control the norm of the map (see
chapter VI, theorems 5 and 5’ in [39]):

Theorem 3.2 (Extension theorem). Let U be a bounded open set in R™; we assume that its
boundary OU is C differentiable.
Then there exists an operator & from H*(U) into H'(R™) such that:

a. for all f in HY(U), &(f) b= f; & is an extension operator;

b. there exists a constant C' depending only on the Lipschitz constant of the boundary such
that, for all f in HY(U):
I1E (e @ny < Clf Il vy

Remark 3.3. There exist variations of this result: the constant C' can de replaced by the L*>°-
norm of the maps on the boundary or the curvatures and its derivatives when QU is more reqular.
More precise estimates can be found in [8].

3.1.2 Uniform Sobolev estimates on uniformly spacelike foliations

When dealing with apriori estimates in section 2, the problem of controlling the nonlinearity
was avoided by assumptions on the asymptotic behavior of the function b. Controlling the non-
linearity in function of the H'-norm is a way to remove these assumptions. This is done by
obtaining uniform Sobolev embeddings over a foliation.

Proposition 3.4. Let (M, g) be a four dimensional smooth Lorentzian manifold; let (S¢)ter be
a foliation of M by uniformly spacelike hypersurfaces with smooth boundary; we assume that I
is a compact interval in R and that the hypersurfaces ¥; can be embedded in simply connected
open sets of R3.

Then there exists a constant Kgop, depending only on the geometry of the foliation such that:

vt e LYf € H' (), [|fllessy < Ksobl|fllms,)-
Remark 3.5. This constant depends on:
e the supremum of the Lipshitz constant of the boundaries of the hypersurfaces 3;

e the supremum of the curvatures and its derivatives of the hypersurfaces of a given extension
Of the Et,'

e the infimum of the injectivity radii of a given extension of the ¥;.
Proof. To obtain such estimates, the method is the following:
a. we notice that the boundaries of the hypersurfaces ¥; have the same Lipschitz norm L;

b. the slices 3; can be considered as a family of compact hypersurfaces with trivial topology
which can be extended in R?; the metrics ¢ 5, are extended smoothly to R? so that they

are equal to the euclidean metric of R3 outside a compact set; these extensions are denoted
by 3; and their metrics g¢;

c. we then obtain a family of unbounded 3-dimensional manifolds (it, Jt); since these man-
ifolds are Euclidean outside a compact set, there exist three constants Ay, Ao, 7 such that,
uniformly in ¢:

I, A, i), [[Rigral] < Ay [[VORijral| < A2 and ingg, > i.
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d. using theorem 3.1, there exists a constant such that uniformly in ¢ the following Sobolev
embeddings hold: :
vt € LYf € H' (S0, 11fll o5, < Killfllos,
e. using theorem 3.2, there exists a family of extension operators & from H'(%;) into H'(3,).
Since the boundaries of ¥; have the same Lipschitz constant L, there exists a constant Ko,
which depends only on L, such that

vt e ILYf € H'(S), 60Nl s,) < Kollfllms,)

Finally using these extensions and the Sobolev imbeddings from H 1(5315) into LS (f]t), we obtain,
for all n and t:

lunllowy < 16 ()l pogs,)
< Kl”&(un)”Hl(it)
< K2K1||Un||H1(Zt)'

We denote by Kgp the constant K Ko.&

3.1.3 Continuity in terms of the initial data for the Cauchy problem

The purpose of this section is to establish estimates on the difference of two solutions of the
wave equation. The purpose of these estimates is to obtain continuity in terms of initial data,
characteristic or not. This step is an important one to obtain the continuity of the scattering
operator.

Finally, it is important to notice that the proof which is made here does not require that the
function b vanishes on # or that it satisfies the decay condition:

[TV b| < cb.

Using the method developed below, it is then possible to obtain the apriori estimates of section
2.
Let ¢ and 1 be two smooth functions:

L1
Dl + SScalgu + bu? = 0.

We assume that they satisfy one of the problems:
e an initial value problem on % with data in H}(2) x L?(X) with compact support in Xo;

e an characteristic initial value problem with data in H!(.#*) with compact support which
contains neither i nor it.

This ensures that the support of v and v does not contain the singularity i°.

Theorem 3.6. Let ¢ and v two smooth solutions of the nonlinear problem:
1 3
Ou + gScalgu—i—bu = 0.

Then there exist two constants, depending on Scaly, @(afb), b and the energies of ¢ and 1 on
Yo and I+ such that the following estimates hold:

16 = Yl (o) < C(Es(S0), By (So)) By (Xo)
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and
Eg_y(Z0) < C(19l a1 (o), 110 1 (o)) — 7/’||§11(y+)7

where the energy of a function on g is chosen to be:

Bo(Zo)~ [

o

i, (17) = [ (@967 + 3 (@Vad)? + 6 dus,
0 i=1,2,3

where Ty is the energy tensor associated with the linear wave equation and (e§)i=1,23 is an
orthonormal basis of T.

Remark 3.7. Because of the a priori estimates, the constants can be chosen indifferently to
depend on the energy on I T or ¥g.

Proof.The proof relies on exactly the same strategy as in the first section when establishing
the a priori estimates. Let § be the difference between ¢ and :

0=¢—1.

0 satisfies the partial differential equation:

1

06 + ESCalgé +b(1? + Y + ¢)6 = 0.

To establish the inequality, let us consider the energy tensor associated with the linear equation:

N R lo oo 62

Ty = VaoVyd + Jab —EVCcSV 0+ ? .

The error term associated with this tensor is:

V(T To) = (VT T,) + 6(T9V068) — (T9V 46) (%Scalgé + (Y% 4 o + ¢2)5) .

A

The term A can be estimated by:

A

IN

1 A oA 1 PN N
5 (52 + (T“Vaé)Q) +gsuw (|Scal,|) (52 + (T“Vaé)Q) + 2o 1b| ((T“Vaé(qﬁQ + W)&))

A < 2max | sup (|Scaly|),suplbl, 1 ((T“@aé)Q + 6% 4+ 6%t + 62¢4) .
M M

The estimates will then be obtained in exactly the same way as in section 1, provided that
we are able to use the Sobolev embeddings on the spacelike slices. The main problem then
arises when working in the Schwarzschild section because of the choice of the foliation 3, which
contains the singularity 7°.

On U, the analogue of the equation (2.17) is:

Eé(zt) - ||6| |§.]1(g;)

Trmax
< max {1, sup ([Sealy) . sup (1]) sup (|[7@7])} ( [ (B [ @t 26t us,) dt) ,
t 3t

where:

4
1 " 52 1 -
Es(s) = | 3 <§ (ef va5>2+3> pse =5 (Il ey + 1 Vad o, ) - (3:2)
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The foliation (X;) satisfies the assumption of proposition 3.4: using this proposition, the integral
inequality then becomes:

Eé(zt) - ||6| |§.]1(g;r)

Trmaw
< (€1 + 18l s + 1161l s ) ( / E5<zt>dt> .

This gives, using Gronwall estimates:

Es(%:) < exp ((C1 + 161l ) + 111312y ) Tmaw = 6)) 18112
The other estimate is obtained when noticing that the inequality also holds:

T’Inam
< (Cl + |l En () + ||¢||L}11(2)) </t E(;(Zt)dt> :

Using proposition 2.19, the H'-norm of ¢ and v on X is controlled by the H'-norm of ¥ and ¢
on ﬂTJr and, as a consequence, by the H'-norm of 1) and ¢ on .#T. We then finally obtain on
U the following inequality: there exist two increasing functions ¢y and Cy such that:

Es(X) < ((||¢||§11(ﬂ+) + ||1/J||Z;{1(ﬂ+)) 110117 .+

BBy < Co (UMl oy + WllEn sy ) Bo(S) (33)

On V, the principle is exactly the same: the only modification comes from the fact that
a new boundary term arises, corresponding to the boundary of the Schwarzschild section. We
work with the same geometric configuration. The equivalent of equation (2.19) is then:

1
E5(S}) + Es(%y) — Es(X) < Ca / Es(Sy)dt + / 5yt + 5% ptde
t ol
where E5 has the same expression as in equation (3.2). We finally obtain the energy equivalence:

ev (19114 ey + 10l ey ) (Bs(E60%) + Bs(Suy)

Es(S) + Bs(Sur) < Cv (116l ey + WllEp ) ) B () (3.4

Es5(%)

IN

A

Remark 3.8. In the subset V of M, the energy on a slice is controlled by the upper slice, which
is denoted by X as said in proposition 2.23. As this energy is controlled by proposition 2.19
by the H'-norm on f; and, as a consequence, on ST, this explains why the energy on &+
appears in the inequality.

Finally, on Q;FO, it is not possible to use the same method as above to control uniformly the
Sobolev constant. The strategy consists in adopting the same foliation by the hypersurfaces
Hs. The energy on this foliation is weighted Sobolev norm with a precise decay. The Sobolev
embeddings must then be adaptated to that decay. The identifying vector field is used to write
the integral (see formulae (2.9) and (2.10)). The error term can then be expressed as:

7(s)
/0 (/{}c {4mR2(3+uR) (3R¢)2 +(1—12mR) ¢ (u28ugz5— 201 +UR)8R¢)

—(T*V 28)5($* + P + wQ)}(r*R)i (1 —2mR) WR'du A deZ> dr
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In this subset of M the error is bounded above by, using Holder estimates:

7(s) (R R 5
/O </ 88 m B un dwgz> (/}C (¢° + %) mdu A dw52> dr
(s) 3
6 6
§/0 {E(;(f}{ )+ m|u0| (/9{75 du/\de2> (/:HT ((b + )du/\de2> }dT.

The Sobolev embedding from H'! into L® must then be realized uniformly in 7 with regard to the
volume form duAwsz, which is the volume form associated with the cylinder Jug, +00[xS? and the
metric (du)?+dw2;. Since the Sobolev embedding from H*(Jug, +00[xS?) into L°(Jug, +00[xS?)
is valid in this geometry, we obtain, in the coordinate system (u,wgz) the following Sobolev
inequality:

i

i

/ #Pdudws: = / % dudws:
Hs Jug,+oo[xS?

=t (@u9] )2 + [Ve2 62 + ¢2duduwss
Jug,+oo[xS2 Ho={u=—sr*}

* 2 - 2
s/ @m+i§Q—@ﬁ%m>+W@W+&mw§
Jug,+oo[xS? |u|
2
g/ 2(0,0)* +2(r*R)*(1 — 2mR)? (| |) (0rd*)| + Vs20|* + ¢*dudws:
Jug,+oo[xS?

u? € R
< / — ( Bu¢)? + (14 6)22——(3R¢2) + | Vg2 6| + ¢*dudws .
Juo,+oo[xS? Uo mluo| [u]

Then there exists a constant K, depending on ug and € such that, uniformly in s:

</ ¢6\/7dudwgz> <K||¢||H1(:}c ) and </ 56\/7dudwg2> < KEs(3;).

Using the fact that (see equation (2.12)):

u 2
el E o o)) < (Bs(26°7)) 7

the following integral inequality holds:
| Es (37 5) + Es(Suo) — E5(36°7)]

7(s)
< (O + K(By(S57)? + By (S207)%)) / B, (3,)dr

7(s)
< (€ + K(Eg(S0)® + By (S0)) / E5(3,)dr

and using the a priori estimates given by theorem 2.25,

- 7(s)
|Es(Hoo) + Es(Suo) = Bs(E52)| < (€ + K (W6l o) + 1141 e )) / Ey(3¢,)dr.

At the end, using the method as previously, there exist two increasing functions c¢o+ and Cg+
uo uo
such that:

Es(Z,5) + Es(Su,)

IN

cat, (1l oy + 1101l oy ) Ba(350%)

Es(230) < Cop (16l oy + 110l o ) (B5(S25) + Ea(Sun) - (35)

A
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Eventually, combining the inequalities (3.3), (3.4) and (3.5) as in section 2 for the proof of
theorem 2.25, we get the existence of two increasing functions ¢ and C' such that:

Es(Xo)

IN

¢ (1Ml ey + 1111 oy ) 101 ey

18Brasy < C (Il oy + Il s ) Bs(o).

A

Because of the a priori estimates given by theorem 2.25, the H'-norm of ¢ and % on .#* can
be replaced by the energy of ¢ and ¢ on ¥g.&®

This result is equivalent to the result obtained by Hérmander at the beginning of his paper.

Finally, as already mentioned, a by-product of this result is the continuity result for the
Cauchy problem for the nonlinear wave equation on a uniformly spacelike hypersurface 8, trans-
verse to #+. The problems are exactly the same: obtaining uniform Sobolev estimates near i°
and in the equivalent of the region V. The techniques to solve this problem are then exactly
the same. We are working with functions ¢ and 1 which satisfy the same assumptions as for
theorem 3.6.

Proposition 3.9. Let § be a uniformly spacelike hypersurface transverse to V. Let ¢ and
be two smooth solutions of the nonlinear problem:

1
Ou + gScalgu +bu? =0.

Then there exists two constants, depending on Scalg, @“Tb, b and the energy of ¢ and b on ¥g
and 8 such that the following estimates hold:

Ey—y(8) < C(Ep(X0), Ey(X0)) Ep—y(X0)

and
Ey—y(20) < CUIDl a1 (o), (0] 1 (o)) Eg—y (8),

where the energy of a function uw on a uniformly spacelike hypersurface ¥ is chosen to be:

Eu(Z)z/E (T“Tab)%/ (T9Vu)? + Z (e8Vau)? + u?dus,,

o i=1,2,3

where Ty is the energy tensor associated with the linear wave equation and (e§)i=1,23 is an
orthonormal basis of TX.

3.2 Solution of the Goursat problem near .#* with small initial data.

The existence of solutions to the nonlinear problem is established from the linear problem
through a Picard iteration in the future of a spacelike hypersurface 8, close enough to .# 7.
This hypersurface is constructed as follows.

We choose to work here with a function in H!'(.#%) with compact support which contains
neither i nor i+

Let 7 be a "reverse" time function on M, in the sense that its gradient is past directed with
respect to 7% We assume that 7(i*) = 0. M is endowed with an orthonormal basis (ef)i—o.1.2.3
such that g is colinear to V7 and (ef)i1 2.3 is tangent to the time slices {7 = constant}. The
integral flow associated with 0, is denoted by ®...

40



Let € be a positive constant smaller than 1 and consider ®.(i*). Let 8§ be a uniformly
spacelike hypersurface for the metric § between #+ and {®.(p)|p € #+}. We assume that 8§ is
uniformly spacelike, transverse to .# T in the past of the support of the characteristic data, 0,
and contains ®.(i1).

Remark 3.10. The geometric framework is then exactly the same as in section 2.3: the timelike
vector field which will be used for the energy is not colinear to the gradient defining the foliation.
Nonetheless, since the hypersurface 8 is uniformly spacelike, the same estimates as in section
2.3 hold without the nonlinearity.

Finally, the future of S in M is foliated by the surfaces 8, = {®._,(p)|p € 8} for 7 in [0, ]
so that § = 8, and 8y = {i*}. The future of § is denoted by R and the subset of M between 8y
and 8., R;.

The solution of the nonlinear problem is approximated via solutions of the linear problem
on £ . Hormander solved this problem in [30]:

Proposition 3.11 (Hormander). Let us consider the linear inhomogeneous characteristic Cauchy
problem on I :
{ Co + éScalgqﬁ =f
qﬁ|y+ =0ec H(sT).

where 0 is a function whose compact support does not contain it or i°. Then, this problem

admits a unique global solution in the future of Xo in C°([0,€], H*(8;)).
Using this proposition and estimates for the linear problem, the following theorem holds:

Theorem 3.12. Let us consider the nonlinear characteristic Cauchy problem on &7 :

{ Ol + %Scalgu +bud =0

ul ;. =0€ H(IT).

where 0 is a function whose compact support does not contain it or i®. Then, for ||0]| g s+

small enough, there exists a uniformly spacelike hypersurface 8 close enough to . such that
this problem admits a smooth global solution on R in C°([0, €], H(S,)).

Remark 3.13. The proof of the well-posedness in C°([0, €], HX(S,)) is given in section 3.1.3
were the geometric estimates required to obtain it are established (see theorem 3.6 which remains
true in that context).

41



Proof.Let ug be a solution on R of the problem:

O¢ + LScalyp =0
¢,y =0 HY(IT).

and let (up)nen be the sequence of smooth functions on R defined by the recursion:

Dggr + $Scalgun 11 + bud =0
Uni1| ;o =0 € H'(IT).

The sequence defined by the difference of two consecutive terms of this sequence is denoted by
(0, = Up41 — Un)nen. For n € N, the smooth function ¢, satisfies the Cauchy problem:

06, + %Scalg(sn = —b(uj, + uptn_1 +uj_1)0n—1
8, =0o0n .77 .

The proof of the convergence is made in two steps: the first one consists in proving that, for
initial data which are small enough, the sequence (u,,) is bounded; the second part proves the
convergence of (u,) by showing that the sequence (4,,) is summable.

Proposition 3.14. For [|0]|s1(s+) small enough, the sequence sup.cio o |[unl|m1(s,) is bounded.

Proof.Let n be a integer greater than 1. Let us finally consider the energy tensor associated
with the linear wave equation:

N N R 1 ¢ U%H
Tab - vaunJrlvbunJrl + Jab *ivcunJrlv Un+1 + 9 .

The energy associated with a time slice 8, is written as:
~ 2 u2
By, (87) = / Z (e Vun)® + 771 dps..
8+ \i=0,1,2,3

and it is equivalent to [ s 1" (xefTup) (with constants which only depend on the geometric data,
the L*°-norm of b and the Killing form of e§).
The error term associated to this energy tensor is:

. N 1
ve (egTab) = V(aeg)Tab + Unt1€gValni1 — EScalgunHegVaunH — (egvaunﬂ)bui,

which is smaller than, in absolute value:

3
|@a€8Tab| <C <Z(€?@aun+1)2 + Ui+1> + Cufm
i=0

where C' is a positive constant depending on sup (|Scaly|), sup (||@(“eg)||), sup (]b]) and the

foliation 8.
The next step consists in using the Sobolev embedding of H'(8,) in L°(8,). There exist two
obstacles to the use of this embedding:

a. the first is the fact that the estimates must be uniform over the foliation in the sense that
it must not depend on the parameter 7 of the foliation (or the Sobolev constant must be
the same all along the foliation);

b. the second comes the fact that we must deal with the singularity in i+.
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To deal with the second problem, the manifold M is extended beyond £ by pulling back-
wards the hypersurface 8 through the flow associated with the vector field 9, of the time function
7. Since the regularity of the metric is arbitrarily smooth at it (say, at least C2, in order to
insure the existence of the different curvatures), this gives an extension as a smooth Lorentzian
manifold of the manifold (M, §) in the neighborhood of i*. .# 7 is then the past light cone from
it obtained from a C?-extension of the metric § behind it.

To obtain a Sobolev embedding from H'(S,) into L%(8,) uniformly in 7, it is necessary to
have a uniform bound for the Sobolev constant on the hypersurface 8. This is achieved by using
proposition 3.4 for the foliation 8.: there exists a constant Kg,, depending on the foliation 8,
such that, uniformly in 7:

V1 € [O,e],Vu c H1(87->, ||u||Le(5T) < KSobHUHHl(S,.)-

Remark 3.15. a. The constant Kgsop depends on the foliation and, as such, of the parameter
€.

b. The hypersurfaces S8, shrink as T tends to zero. This does not affect the fact that the
Lipschitz constants for the 8., for 7 > 0 remain bounded. Furthermore, the initial data
are taken to be with compact support away from i°. As a consequence, the functions (uy)
vanish in a neighborhood of it.

A direct consequence of the uniform Sobolev embeddings of H*(8,) in L%(S,) in dimension
3 is the following inequality:

/ §9e Taplis,

-

IN

CEuy,.,(87) + CKsop| |Un||j‘l{1(ST)

IN

2
CEunJrl (87‘) + CKSOb < sup Eun (87.)> .
TE€[0,¢€]

As a consequence, there exists a constant C which depends only on the scalar curvature, the
Killing form of efj, the supremum of b and Sobolev constants such that:

2
By, (8;)<C /O By (80)dr + [16][ 7 vy + < sup (Eun(Sr))>

r€[0,€]
Remark 3.16. The constant C' can be chosen arbitrarily high. As a consequence, it is rescaled
later without consequence for the proof (see remark 3.18 in the proof of proposition 3.17).

Using Stokes theorem and Gronwall lemma, as in section 2.2.2, the energy of wu, 41 satisfies:

2
By (87) < Cexp(Ce) | 1011 sty + ( sup Eu, (ST)>
T7€(0,¢e

]

For n = 0, we have:

Euy(87) < Cexp(Ce)|l0][3p1 (s
We denote by (C,) the sequence defined by:

Cn = sup {E,,(S;)}.
T7€[0,€]

This sequence satisfies the inequality:

Vn € N,Cpy1 < Cexp(Ce) [ C2 4+ 1[0][31 p+) | with Co < Cexp(Ce)[|6]131 (-
N— —_———
“ B
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Let us then consider the sequence (¢, ), defined by:

co = af
Cn+l = « (cfl +ﬂ) .

The purpose is to choose correctly ||0]|g1(s+) such that the sequence is bounded. The function
e (m2 + 5) has two fixed points provided that:

1—48a® >0, ie 1> 2C exp(Ce)[[0][ 71y +)- (3.6)

If the initial condition ¢y is below the repulsive fixed point (the greater fixed point) of the
function x — « (xQ + 6), that is to say if

H— \W > Ozﬁ. (3_7)
2a -

This inequality is always satisfied as soon as 1 — 48a2 > 0. As a consequence, assuming that

1
- = ~ _ > 9 2 )
2C exp(C) 010722 4y

the sequence (c¢,,) converges to the remaining attractive fixed point; (¢,,) is bounded and so is
(Cy), which is the expected result.

Another useful consequence of the convergence of the sequence (¢,,) is the following. The
limit of this sequence satisfies:

1—/1—4pa% 2B
20 1+m
1

< —.
- 2«

As a consequence, there exits a integer ng such that:

1 1
Yn > ng, sup {E,,(8;)} <cp < — = =——+5—. 3.8
2o, s (B8} Sen s ] = g @ (35)

Proposition 3.17. The sequence (u,) converges on R in CO([0, €], HX(8,)), that is to say in
the norm (supTe[O’e] ||u||§{1(ST)).

Proof.The method is exactly the same as in the previous proposition. Let n be a positive
integer and consider the energy tensor associated with the linear wave equation for the function
On

A . 1 52
Tab = vaénvbén + Gab (_§vc6nv66n + ?n) .

The energy associated with a time slice 8, is written as in the previous proposition:
1 a 2 5721
B, (8-)= [ 5 D (efVé)*+ 3| dus,
8- i=0,1,2,3 2

and it is equivalent to |, s 1§, (xe3Tp) (with constant which only depends on the geometric data,
b and the Killing form of ef).
Finally, the error term is:

N A 1
Ve (ebTup) = VD Top + 6,68V o6, — §5ealg0ne Vadn — b(ef Viabn)Snr (uf + tinttn -1 + 1),
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and can be estimated in absolute value by:
[ 9eelTalus, < CEs (5:)+2 [ G (ud +ui s
87‘ Sq—

where C is a positive constant depending on sup (|Scaly|), sup (||@(aeg)||), sup (]b]) and the

foliation §.
Using Holder inequality and proposition 3.4 for the foliation 8, the non-linearity in the error
term is estimated by:

1 2

3 3
/@%—1“31,“& < (/ 52—1:“&) </ uf;,ugT>
5. s, s,

< KSobﬁ||5n||§{1(sT)||Un||%{1(s,)-

The same inequality holds for §2_ju} ;.

Finally, there exists a constant K, such that:

|| 1t Tuslns,

-

t
2 4
<K </ Es,, (87)dr + ¢ < sup ([10n—1llm1(s,)) ) sup << sup (|l m(s,)) )))
0 re[0,€] k>n—1 re(0,€]

Stokes theorem is then applied beween 8, and .#: since the characteristic data for §,, are zero,
the only remaining term is the energy on the surface 8. Modulo a constant which only depends
on the same data as the constant C, the integral inequality holds:

- T 4 2
Es5, (8;) <K </ E(;TL(ST)dTJre2 sup < sup (||un||H1(3r)) ) < Sl[lp] (||5n71||H1(ST)) )) ,
0 re|0,e

k>n—1 \rel0,€]

for some contant K and, using Gronwall’s lemma, we get:

k>n—1 \ re(0,€] rel0,e

-~ -, 4 2
E(;n(ST) S Kexp(KG)GQ sup <sup (||un||H1(ST)) ) (sup (||6n—1||H1(Sr)) )

Remark 3.18. The constant R, as the constant C depends only the foliation 8., its scalar
curvature, the Killing form of ej and the supremum of b. As a consequence, up to a rescaling
of C or K, these constants can be chosen to be equal.

Finally, the sequence (¢,,) satisfies:

2 = ~ 4 2
sup (||5n||H1(Sr)) §CeXp(Ce)62 sup <sup (”Un”Hl(ST)) ) <sup (||6n_1||H1(5r)) )

r€[0,€] k>n—1 \re0,€] re(0,€]

Since the sequence (u,,) is bounded by é for n > ng, we have:

C exp(Ce)e? sup ( sup <||un||H1<sr>)4> <<l

n>ng \ ref0,e]

The sequence (Jy,) is then eventually contracting. The series of (sup,.cg (||6n||H1(5T))2)n con-
verges in the norm (SUPTG[O,E] ||u||§11(87)), that is to say in C°([0,¢€], H(8,)), and so does the

sequence (uy) .
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End of the proof of theorem 3.12. The proof of the local existence is a direct consequence of
the fact the sequence (uy,)nen converges strongly on R for the norm

sup (|[ullmigs,)) -
rel0,e
Let u be the limit of the sequence (uy),. The only remaining thing to show is that the limit
solves the problem of theorem 3.12. It is clear that u satisfies the initial conditions since all the
functions wu,, are identically equal to 6 on .#*. Finally, when noticing that u is in H!(R) which
is continuously embedded in L3(R) (since R is four dimensional), the sequence (u3), converges

n
in L'(R) and, as a consequence, in the distribution sense. u then satisfied the equation

A 1
Ou + gScalgu +ou®=0

in the distribution sense.®

3.3 Global characteristic Cauchy problem
A global Cauchy problem is finally derived in two steps:

a. a preliminary result about the Cauchy problem for a hypersurface in the future of g
whose past contains ¢°;

b. the characteristic Cauchy problem is then solved for small data with compact support
which contains neither i° nor i* and then extended to functions in H(.# 7).

3.3.1 Global Cauchy problem for compactly supported data

Starting from the same data 6 in H*(.#+) whose support contains neither i ™ nor %, the solution
obtained in theorem 3.1 is extended to the future of ¥ by using density results and continuity
of the propagator. The purpose of this section is to show that is it possible, starting from the

hypersurface § in the future of ¢, to obtain a solution down to Xy despite the singularity in i°.

Proposition 3.19. Let V¢ be an orthogonal and normalized vector field to the uniformly space-
like hypersurface S.
The non-linear problem on 8:

Ov + +Scalgv + bv® =0
vy, =€ € H(8)
VeVaulg, =€ L*(8)

admits a global unique solution down to Yo in CO(R, Hg(8)).

Proof.The method consists in approximating the solution by solutions of the same problem
with truncated data since the existence result for the Cauchy problem given by theorem 1.17
cannot be applied here directly because of the singularity in i°. The uniqueness directly comes
from theorem 3.6 and its corollary.

Let (xn)nen be a sequence of smooth functions with compact support in the interior of 8
such that:

V¥n € N,supp (xn) C supp (xn41) and | J supp (xn) = 8\08.
neN

Let (vp,)nen be the sequence defined by:

Ovy, + +Scalgv, + bvd =0
U"‘SA =xn€ € Hl(s)
VoV atn|g = xnC € L*(8).
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Since the data are with compact support in the interior of 8, their pasts do not intersect .#+

and, as a consequence, V.

Using proposition 3.9, this sequence converges towards a function v in the past of § down to
Y for the L°H"' norm. This function clearly satisfies the initial conditions:

v|8 = ¢ on 8 and Va@av|8 = (.

Furthermore, proposition 3.9 also gives convergence in H'(J~(8)) and, using Sobolev embed-
dings, as a consequence, in L%(J7(8)). v then satisfies the nonlinear wave equation in the
distribution sense. &

Remark 3.20. A direct consequence of this construction is that the trace of the solution of the
Cauchy problem on X is in H}(Xo)
3.3.2 Global characteristic Cauchy problem for small initial data in H(.# )

A global solution to the Goursat problem with compact which contains neither i nor i° is then
obtained by gluing solution of the local characteristic Cauchy problem and the solution of a
well-chosen Cauchy problem on §:

Proposition 3.21. Let u be a solution to the Goursat problem for data 6 with compact support

which contains neither it nor 9.

Then u can be extended from 8 down to Xg in CO(R, H(8)).
Proof.Consider the Cauchy problem on §:

Ov + %Scalgv +bv® =0
v|lg =ue HY(S).
VeVau|g = VOVau € L*(8).

According to proposition 3.19, this problem admits a global solution v down to ¢ in C°(R, H(8)).
Finally, the function w defined piecewise by:

w=wuon J"(S) and w =v on J*(Xg) N J(S).
satisfies the Goursat problem:

Clu + %Scalgu +bhud=0 ®
¢, =0e H(IT)

Using proposition 3.21 and the continuity result, we can state the theorem of existence of
the Goursat problem for small initial data:

Theorem 3.22. Let us consider the nonlinear characteristic Cauchy problem on S+ :

ﬂu+%50algu+bu3 =0
u|y+:9€H1(f+).

Then, for [|0]|g1(s+) small enough, this problem admits a global unique solution down to the
future of ¥ in CO(R, HY(Xp)).

Remark 3.23. As previously said in section 1.2.2 (see proposition 1.13), the singularity in i+
is removable for Sobolev space in the sense that it is a reqular point of a bigger manifold.

Proof.The proof relies on the density of data with compact support in H*(.# ) which does
not neither i nor i* in H*(.#1) (proposition 1.13) and proposition 3.21.®

Remark 3.24. As noticed above, the trace of the solution of the Goursat problem on g is in
H}(Y).
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4 Construction of the scattering operator

The construction of the scattering operator can now be done by the mean of Cauchy problem
on .1, #~ and X, via the composition of trace operators.

4.1 Existence and continuity of trace operators

The purpose of this section is to define trace operators for the solution of the wave equation on
the hypersurfaces Xg and .#%. A symmetric construction can of course be realized on the past
null infinity .#~.

These trace operators are obtained using the following theorem ([40], p. 287):

Theorem 4.1. Let M be a smooth compact manifold with piecewise C'* boundary and consider
the application T defined by:

[ C'(M) — C°(OM)
T.{ f = floa

Then, for all s > %, the operator T extends uniquely to a continuous map from H* (M) into

27
H=3(OM).

Existence theorems 1.17 and 3.22 give solutions to the initial (characteristic) problem in
HY(J*(Z0)). As a consequence, their traces on ¥y and £+ are respectively in Hz () and
H?(.#1). Nonetheless, using the a priori estimates, they are in fact H'(#*) and H'(%o).

Remark 4.2. The singularity in i is not a threat to the ewistence of a trace since the manifold
and the metric can be extended with arbitrary regularity in a neighborhood of it. The prob-
lem with the singularity i° is avoided since the function spaces H*(FT) and HE (o) are the

completions of smooth functions whose compact support does not contain i°.

Let us consider the trace operators:

C3°(%0) x Cg°(X0) — HY(IT)
T = { 0 0 4.1
0 (0.0) — 4, )
where ¢ is the unique solution of the problem:
O¢ + LScalye + b = 0
8|y, =0 € Cg°(%)
T°Vad|y, =0 € C5°(Xo)
obtained by theorem 1.17 and
& HY(Z L*(®
70 :{ — Hy(Zo) x L(%o) (4.2)
0 — (9]y,, (T°Vad)ly,)

where & is the set of smooth functions with compact support which contains neither it nor °

and ¢ is the unique solution of the problem:

{ O¢ + iScalyp +b¢® = 0
¢|y+:96080(f+)

obtained by theorem 3.22.

Remark 4.3. The operator TJOr is not globally defined on & since theorem 3.22 only gives ex-
istence for small data. We denote by BT, the trace of the open ball B s+ centered in zero in
HY(7T)N & on which TY is defined.
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These operators can be extended to H'(3g) and H' (. ):

Proposition 4.4. The operator TOJr can be extended to a locally Lipschitz operator from H} (Xo)x
L?(%g) to HY (7).

The operator T can be extended to an Lipschitz operator from B y+ C H*(IT) to H} (o) x
L?(%).

Proof.The proof is done for the operator TOJr (it is exactly the same on the other side).
Let R be a positive constant. We denote by Bpr the ball centered in 0 with radius R in
H'(X0) x L*(X) for the norm:

[ * ||§11(20) + || * ||§{1(z:0)
Using theorem 3.6, this operator satisfies:

V(G, é,f,é) € (C(())O(EO) N BR))4a

1

175 (6,0) = T (6, E)l 1y < CR) (116 = N sy + 16— El32(syy) -

As a consequence, since the smooth functions wit compact support in ¥ are dense in Hg (%),
it admits a unique locally-Lipschitz extension from H3(Xo) x L?(2g) into HY(#T).

The same proof holds for the operator TJOF. The only difference is the that, due to theorem
3.22 which only provides us with solutions for small data, this operator is defined on an open
all of HY(.#7) and, as a consequence, is globally Lipschitz. &

As already noted at the beginning of this section, a similar construction can be achieved on
the past null infinity: there exist two trace operators T° and T}, respectively locally Lipschitz
and Lipschitz defined by:

H}(® L(Z HY (.7~
T07 ::{ O( 0) XN ( 0) — ('ﬂ ) (43)
(0.6) — 9|,
where ¢ is the unique solution of the problem:
O¢ + 4Scalye + b = 0
8|, = 0 € Hj(Z0)
T°Vadly, =0 € L*(%)
obtained by theorem 1.17 and
By, — HYZ L*(®
T° :{ s o O)A:(A (Zo) (4.4)
O (g, (TVad)y,)

where B - is an open ball in H!(.# ~) and ¢ is the unique solution of the problem:
O¢ + iScalyo +b¢® = 0
¢|j, =0ec H' (7)

obtained by theorem 3.22.

4.2 Conformal scattering operator

Finally, the conformal scattering operator is obtained as the composition of two trace operators.
Following the idea of of Friedlander in [22] and applied by Mason-Nicolas in [32] for the Dirac
and wave equations, the conformal scattering operator S is defined by the composition of the

operators T° and T, :
S=TfoT®: H(¥) — H(F7) (4.5)

49



and its inverse is given by
ST =Ty oT?: HY(IT) — H'(I7) (4.6)

These operators are not defined globally on H'(.#*) or H!(.#*) due to the restrictions imposed
by theorem 3.22. Its domain of definition in our context is obtained from the domains of definition
of T® and T? as follows: let B be the open set defined by:

B=T°By-)NTUBs+).

The images of B under T, and T}, give the domains of definition of S and S~!, respectively.
Finally, the following existence result for the conformal scattering operator can be stated:

Theorem 4.5 (Scattering operator). The operator S is an inversible, Lipschitz operator from
Ty (B) in HY(F ) into T,"(B) in H(SF). This operator is called conformal scattering opera-
tor.

Proof.The proof is an immediate consequence of proposition 4.4.&)

Remark 4.6. The conformal scattering operator was introduced to avoid the use of the spectral
theory which requires the metric to be static. It is nonetheless possible to talk about geometric
scattering at least in the Schwarzschild part of the manifold and wonder wether it is possible
to establish an equivalence in this region. Some answers to this question can be found in [32]
(section 4.2) for the Dirac and Mazwell equations.

Concluding remarks

There exist several possible extensions to this work:
e the case where the metric in the neighborhood of i° is the Kerr-Newman metric;

e the nonlinearity could be modified and the equation could, for instance, be quasilinear, or
satisfy the null condition;

e following [33], these results could be extended to peeling results for the same cubic defo-
cusing wave equation.

One of the main problems of general relativity is the construction of solutions to the Einstein
equations. One intermediate step is to establish the same kind of result for the Yang-Mills
equations.
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