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Spinor algebra and null solutions of the wave equation

Mohammad Wehbe
Département de Mathématiques, Université de Bretagne Occidentale,
6 Avenue Le Gorgeu, B.P. /52, 29285 Brest, France.

In this paper we exploit the ideas and formalisms of twistor theory, to show how, on Minkowski
space, given a null solution of the wave equation, there are precisely two null directions in ker df,
at least one of which is a shear-free ray congruence.

PACS numbers: 47.60.Dx, 47.57.E-, 82.56.Lz

Introduction

Harmonic morphisms are mappings which pull back local harmonic functions to harmonic functions. On a
Riemannian or semi-Riemannian manifold ,they can be characterized as harmonic maps which enjoy an extra
property called horizontal weak conformality or semi-conformality M], [E]

If ¢ : (M, g) — (N, h) is a mapping between Riemannian manifolds, then ¢ is semi-conformal if and only if for each
x € M, there exists a function A : M — R( 0) such that dp o de* : T,y N — T4 N is A*(2)id, where dp* denotes
the adijoint of dy. In the case of a map ¢ : U C R™ — C, this is equivalent to the equation

(%) -0

i=1

On Minkwoski space M endowed with standard coordinates (t,x1,x2,x3), a harmonic morphism f : U C M — C
corresponds to a null solution of the wave equation:

(0:f)? — (01f)* — (92f)* — (85f)* =0
at2tf - a121f - a%zf - aggf =0.

The first equation can be interpreted as the semi-conformality of f with respect to the Minkowski metric
g = —dt? + dz? + dr3 + dz?, and the second its harmonicity.

Our aim in this paper is to give a direct proof that such a mapping determines a shear-free ray congruence. By the
Kerr theorem, thus latter object corresponds to a complex analytic surface in twistor space [E]
In fact, our proof provides more precise information, specifically, we show there are exactly two null directions in
ker df, at least one of which is geodesic and shear free. Furthermore, we only require that f be of class C2. The
correspondence between a null solution of the wave equation and a shear-free ray congruence has already been noted
in [@], their proof relies on the analyticity of f, there by analytically countinuing f to Riemannian R*, one can then
apply a theorem of J.C. Wood [E[] to show that such a mapping determines an integrable complex structure, which
one more corresponds to a complex analytic surface in twistor space.

In more generality, Wood shows that, if (M?,g) is an oriented Einstein 4-manifold and ¢ : (M*%,g) — (N?,h) a
harmonic morphism with a condition on the set of critical points, then ¢ determines two almost Hermitien structures
on (M*%,g), at least one of which is integrable. Conversely, if (M?,g) is also anti-self-dual, then any Hermitien
structure determines a harmonic morphism in a surface.

Our result should be seen as the direct analogue of this, with a shear-free ray congruence on Minkowski space is
precisely an integrable complex structure on a domain of R*. Our perspective will provide some insight into the case
of more general curved space times, where the methods of twistor theory no larger apply.

I. SPINORIAL FORMULATION FOR NULL SOLUTIONS TO THE WAVE EQUATION ON
MINKOWSKI SPACE

We consider Minkowski space M with its standard metric. Vectors (%) may be expressed in terms of spinors by
the correspondence [f:



1 1 2 . ,
(t:ZCO,:Cl,;CQ,.’LB)(—)—( t2+x 3 ’ +Z:1E ):(‘TAA );

\/5 e —ix t—x

the spinor covariant derivatives V 44/ are then given by
Vo4 — 1 o+ 01 02 —i03 \ _ ( Voo Vorr
Ad 02 +1i03 0y — 04 Vi Vi )’

0
where 0, = e (Indices are raised and lowered using the skew forms ¢4? = 48 = ( 01 é) ). Note that (z%) is a
s —

real vector if and only if the matrix (z44")

is Hermitian.

Now let ¢ : M — C be a C2-mapping, then ¢ is semi-conformal if and only if

()5 &) -

and ¢ is harmonic, equivalently, ¢ satisfies the wave equation, if and only if

+i 0% @
2 a:1 awa

Equation () is equivalent to the condition det V 44-¢ = 0, so we deduce that ¢ is semi-conformal if and only if

2

VAA’(;D = 5147714’) (3)

for some spinor fields €4, 4/ defined on M. One can now show that () and (E) are equivalent to the pair of spinor
equations E], B:

VAA'EAUB/ =0
Vap P =0.

Note that these equations imply the integrability of the spinor field £ 47m4/; thus there is locally defined a mapping ¢
such that Va4 ¢ = £ana/. In Minkowski space, a vector v = (vg, v1,v2,v3) € M is null if:

—vo? + v +v2? +v32 =0,
in which case,
VA — /\pAﬁA/,
for some spinor p# and for some real number A. The following lemma is useful in what follows.

Lemma 1.1. Let £4 non-zero spinor, (z*) an non-zero vector in M and (xAA/) its corresponding spinor expression,
then: &A:L'AA, = 0 if and only if there exits a dual spinor o such that 44 = fAO'A,.

Proof We know that £4244" = 0 if and only if

€O$OO/ +§1x10’ =0
& +&att =0

Since (#44") # 0, we can assume for example that the component z'% # 0, hence

/ ’
.TOO .TOl B 51 50

2100 T 11 T 50 51'

00’ , /0 01’ , /0
() o (£) ma (30) = )

It follows that



’ ’
for two numbers ¢% , o1 € C, hence

AN _ AGA

x
O

Recall that twistor space is the space T = C* equipped with coordinate (£4,7""). The incidence relation [E]
€4 = izanm™ (4)

describes the correspondence between points Of T and points of Minkowski space M. The dual space T* = C* has
coordinates (p?,04/) and given X = (£4,7) € T, we can associate its conjugate X, = (7?,£,,) € T*, where

=", 7t =n", & =&, and & = & thus
Xo=X2, X;=X3  X;=X°  X3=X! (5)
There is a natural product between an element of the twistor space X = (£4,7) € T and L* = (A4, v?") € T given
by:
Xafa = fAvA + UA/XA/.
The correspondence between a light ray in Minkowski space and a point in twistor space is then given by the following
lemma. The proof is standard linear algebra.

Lemma 1.2. [(3] Let X* = (£, n") be a twistor such that n* # 0, then X defines a light ray if and only if
XX, = 0. (6)

We can give a more invariant picture as follows. Let 7 be the Hopf fibration defined on CP? with valued in HP! =2 §4,
where H is the space of the quaternions {z + wj : z,w € C,ij = —ji,i?> = j2 = —1}. Then

m([f, 9, h k]) = [f + g4, h + kj]

Let S® C S* be the equatorial space given by S* = {(0,z1,22,23) C S*}, then N'® C CP? can be identified with
S3 by the Hopf fibration: N> = 771(S?), in particular [f, g, h, k] € N if and only if Re{hf + kg + (hg — kf)j} =0,
i.e. if and only if

hf +kg+hf+kg=0. (7)

To complete the correspondence given by lemma D by admitting a twistor of type X* = (£4,0), one comptifies
Minkowski space by adding a light cone at infinity to obtain the space M® homeomorphic to S* x §3 [H] With this
compactification, noting that the equation (E) is none other than condition @), we obtain a correspondence between
a point of N° C CP? and a light ray in M, i.e.

CP? > N° = {light of rays in M }.

Let S € CP3 a regular complex surface, i.e. S is locally parameterized in the form (z,w) — [£4(z, w),n? (2, w)],
06a o 0ta om
%, gz ), (%, g—w) € C* are independent

where €4 (z,w), 7 (z,w) are holomorphic in (z,w) and the vectors (

for each (z,w). We call such a surface a twistorial surface.

Let ¢ be a congruence of null curves on a domain A C M, that is ¢ is a family of null curves which give a C*° foliation
of A. Let &4 be the corresponding spinor field on A. Thus at each point = € A, £4(z) determines the null direction

via ¢ passing thought x via the corresponding v* <> A4 = SAS_A/. Then the congruence is said to be a shear-free ray
congruence (SFR) if and only if each null curve of ¢ is geodesic and lie transport of vectors in a 2-dimensional space
like complement of v called the screen space, is conformal, see [E] Then ¢ is an SFR if and only if

APV anép = 0. (8)

We note that this equation depends only on the direction £°/¢1. Indeed, writing & = £Y/¢!, the equation (F) is
equivalent to:



EVor&+Vip€ =0

EVor+ Vi =0.
Lemma 1.3. Let (z,w) — [SA(z,w),nA, (z,w)] be a parameterization of a twistorial surface S, with 771,(2, w) # 0 for
each z,w. Then there exists a local parametrisation of the form zZ = Z(z,w) and @ = w(z,w) with respect which S is
given by

(za {D) - [§O(g7 {D)v 51 (gv {D)v Ev 1]
Proof First, dividing by 771/, we obtain a parametrization of S in the form
(Za w) - [50(25 w)a 51 (Za w)a 770 (Za w)a 1]
Then we look for a biholomorphic transformation Z = Z(z,w), @ = w(z,w) such that

o _on” 0= o w _
ow 0z O Ow dw

By the assumption of regularity

9% 06 On”
0z 0z 0Oz
rank =2
0% 06 o
ow Ow OJw

so that one of the following two conditions is satisfied:

BLO/ 8770/ 8770/ 8770/
& % #£0, or % % £ 0.
0z ow 0z ow
Suppose that S Bv ‘ = 0, the other case being similar.
0z w

o’

12}
gLszU 8z | # 0, one can locally find an
0z

Q
S
c\

Define the map 1 : (z,w) — (2 = 7% (z,w), @ = &(z,w)). Then, since

inverse and so express z = z(Z, W), w = w(Z,w). By construction

o _ o 0 o ow_oso:  osow _oi
ow 0z dw  Ow dw dzow Owow Ow

Finally, once more by the regularity, 770/ (Z) is not constant and can be replaced by Z in a neighborhood a point
where 1% () # 0.

O

Proposition I.1. Let S C CP3 a twistorial surface equipped with a parameterization (z,w) — [£a(z,w), A (z,w)],
and let

a = izaam® (9)

be the incidence relation. Then, any solution z = z(x) (x € M) of the equation (@) is a null solution of the wave

/

n
nY

0
equation Oz = 0 if and only if 0 = 0. In particular, any twistor surface admits such parameterizations and
w
therefore determines an null solution of the wave equation.

Proof Write u = 2% 4+ 2!, v = 2° — 2! and ¢ = 2® + i2®. Then the incidence relation (f]) takes the form:



r(z,w,z) == un® +qn' +iéo =0
s(z,w,z) = qn® +on't +i& =0

or
One taking the derivative of these two equations, and writing r,, = 90 {r,s} = 1,84 — 827w, We obtain:
w

0z swnol 0z rwnll 0z swnll 0z rwno/

TR Ak Tt o M AR T A R oy
It follows that

020z 020z 0

oudv 9qog
A similar calculation of the second derivatives shows that wave equation is satisfied if and only if {r, s}(nllawno/ —
7% 9un'') = 0, from which the result follows. O

II. NULL SOLUTIONS OF THE WAVE EQUATION

We study the functions f: A C M — C, A open in M, satisfying the two equations
(0cf)? = (01f)? = (02£)? — (93f)* = 0
Off — 0% f — 05, f — 033 = 0.
We call such a function a "null solution” of the wave equation.

Theorem II.1. /ﬂ] Let f : A C M — C be a C? null solution of the wave equation (@) Then there is a pair of
spinor field €5,mar such that Vaa f = Eanar which verify

VancEn = Vanetn? =o. (11)
Conversely, any pair of spinor fields £Ea,nar satisfying (@), determines a solution of (@)

Theorem 11.2. Let f: A C M — C be a solution of (@), satisfying df # 0 at each point of A, then the only null
fields in ker df are given by

(10)

A= AAEY et — ptn? (A, p € R),

and at lea,st one of these, fields are tangent to an SFR. Conversely, let & be tangent to an SFR. We define €9 = &,
=1, 70" = =Vor&, 0¥ = Voo &. Then 49 determines a solution of (IE)

To prove our theorem we require the following lemmas. We note that for any light ray v € (M), there is a spinor
p? with v(A4) — )\pAﬁA,, where v(44") is the spinor expression of v.
Lemma II.1. Let f : AC M — C be a C? solution of (@) Then there is a pair of spinor fields EA,nA/ such that
Vaar f =&ana . Moreover, if A4 = )\pAﬁA, is a null direction in ker df and df # 0, then, at each point

o cither p? = a4,

o or pt = pnA’ (= Bi?), with o, § € C.
Proof The function f is a null solution of the wave equation (E), and in particular, a semi-conformal map: thus
det(Vaarf) =0, and we conclude that there exists two spinor field £4,714/ such that V a4/ f = £anar. Suppose that
the light ray vA4" is in ker df , then:
Vaa fod4 =0 & anap?p? =0
00 01’ 10 11 _
& Lo p p +&ompp +&moep p +&mpp =0
& &onolp'? = &ompipo — &1 popt + Evmelpol® = 0
< no(&olp1l* = E1popr) + 1 (1lpol® — oprPo) =0
— _ £ —
no _ Sop1Po — & lpol? _ (2101 — polpo
me Colpi = &popt  [£2p1 — polpT
no o po; _ po.So  po

mo& opr & pr
Then either



1.
o po
[_ - _] =0,
& o
i.e. PA = Oz&A,
2.
Mo _ Po
me 1
ie. pa = Anar.

O
One writing v = v°9y + v'0; + v20; + v30; for vector field in TM, we have the corresponding 1-form and its
derivative:

vy = v0dz® + vldz! + v3da? + v3dad.
dve = (010° — Opv!)da® A dat + (020° — dgv?)da® A dax® + (930° — Dpv®)da® A
da® + (Oavt — 01v%)dat A dx? + (030" — 91v3)da! A da® 4 (0307 — 0pv®)da® A da®.
Generally, for a 1-form 6 = 6;dx" in a Riemannian manifold (M, g) we have:
diV 9 = —d*@ = gijaﬂj,

where g% is the metric tensor componants. _
In the Minkowski space M: div 8 = 9yfy — 0101 — 0205 — O303. This means that for v, = df = 9;fdx*, we have:

div df = 03 f — O f — 0% f — 0% f
= 801)0 — (91’01 — 821)2 — (931)3.

By the Poincar Lemma, if v, is a 1-forng in an open connected set A C M, then: dv, = 0 if and only if there exist a
function f: A € M — C such that VA4 f = v44", The following Lemma is easily established.

Lemma I1.2. The following two conditions are equivalent:
a) dv, =0 and div v, =0
b) VAA/’UBA/ =0 and VAA/’UAB/ =0.

Proof of Theorem . In fact, if f is a null solution of the wave equation then from lemma, there exist two
spinor fields ¢4 and 77/ such that Vaaf = £anar. The fact that these two fields satisfy ([LI]) is a consequence
of lemma . Conversely, if £4,m4/ satisfies (@), then form lamma , there exists a function f such that
Vaa f = &ana which satisfies (E)

Proof of Theorem [[I.4 However, the first affirmation of this Theorem is a consequence of Lemma [I1]. We are
therefore required to show that at least one of these null fields is an SFR. However, according to the Theorem [[1.1,
we have the two following equations:

vAA’é-BT]A _ vAA’é-AnB _ 0

which are equivalent to:

€°%o0n” + 1% Voo € + Vo1t + 1t Vorr® =0 (12)
Voo™ +1° Vor & + ' Vorn + 1t Vorel =0 (13)
Vi0n” + 1" Vg€ + Vit + 9t Vi =0 (14)
EVion® + 00 Vg + Vit 49 Vi =0 (15)
€Voon® + 10" Vo€ + ' Vign” + 1" Vig el =0 (16)
%0 + 1 Vo€ + €'Viont + 9t Vigel = 0 (17)
OVen® + 0" Vo1 + & Vin® + 2 Vipe =0 (18)
OVt + 0V Vot + Vit + 0t Vipe = 0. (19)




One multiplying (1) by ¢' and ([LJ) by £° and subtracting yields:

0 0
770 Voo (2—1) +771 Vo (g—l) =0.

Similary combining the other equations in pairs, one obtains:

0 0
0’ 5 1’ 5
5 () e (&)
o o
Voo <le> +&EVio <le>
o o
Vor (Zl/> + &'V (%) =0.

We write n =7 /n'" and € = €°/¢!, then the above equations are equivalent to:

0

0

nVoo &+ Vor§ =0 (20)
nVip€ + Vi =0 (21)
§Voorn + Vign =0 (22)
EVorn+Vin=0 (23)

On the other hand, €4 is tangent to an SFR if and only if:

&V €+ Vg€ =0
EV1réE+VirE=0

and 77A/ is tangent to an SFR if and only if:

nVoon + Vorn =0
nVien+ Viyn =20

We take the derivative of (R() with respect to Viy::

V11mVoo € + V11 Voo + Vo1 Vi1:€ =0 (by switching the derivatives)
= *§V01/7]V00/§ —+ nVn/ Voolf —+ Vol/(—nvlolg) = 0 (by SubStithng (@) et (@))
= —Vorrn(&Voré + Viné) + (V11 Voo — Vo1 Vip€) =0

We take the derivative of (R() with respect to Vi :
ViomVoo & + nVoo Vie€ + Vo Vigré =0 (by switching the derivatives)
1 s
= —&VoonVoo € — nvOO’(EVH’f) + Vo Vigf =0 (by substituting () et (1))

1
= Voon(—={Voo € + EVH{) —VoorVi1é + Vo1 Vig € =0
= Voon(EVoo & + Vio€) + Voo Viré — VorVigl =0 (par (RI))).

Thus:
{ ~Vorn(§Voo € + Vie &) + (Vi Voo & — Vo Vier§) =0 (24)
Voon(EVoeo € + Vi) + Vi1 Voo § — VorVigd =0 (25)
In particular:
. —Vorn n| _ _
either ‘ Yoo 1|- —Vorrn—nVeen =0

or either §V00/§ + Vlo/é. = Vll/VOO/g — VOl/V10/§ =0.



Now we take the derivative of (1)) with respect to Voo:
VoonVig & +nVie Voo € + Vi Vol =0 (by switching the derivatives)

1 1
= —EV10'77V10'€ + 77V10'(—;V01'€) +V11:'Voo& =0 (by substituting (P2) et (())

1 1
= VIO’U(_EVIO’E + Evoyf) — ViV +Vi1rVopré =0
Vion, 1 _
= — (V11 + Vo) + Vi Voo — Vig Vo =0 par (21).

£
We take the derivative of (R() with respect to Vi1/ (in another way):

1
vnx—gvmf)+nvqumf—kvm%—nvwf)=0

1 1
= —5V11'77(V01'§) + (Vi1 Voor§ — Vorr Vie) + EVH'UVW«E =0

1
= —5V11'77(V01'§ - ngf) +n(VirrVooé — Vo Vig€) =0

1 1
= —5V11'77(V01'§ - Evlyf) + (Vi1 Voo — Vo Vig§) = 0.

Hence:

Vion, 1
——Eﬂ%vw§+vwﬂ+vaw§—vwvw€=0 (26)

1 1
—Evu/??(gvnff + Vo1:&) + (V11 Voo € — VorrVie€) =0 (27)

and:

Vien

L
*;VH/T] 1
or either  §Vo1r§ + Vi1 = V11: Voo § — Vi Vo1 € = 0.

1
either ‘ = V10'77 + —VH/T] =0
n

Then if nVoon+ Vo1n # 0, we have (Voo € + Vig€ = 0 = Voo Vi€ — Vo Vig€ = 0 and then () et (7) imply
that, either (Vo1 & + V116 =0, or Vign = Vipyn = 0. But in the latter case, equations (@) and (E) show that
Voorn = Vorrn = 0, which contradicts the assumption nVogn+ Vorrn # 0. Thus EVoe &+ Vipé =EVerré+ Vi€ =0
and ¢ is tangent to an SFR.

On the other hand, if Vg & + Vipr€ # 0, we obtain in the same manner that 7 is tangent to an SFR.
Conversely, suppose that ¢ is tangent to an SFR, thus:

Vool +Vigg =0
EVor&+ Vir§ =0.

Weset 0 =¢, ¢t =1, 770/ = —Voré, 771/ = Voor&. Then one can easily check that equations ) to (@) are satisfied,
thus ¢4n? satisfy (@) and therefore there is a function f satisfying

Vaaf =&
which is solution of ) The proof is completed.
Example II.1. Suppose that z = z(x) is a solution of the equation
E(z)x=1 (x e M) (28)
3
where £ = (&1,€2,&3,&4) is holomorphic in z, with &2 — &% — &2 — &2 =0, ie (i&)*+ Y &2 =0.

j=1
In this case, one can easily check that z is a solution of the equation @)



We can parameterize such & in the form /E]

(161562563564) ! (1_f2_g (1+f2+92)’_2f5_2g)

where f, g et h are meromorphic functions on z.
On differentiating ([23) , we obtain €'(2).x.(0z/8x;) + & = 0, so that

9z &

0z, &’

which gives:

_1 (o +&1)/("x) (=& +i&s)/ (€ @)
Vavz =5 ( (§2O+ i€3)/(€.x) (=& +€13)/(€’-$))
_ 1 (Z(f2 +9°) f— ig)
V2h(ea) \ g i
Then we find that:
§a = N (f ; ig) ;o Nar = B (—=if+g 1)

V (V2R

We can easily check that €4 et nas satisfy the conditions

(V2h)¢'x

VAAlfBUA/ =0 and VAA/éAnB, =0.
In this case, €4 and nA/ are both an SFR.

Remarque I1.1. To extend the proof to varieties more general manifolds than M, when the derivatives commute,
we must introduce curvature terms. In general then, we can not hoped that the theorem remains true, however, by
analogy with the Riemannian case, we conjecture that the result is true for Finstein manifold.
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