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AN EXTENSION OF THE
CARTAN-NOCHKA SECOND MAIN
THEOREM FOR HYPERSURFACES

GERD DETHLOFF, TRAN VAN TAN AND Do Duc THAI

Abstract

In 1983, Nochka proved a conjecture of Cartan on defects of holo-
morphic curves in CP” relative to a possibly degenerate set of hyper-
planes. In this paper, we generalize the Nochka’s theorem to the case
of curves in a complex projective variety intersecting hypersurfaces in
subgeneral position.

1 Introduction and statements

Let f be a holomorphic mapping of C into CPM, with a reduced represen-
tation f = (fo : -+ : fu). The characteristic function T (r) of f is defined
by

1 21 )
Ty(r) = 5 | loglls(re) o,

where || f]| := max{|fol,. .., |fm|}-
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Let L be a positive integer or +oo, and let v be a divisor on C. Set
viH(2) := min{v(z), L}. The truncated counting function to level L of v is
defined by

[ v (2
NH () = / —Z|Z<tt ( )dt (1 <r<+4o00).
1

Let ¢ be a nonzero meromorphic function on C. Denote by v, be the
zero divisor of ¢. Set NQ[DL] (r) = NH (r).

Ve
Let D be a hypersurface in CPM of degree d > 1. Let Q € Clx, ..., 2]
be a homogeneous polynomial of degree d defining D. Set I/[DL]( f) = I/C[QL(] Y

and N }L](r, D) := N&% (r). For brevity we will omit the character [ in the

counting function and in the divisor if L = +o0.
For the holomorphic function ¢, we have the following Jensen’s formula

2 0 do
M@:AI%MWM%+QU

Let V C CPM be a smooth complex projective variety of dimension
n > 1. Let Dy,..., Dy (k > 1) be hypersurfaces in CPM of degree d;. The
hypersurfaces D1, ..., D; are said to be in general position in V if for any
distinct indices 1 < i3 < -+ < iy < k, (1 < s < n+ 1), there exist
hypersurfaces D1, ..., D/ ,_, in CP™ such that

VnD,Nn---ND,, NDiN---ND,,,_, =&

(see Noguchi-Winkelmann [14] and Ru [17] for similar definitions). In partic-
ular for hypersurfaces Dy, ..., Dj in general position in V', we have V' Z D;
for all j = 1,..., k. By definition, we also call an empty set of hypersurfaces
in CPM to be in general position in V.

Definition 1.1. Let N > n and ¢ > N + 1. Hypersurfaces Dy, ..., D, in
CPM with V € D; for all j = 1,...,q are said to be in N -subgeneral position
i V' if the two following conditions are satisfied:

(i) Foreveryl<jo<---<jn<gq, VND;,N---ND;, =0a.

(i)  For any subset J C {1,...,q} such that 0 < #J < n+ 1 and
{D;, j € J} are in general position in V and V N (NjesD;) # 0, there
ezists an irreducible component oy of VN (NjesD;) with dimo; = dim (V N
(NjesD;)) such that for any i € {1,...,q} \ J, if dim (V N (NjesD;)) =
dim (V ND;N (mjeij)), then D; contains o .
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We first remark that if V = CPM is a complex projective space and
{D;}i_, are hyperplanes, then the condition (ii) in the above definition is
automatically satisfied. We also note that in the case where N = n, the
condition (i) implies the condition (ii). Therefore, in this case the above
definition coincides with the concept of general position.

We finally construct an example of hypersurfaces in (n+1)-subgeneral po-
sition in V', which are, however, not in general position in V: Let Dy, ..., D,
(¢ > n+1) be hypersurfaces in CP™ in general position in V. Let {J,..., Jx}
(K = (7)) be the set of all subsets J of {1,...,q} such that #J = n. It is
clear that 0 < #(V N (ﬂjeJiDj)) < oo for all 1 < ¢ < K. We define hyper-
surfaces Dy, , ..., Dy, in CP™ by induction as follows: Take a hypersurface
Dy, passing through a point A; € V N (Njes,D;), but not containing any
irreducible component o of V' N (N;e;D;) with dim o = dim (V N (N;esD;))
for all J; # J C {1,...,q} with 0 < #J < n (note that the number of these
irreducible components o is finite, and {A;} # o, since D,..., D, are in
general position in V). Then, for any @ # J C {1,...,q,t1}, #J < n+1,
J # Ji U {ti}, the hypersurfaces {D;, j € J} are in general position
in V. Assume that hypersurfaces Dy,,...,D; , (2 < i < K) in CPM
are chosen, we next choose a hypersurface D;, in CPM passing through a
point A; € V N (Njes,D;), but not containing any irreducible component
o of V N (NjesD;) with dime = dim (V N (NjesD;)) for any J; # J C
{1,...,¢,t1,...,ti-1} with 0 < #J < n (note that {A;} # o since {D;, j €
J'} are in general position in V for all J' C {1,...,¢,t1,...,ti1}, 0 < #J' <
n+1, J'# JsU{ts} (s=1,...,i—1)). By our choices of the D;,’s, for any
JCA{l,...,¢,t1,...,tx},#J < n+ 1, the hypersurfaces {D;, j € J} are in
general position in V' except in the cases J = J;U{t;} (i =1,..., K). There-
foreforany @ # J C {1,...,¢,t1,....tx}, #J < n+lsuchthat {D;, j e J}
are in general position in V and for any i € {1,...,q,t1,...,tx}\ J, we have
that dim (V N D; N (NjesD;)) = dim (V N (NjesD;)) if and only if either
#J =n+1 and then V N (N;e;D;) = @ or there exists k € {1,..., K} such
that {i} UJ = {tx} U Jr. This implies that for N = n + 1, the hypersurfaces
Dy, ...,Dy, Dy, ..., Dy, satisfy the conditions (i) and (i¢) of Definition 1.1,
and, hence, they are in (n + 1)-subgeneral position. But, they are not in
general position.

In 1933, Cartan [2] proved the Second Main Theorem for linearly non-
degenerate holomorphic mappings of C into CP™ intersecting hyperplanes
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in general position. He also proposed a conjecture for the case where the
hyperplanes are only in subgeneral position. This conjecture was solved by
Nochka [13].

As usual, by the notation “||P” we mean the assertion P holds for all r €

[1, +00) excluding a Borel subset E of (1, 400) with /dr < 400.

E

Theorem 1.2 (Nochka). Let f be a linearly nondegenerate holomorphic map-
ping of C into CP™ and let Hy, ..., H, be hyperplanes in CP™ in N-subgeneral
position, where N >n and ¢ > 2N —n + 1. Then, for every e > 0,

q
[(g—2N +n—1-e)Tx(r) <> N/ (r, Hy).
7j=1

Recently, the Second Main Theorem for the case of hypersurfaces in gen-
eral position was established by Ru ([16], [17]), see also Dethloff and Tan
[5]. For the case where hypersurfaces are not in general position, in [21] Thai
and Thu obtained a Second Main Theorem for algebraically non-degenerate
holomorphic maps f : C — CP* c CP", without truncated multiplicities,
and for a special class of hypersurfaces in CP™.

In 2009, Ru [17] proved that

Theorem 1.3. Let V. C CPM be a smooth complex projective variety of
dimension n > 1. Let f be an algebraically nondegenerate holomorphic map-
ping of C into V. Let Dy, ..., D, be hypersurfaces in CPM of degree d;, in
general position in V. Then for every e > 0,

q

ltg—n—1-a7507) <3 2N D))

j=1 7

Motivated by the case of hyperplanes, in this paper we prove the following
Second Main Theorem for hypersurfaces being in N-subgeneral position.

Theorem 1.4. Let V. C CPM be a smooth complex projective variety of di-
mensionn > 1. Let f be an algebraically nondegenerate holomorphic mapping
of C into V. Let Dy,...,D, (V€ D;) be hypersurfaces in CP™ of degree
d;, in N-subgeneral position in V, where N > n and ¢ > 2N —n + 1. Then,



for every € > 0, there exist positive integers L; (j = 1,...,q) depending on
n,degV,N.d; (j =1,...,q),q, € in an explicit way such that

q
1 .
H(q—2N+n— 1= aTy(r) < Y- =N, D). (1.1)
j=1 "

The explicit bounds which we will get with the proof of Theorem 1.4 are
as follows:

Proposition 1.5. Assume without loss of generality that € < 1. Let d be the
least common multiple of the d;’s. Put

1
mo = mo(n,deg V, N,d, q,€) := [4d" ™ q(2n + 1)(2N —n + 1) deg V - E] +1,

then
q+mo—1
EASERED )
Ly < [ y +1], (1.2)
where we denote [x] := max{k € Z : k < z} for a real number x.

The proof of Theorem 1.4 consists of three parts: In the first part (chapter
2), we extend the Nochka weights from the case of hyperplanes to the case of
hypersurfaces. In the second part (chapter 4 until (4.18)) we reduce the case
of hypersurfaces to the case of hyperplanes. The method in this part is based
on the work of Evertse - Ferretti [8], Nochka [13], and Ru [17]. In the last
part, we obtain an effective truncation for the counting functions. For this we
devellop a new method using Hilbert weights, which is, in particular, different
from the method which is used in the case of nondegenerate holomorphic
curves in a complex projective space (see Dethloff-Tan [5]).

We also note that the proof of our Second Main Theorem remains valid
if more generally the hypersurfaces have Nochka weights.

Let us finally give an example for the special case V = CP% We con-
sider three quadrics I'1,I'5, T3 in CP? such that they have one common
point A;. Let Ay, A3 be distinct points in CP? \ U2 T;. Let B; € T\
(', uTly) ({i,u,v} = {1,2,3}) such that the lines B;As, B;A; are dis-
tinct and do not pass through any intersection point of any pair of curves
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in Uigsgi—1{BsAs, BsAs} U {1, Ty, I's}. Take three distinct lines Ly, Lo, L3
which do not pass through any intersection point of any pair of curves in
Urcics{BiAa, BiAs} U {I'1,I'2,I's} and Ly, Ly, L3 have the common point
A, which does not belong to any I';, B;As, B;As (i = 1,2,3). Set G; =
{Fl,rg,rg}, gz = {AZ‘Bl,AiB27AiBg} (Z == 2,3), and g4 = {Ll,LQ,Lg}.
Then the curves in the set G := u;*:lg,- are in 3-subgeneral position in CP?2.
Hence, by Theorem 1.4, for any algebraically nondegenerate holomorphic
curve f in CP? and for any € > 0,

7= om) < X oMt D),
Deg

On the other hand, we can not get the above inequality from the Second
Main Theorem for hypersurfaces in general position (Theorem 1.3). In fact,
for any G’ C G such that the curves in G’ are in general position, it is clear
that #(G' N G;) < 2 for all 1 < i < 4. So, #G" < 8. We write G = U{_,G;,
such that G; NG, = @ (1 < i < j < s) and for any 7 € {1,...,s} the
curves in G; are in general position. We have #G; + --- + #G, = 12 and
#G; <8, (i=1,...,s). By Theorem 1.3, we get

|#6 -3 -amytr < 3

Deg;

1
N¢(r,D), (2 =1,...5).
VD=1
So by summing up over any partition of G = U;_;G;, since such a partition

must have at least two elements, we get at most a term H (6 —€)T¢(r) on the
left hand side.

2 Nochka weights for hypersurfaces in sub-
general position

In this section, we shall prove the existence of the Nochka weights for hyper-
surfaces in subgeneral position which was proved by Nochka for the case of
hyperplanes. We mainly follow the ideas of Chen [3], Nochka [13], Ru-Wong
[18], and Vojta [24]. However, we have to pass some difficulties due to the
fact that their methods are based on properties of linear algebra. We finally
would like to remark that the existence of Nochka weights for the case of
infinitely many hyperplanes has been established by N. Toda [22].
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Let V € CP™ be a smooth projective variety of dimension n. Through-
out of this section, we consider ¢ hypersurfaces Dy,..., D, C CPM in N-
subgeneral position in V, where N > n and ¢ > N + 1. Set Q :={1,...,q},
codim@ :=n + 1, ¢(&) := 0, and ¢(R) := codim(V N (N;erD;)), where the
codimension is taken with respect to V and @ # R C . It is easy to see
that

Remark 2.1. (i) For any K C Q, we have ¢(K) < #K, moreover, ¢(K) =
#K if and only if #K < n+ 1 and the hypersurfaces D; (j € K) are in
general position in V.

(17) For K C K' C Q, if ¢«(K') = #K' then ¢(K) = #K.

Lemma 2.2. Let K C R C Q such that #K = c¢(K). Then there exists a
set K" such that K C K' C R and ¢(K') = #K' = ¢(R).

Proof. We have #K = ¢(K) < ¢(R). If ¢(K) = ¢(R), then the lemma is
trivial by taking K’ = K. If ¢(K) < ¢(R), by induction, it suffices to show
that there exists ¢ € R\ K such that ¢(K U {i}) =#K + 1 (=c(K)+1).
Suppose that ¢(K'U{i}) # #K +1 = ¢(K)+1 for every i € R\ K. Then
c(KU{i}) = ¢(K) for all i € R. If K = @ this is a contradiction, either,
in the case R # @, to the hypothesis of N-subgeneral position (including
V ¢ D;), or, if R = @, to the hypothesis ¢(K) < ¢(R). If K # @ this means
that dim(V N D; N (Njex D;)) = dim(V N (Njex D;)) for all i € R. Therefore,
since {D;, j € @} are in N-subgeneral position, there exists an irreducible
component ox of V N (NjexD;) with dim ox = dim(V N (NjexD;)) such
that D; contains ok for all i € R\ K. Hence, we get dim(V N (ﬂjeRDj)) =
dim (V' N (Njex D;)). This means that ¢(R) = ¢(K). This is a contradiction.
This completes the proof of Lemma 2.2. O]

Lemma 2.3. (i) For any subsets Ry, Ry C @, we have
C(Rl U RQ) + C(Rl N Rg) < C(Rl) + C(RQ).

(17) For any S; C Se C @, we have #5, — c(S1) < #55 — ¢(S2). Further-
more, if #S3 < N + 1 then #S3 — ¢(5;) < N —n.
Proof. Proof of (i): By Lemma 2.2, there exist subsets K, Ky, K3 with K C
Rl N RQ, K g Kl g Rl, Kl Q Kg Q Rl U RQ, such that
#K = c(K) = c(R1 N Ry), #K, = (K1) = c(Ry), and
#Kg = C(K3) = C(Rl U RQ)



Set Ky := K3\ Ki. Then K5 C Ry. Indeed, otherwise there exists i € K3\ Rs.
Then i € Ry \ Kj. Therefore, K3 O K; U {i} C R;. This implies that
c(Ry) > c(KyU{i}) = #(K,U{i}) = ¢(K1) + 1 = ¢(Ry) + 1 by Remark 2.1.
This is a contradiction. Hence, Ky C Rs. Therefore, Ko U K C Ry. On the
other hand KQUK g Kg, and KQﬂK Q KQﬂKl = (Kg\Kl)ﬂKl = . From
these facts and by Remark 2.1 (ii) we get ¢(Rs) > ¢(K2UK) = #(KyUK) =
HEKo+#K = (#K3—#K,)+#K = ¢(R{URy) —c(R1)+c¢(RiNRy). Hence,
the assertion (i) holds.

Proof of (ii): By Lemma 2.2, there exist S/ (v = 1,2) such that S] C
Sy, S7 C Sy and #S! = ¢(S)) = ¢(S,). We have (S5 \ S7) N S; = @. Indeed,
otherwise there exists i ¢ S| such that S; O S U {i} C S;. Therefore, by
Remark 2.1 (i) we get ¢(S1) + 1 =#S5] + 1 =¢(S] U{i}) < ¢(51). Thisis a
contradiction. Hence, (S5 \ S7) NS; = @. Thus we have S5\ S; C 55\ S;.
Therefore, ¢(Sz)—c(S1) = #S,—#57 = #(55\57) < #(S2\S1) = #S2—F#S5;.

If #S5 < N + 1, then we choose S3 such that Sy C S3 C @ and #S53 =
N +1. Since D; (5 € Q) are in N-subgeneral position, we have ¢(S3) = n+1.
Therefore, #Ss — ¢(S2) < #53 —¢(53) = N —n. O

For Ry G Ry C Q, we set p(Ry, Ry) = 48 Then by Lemma 2.3,
we have 0 < p(Ry, Rp) < 1.

Lemma 2.4. Let Dy, ..., D, be hypersurfaces in N-subgeneral position in V,
where N > n and ¢ > 2N —n + 1. Then, there exists a sequence of subsets
F=RyC R C - CR,CQ:={1,...,q} (s> 0) satisfying the following
conditions:

(1) ¢(Rs) < n+1,

(i) 0 < p(Ro, R1) < p(Ry, Rp) < -+ < p(Rac1, Ry) < grraridid,

(i73) for any R with R;—y € R C Q (1 <i < s), and ¢(Ri—1) < ¢(R) <
n+ 1, we have that p(R;—1, R;) < p(Ri—1, R) and, moreover, if p(R;_1, R;) =
p(Ri-1, R) then #R < #R;.

(iv) for any R with Ry C R C @, if ¢(Rs) < ¢(R) < n+1, then p(Rs, R) >
Proof. We start the proof by setting Ry = &. It suffices to show that, under
the assumption that there is a sequence @ := Ry C Ry € --- C Ry C Q@
satisfying conditions (i), (ii) and (iii), it satisfies also the condition (iv) or,
otherwise, there exists a subset R,,; such that the sequence @ := Ry C R; C

=

- C Rer1 € Q :={1,...,q} satisfies conditions (i), (ii) and (iii). In fact,



if the latter case occurs, we can reach the desired conclusion after finitely
many repetitions of these constructions.

We now consider a sequence @ := Ry C Ry € --- C R, C (@ satis-
fying condition (i), (ii) and (iii). Assume that this sequence does not sat-
isfy the condition (iv). Set R := {R: Rs € R C Q,c(R;) < c(R) <
n+ 1, and p(Rs, R) < %} Then, we have R # &. Set p :
min{p(Rs, R) : R € R}. We choose aset R, in R such that p(Rs, Rs11) = p
and # R is as big as possible.

We now prove that the sequence Ry C Ry C --- C R, satisfies condi-
tions (i), (ii) and (iii).

« It is clear that ¢(Rs+1) < n + 1, since Ryi1 € R.

«If s > 1, wehave Rs_1 € Rs11 C Q, ¢(Rs—1) < ¢(Rs) < ¢(Rsy1) < n+1,
and #Rsy1 > #Rs. Therefore, since the sequence Ry C --- C R, satisfies the
condition (iii), we have

ﬂ(RsA? Rs) < P(Rs—la Rs+1)- (21>
On the other hand, for any 0 < a < ¢, 0 < b < d such that 7 < £, we have

a cC—a

b S d—b

(2.2)

Therefore, by (2.1) we have p(Rs_1, Rs) < p(Rs, Rs+1). And if s = 0, then

we have p(Ro, R1) = p(9, Ry) = #1;1) > 0.

Since Ryi1 € R, we get p(Rs, Rs11) = ;@;if #E Rs) < 2;13@#)}% Hence, in

nt+l—c(Rs41)
2N—n+1—#Rsy1
(observing that, by the hypothesis of N-subgeneral position in V', we get

from ¢(Rs11) < n+ 1 that #Rsy 1 < N <2N —n+1).
« Let R (if there exists any) such that Ry, € R C @ and ¢(R;) <

¢(R) < n+ L1 p(Re, R) 2 gyirin, then p(Ry, Row) = p < p(Rs, R).

If p(Rs, R) < %, then R € R. Therefore, by our choice of Ry, 1 we

have that p(Rs, Rsy1) < p(Rs, R), furthermore, if p = p(Rs, Rsy1) = p(Rs, R)
then #R < #Rqy1.

both cases, by using the property (2.2), we get p(Rs, Rsy1) <

From theses facts, we get that the sequence Ry C Ry € --- € Ry
satisfies conditions (i), (ii) and (iii). This completes the proof of Lemma
2.4. ]



Proposition 2.5. Let Dy, ..., D, be hypersurfaces in N-subgeneral position
in V, where N > n and q > 2N — n + 1. Then, there exist constants
w(1),...,w(q) and © satisfying the following conditions:

z)0<w( ) <O <1(1<)j<g),

i

(
(i) Y0 _w(i) =0(@—2N+n—-1)+n+1,
(é4) 2Nn+n1 <O <R
(iv) if RCQ and 0 < #R < N +1, then 3 pw(j) < c(R).
Proof. If N = n, then w(l) = -+ = w(g) = 1 and © = 1 satisfy the

conditions (i) to (iv). Assume that N > n. Let {R;}_, be a sequence of
subsets of @ :={1,...,q} satisfying the conditions (i) to (iv) of Lemma 2.4.
By Lemma 2.4 (i) and by the “N-subgeneral position” condition, we have

4R, < N. (2.3)

Take a subset Ry, q of () such that #R,.1 = 2N —n+1> N +1 and, hence,
Rs € Rgyq. Then we have ¢(Rsy1) =n + 1.

Set
n+1—c(Ry)

2N —n+1—#R,’
w(j) = p(R;, Riy1) ifj € Rit1 \ R; for some ¢ with 0 < i < s,
7 e if j & Ry,

By Lemma 2.4 (ii), {w(j)}j-, and © satisfy the condition (i) of Proposition
2.5.

O := p(Rs, Rs11) = and

We have
q s
dYowli) = D wi+>, Y
j=1 JEQ\Rs+1 1=0 jeR;+1\R;
=0(¢—2N+n—-1)+ Z (c(Rit1) — c(Ry))
i=0

=0(q—2N +n—1)+ ¢(Rss1)
=0(@—-2N+n—-1)+n+1.
Thus, {w(j)}j=, and © satisfy the condition (ii) of Proposition 2.5.
We next check the condition (iii). By (i) and (ii), we have

q
n+1=>Y w(j)—06(g—2N+n-1)<O2N —n+1).
j=1

10



By Lemma 2.3 (ii) we have

o n+1—c(Ry) <n+1—c(Rs)<n+1
CN+1+(N—-n—#R,) N+1-cR,)  N+1

Finally we check the condition (iv). Take an arbitrary subset R of () with
O<#RN+1.
Case 1: ¢(RUR;) <n.
Set
o {RmR,- if0<i<s,
! R ifi=s+1.

We now prove that: for any i € {1,...,s+ 1}, if #R; > #R._| then
c¢(R;UR;_1) > c(Ri_1) (2.4)
and
p(Ri_1, Ri) < p(R;_,, R}). (2.5)

« If i =1 then ¢(R} U Ry) = ¢(R}) > 0= ¢(Rp) (note that R} # &, since
#R! > #R) = 0).

x If i > 2, then since #R, > #R, |, we have #(R, UR; 1) > #R;_1. On
the other hand ¢(R;—2) < ¢(R;—1) < ¢(R;UR;_1) < ¢(RUR;) < n (note that
p(Ri—a, R;—1) > 0). Therefore, by Lemma 2.4, (iii) we have p(R;—2, R;—1) <
p(R;—2, R, U R;_1). This means that

C(Ri_l) — C(RZ‘_2> < C(R; U Ri_1> — C(Rz’_2>
#Ri1—#Rio  #(RUR 1) —#Ri o
Therefore, since #R;_1 < #(R; UR;_1), we have ¢(R;—1) < ¢(R,UR;_1). We
get (2.4).
We next prove (2.5). By (2.4), we have ¢(R;—1) < ¢(R; U R;_1) < ¢(RU
R;) < n. Hence, by Lemma 2.4, (iii) for the case 1 < ¢ < s and (iv) for the
case ¢ = s + 1, we have

p(Ri,I, Rz) < p(Rl',l, Ri U Rifl) for all i € {1, o, S+ 1},

n+l—c(Rs
(note that p(Rs, Rs11) = M)

11



Therefore, by Lemma 2.3, (i) we have

p(Ri—1, R;) < p(Ri—1, R{ U R;_y)
_ (RPURi ) — c(Riy) < c(R) — c(RiN Riy)
#R{UR; 1) —#Riy ~ #(R{UR; 1) — #Riy
_ (R — (i) c(R}) — c(Ri_y)

#R,— #(R,NR,1) #R, — #R_,
= p(R;—la R;):

C

(note that R,_; = RN R;_1). We get (2.5).
By (2.5), we get that

w(j) <p(R,_,R)forallje R\ R,_; (1<i<s+1). (2.6)

In fact, for j € R, \ R, we have w(j) < © = p(Rs, Rs11) < p(R,, R, ),
and for j € R\ R,_; C R; \ Ri—1 (1 <i < s) we have w(j) = p(Ri—1, R;) <
p(R;fl,R;).

By (2.6), we have

s+1
dowl)=3 >
JER i=1 jeR/\R]_,
s+1
<Y (#Ri—#Ri_))- p(Ri_y, RY)
i=1

= c(Ryyy) — c(R) = c(R).

Therefore, the assertion (iv) holds in this case.

Case 2: ¢(RUR;) =n+ 1. By Lemma 2.3, and since #R < N + 1, we
have

#R < ¢(R)+ N —n, and
n+1—c(Rs) =c(RUR;) —c¢(Rs) < ¢(R) — (RN Ry) < ¢(R).

Therefore, by the assertion (i), by the definition of © and by Lemma 2.3 (ii),

12



applied to Ry and by using (2.3), we have

> w(j) <OH#R < O(c(R) + N —n)

JER
N —n
= Oc(R)(1
WOy
N —n
< 1
Oc(R)(1+ o c(RS))
N+1—c(R;
s c(Rs)
2N —n+1— #R;
< ¢(R)
This completes the proof of Proposition 2.5. O

Definition 2.6. We call constants w(j) (1 < j < q) respectively © with the
properties (i) to (iv) in Proposition 2.5 Nochka weights respectively Nochka
constant for hypersurfaces Dy, ..., D, in N-subgeneral position in V, where
N>nandqg>2N —n+1.

Theorem 2.7. Let Dy, ..., D, be hypersurfaces in N-subgeneral position in
Vandw(l),...,w(q) be Nochka weights for them, where N > n and ¢ > 2N —
n+1. Consider an arbitrary subset R of Q := {1,...,q} with0 < #R < N+1
and ¢* = ¢(R), and arbitrary nonnegative real constants Ey, ..., E,. Then,
there exist ji,...,Je- € R such that the hypersurfaces Dj ..., D; . are in
general position and

JER =1

Proof. Without loss of the generality, we may assume that Fy > Fy > --- >
E,. We shall choose indices jjs in R by induction on i. We first choose

J1 := min{t € R}
and set Ky :={k € R: c({j1,k}) = c({j1}) = 1}. Next, choose
Jo:=min{t € R\ K1}
and set Ky :={k € R: c({j1, 2, k}) = c¢({J1,j2}) = 2}. Similarly, choose
Js:=min{t € R\ K>}

13



and set K3 := {k € R: c({j1,J2,73,k}) = c({j1,J2,73}) = 3}. By Lemma
2.2, we can repeat this process until j.~ and K. Then, we have K1 C Ky C
-+ C K = R. We have dim(D;, N---N Dj, N Dy) = dim(D;, N---N Dy,),
for all k € K;. Therefore, by the “N-subgeneral position” condition, for any
i€ {1,...,c"}, there exists an irreducible components o; of D;, N---N D;,
with dimo; = dim(Dj, N --- N D;,) such that we have that Dy contains o;
for all £ € K;. Thus, dim Njex, D; = dim(D;, N---N Dj;) = n —i. Then
c(K;)=iforalie{l,...,c}.

Set Ky := @ and a; = ZjeKi\Kiflw(j), i = 1,...,c*. Therefore, by
Proposition 2.5, we get

Zai: Zw(j) <c(K;)=1 foralli e {1,...,c"}.
k=1

JjeK;

On the other hand, for any 1 <@ < ¢* we have E; < Ej, forall j € K;\K,;_1(C
R\ K;_1). Thus, we have

dwiE =Y > wi)E

JER =1 jeK\K;_1
c* c*
<Y D> wli)EL =) wE;
i=1 jEK\K;—1 =1
c*—1

o*

=Y (ar+- -+ a) (B = i) + (e + -+ 0, B
=1

c*—1
< Z Z(Ejz - Eji+1) + C*ch*
i=1
S
i=1
This completes the proof of Theorem 2.7. ]

3 Some lemmas

Let X C CPM be a projective variety of dimension n and degree A. Let Ix
be the prime ideal in Clxo,...,z] defining X. Denote by Clxzg,...,Tu|m
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the vector space of homogeneous polynomials in Clzy, ...,z of degree m
(including 0). Put Ix(m) := Clzo, ..., zx]m N Ix.
The Hilbert function Hy of X is defined by

Hx(m) :=dimClxq, ..., zp|m, Ix(m). (3.1)
. M +m .
In particular we have Hy(m) < ( Y ) By the usual theory of Hilbert
polynomials, we have
m" n—1
Hx(m) ::A-FqLO(m ). (3.2)

We also need the following result, which should be well known, but since we
do not know a good reference, we add a short proof:

Lemma 3.1. Forn > 1, we have Hx(m) > m+ 1 for allm > 1.

Proof. Using the notations introduced above, we first observe that there
exists some x; which is not identically zero on X, without loss of generality
we may assume that it is xg. It suffices to prove the following

CLAIM: For all m > 1 there exists i € {1, ..., M } such that for all ¢;; € C
which are not all zero we have

m
E ¢y Tx] Z0on X.
Jj=0

In fact, if the claim is true, it means that no (nontrivial) complex linear
combination of the m+ 1 monomials xg”‘j xf , 7 =0, ...,m vanishes identically
on X, and, hence, can be contained in Ix(m). So Hx(m) > m+ 1.

Assume that the claim does not hold. Then there exists m > 1 such that
for all i € {1,..., M} there exist ¢;; € C which are not all zero so that we
have

E cijrg lxl =0on X.



This means that the rational functions ;C—é, t=1,...,M on X are all algebraic
over C. Since the subset of rational functions on X which are algebraic
over C forms a subfield of the function field C(X) of X and since (by what
we saw above) this subfield contains the rational functions =+, 7 = 1, ..., M
on X, which generate C(X) as a field, this means that C(X% over C is an
algebraic field extension. So the transcendence degree of C(X) over C is zero.
But by a well know theorem (Hartshorne [11] p.17), observing that we have
C(X) = C(Xy) and dim X = dim X if Xy = X N{zo # 0} is one affine chart
of X, we get

0 = transcendence degree(C(X)) = dim X.

With other words, if n = dim X > 1, we get a contradiction, proving the
claim. O

For each tuple ¢ = (¢, ...,cp) € R%“, and m € N, we define the m-th
Hilbert weight Sx (m,c) of X with respect to ¢ by

Hx (m)

Sx(m,c) := max Z I; - ¢,

where I; = (Lo,...,Lim) € NM+1 and the maximum is taken over all sets
{ah = zfo .. 21 whose residue classes modulo Iy (m) form a basis of the
vector space Clzo, ..., Zpr]m,/ Ix(m).

Lemma 3.2. Let X C CP™ be an algebraic variety of dimension n and
degree \. Let m > /\ be an integer and let ¢ = (cq,...,cpr) € R Let
{io,...,in} be a subset of {0,..., M} such that {x = (z¢:---:xy) € CPM:
Tiy=--=ux;, =0t NX =a. Then

1 1 (2n+1)A
- - > g )T N
o () Sx(m,c) (Cig+ - +ci) max ¢;

~(n+1) m 0<i<M
Proof. We refer to [7], Theorem 4.1, and [8], Lemma 5.1 (or [17], Theorem
2.1 and Lemma 3.2). O

Lemma 3.3 (Theorem 2.3 of [15]). Let f be a linearly nondegenerate holo-
morphic mapping of C into CP™ and let {Hj};]‘:1 be arbitrary hyperplanes in
CP™. Then for every e,

2T 10\]] . H:|l db
H/ maleog |7l H JH—+NW(f)(r) <(n+1+e)T(r).
€K

|H;(f(re?))] 27
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where K is the set of all subsets K C {1,...,q} such that #K =n+ 1 and
the hyperplanes H;, j € K are in general position, W (f) is the Wronskian
of f, and ||Hj|| is the mazimum of absolute values of the coefficients of H;.

Lemma 3.4 (Propositions 4.5 and 4.10 of [9]). Let f be a linearly nonde-
generate holomorphic mapping of C into CPM with reduced representation
f=o::fu) Let W(f)=W(fo,..., fu) be the Wronskian of f. Then

M
Vfom(f])M < E min{Vf“M}.
f
=0

w

4 Proof of Theorem 1.4

We first prove Theorem 1.4 for the case where all the Q; (j = 1,...,¢) have
the same degree d.

Since Dy, ..., D, are in N-subgeneral position in V, we have ﬂ?lejﬂV =
@. We define a map @ : V. — CPI! by ®(z) = (Q1(z) : -+ : Qu(x)).
Then & is a finite morphism (see [19], Theorem 8, page 65). We have that
Y := im® is a complex projective subvariety of CP4~! and dimY = n and

A =degY < d"-degV. (4.1)
This follows, in the same way as [19], Theorem 8, page 65, from the fact
that ® : V — CP? ! is the composition of the restriction of the d-uple
embedding pgly : V — CPL7! to V (with L = ( M]\j[— d )) with the linear

projection p : CPL™1 — CP?!, defined by the linear forms Q,...,Q, in
the monomials of degree d, since we have:

degY = deg ®(V) < deg pg|lv (V) < d" - degV.

It is clear that for any 1 <7y < --- <, < ¢ such that N_yD;, NV = &, we
have

{y=(pr:-:y)eCP™": yy=-- =y, =0}NY = 2. (4.2)

For a positive integer m, denote by {I1,..., 1, } the set of all I, :=
(In,. .., Liy) € Nf with Iy + - - - + I;; = m. We have ¢, := (q+m*1).

m
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Let F be a holomorphic mapping of C into CP% 1 with the reduced
representation F' = (QI(f)-+ Qg (f) = -+ Q™" (f) -+~ Q4™ (f)), (note
that Q7*(f), ..., Q7' (f) have no common zero point).

Define an isomorphism between vector spaces, ¥ : Clzy,...,2,,]1 —
Clyts- - Yglm by ¥(2) ==y (i = 1,...,qn). Consider the vector space
H:={H € Clz,...,24,)1 : H(F) =0 }. Then F is a linearly nondegenerate
mapping of C into the complex projective space P := Ngen{H = 0} C
CP~1 and we will from now on, by abuse of notation, consider F' to be
this linearly nondegenerate map F': C — P.

For any linear form H € Clz, ..., z,,]1, since f is algebraically nonde-
generate, we have that H € H if only if
H(QM (z)- ~~Qélq(x), o {“’"1(:5) ) ..Qéqmq(x)) =0onV.

This is possible if and only if W(H)(y) := H(y™,--- ,ylo) = 0 on Y. There-
fore, we get that W(H) = (Iy)m. On the other hand W is an isomorphism.
Hence, we have

dim P = dim () {H =0} = g, — 1 — dimH
HeH
=¢m — 1 —dim(ly), = Hy(m) —1.  (4.3)

We define hyperplanes H; (j = 1,...,¢;) in the complex projective space P
by H; :=={(z1: - : 2,,) € CP™1: 2, =0} N P, (these intersections are
not empty by Bézout’s theorem, and they are proper algebraic subsets of P
since V¢ Dy, 1 <k <q).

Denote by L the set of all subsets J of {1, ..., ¢y} such that #J = Hy(m)
and the hyperplanes H;,j € J, are in general position in P. Since ¥ is
an isomorphism and V(H) = Iy(m), L is also the set of all subsets J of
{1,...,qm} such that {y'7, j € J} is a basis of Clyy, . .., Yg)m /Iy (m).

For each j € {1,...,q} and k € {1,...,qn}, we put

L£114 - 1911
Q5 ()]

where ||Q;|| (respectively ||H||) is the maximum of absolute values of the
coefficients of @); (respectively Hj). They are continuous functions with
values in R>o U {400} which take the value +00 only on discrete subsets of

C.

[Ell - [ H

>0 and Ep, (F) =log |

ED]' (f) = IOg > Oa

|H(F)]
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Denote by K the set of all subsets K of {1,...,q} such that #K =n+1
and NjexgD; NV = @. Let N be the set of all subsets J C {1,...,q} with
#J = N + 1. Let {w(j)}j=; and © be Nochka weights and Nochka constant
for the hypersurfaces D; in N-subgeneral position in V. By Theorem 2.7, for
any z € C and any J € NV, there exists a subset K(.J, z) € K, such that

Y wl)Ep(f(z)) < D Ep,(f(z)). (4.4)
jed JEK(J,2)
For any J € N, since the hypersurfaces D; (j = 1,...,q) are in N-

subgeneral position in V| the function A\;(z) := MTI;”LQW is continuous on

V and Aj(z) > 0 for all x € V. On the other hand, V' is compact, so there
exist positive constants ¢y, ¢; such that ¢; > A\;(f(2)) > ¢; for all z € C.
This implies that

d-log||f|l = mea}dog 1Q(f)] +O(1), for all J € N. (4.5)
J

Therefore, there exists a positive constant ¢ such that
qg—N-1

min En <e
{j17'--7jq7N71} Z DJZ' <f)

Then, we have

w(j)Ep, (f) < max > w(j)Ep, (f) +O(1). (4.6)
j=1 JjeJ
By (4.4) and (4.6), for every z € C, we have
> W), (F(2) Smax 3 Ep,((2)) +0(1)
Jj=1 JjeK(J,z)
< r}glg%;(EDj(f(z)) +0(1)
This implies that
Y wlidlog | fl =D w(i)log|Q;(N)] < D w(i)Ep,(f) +O(1)
=1 j=1 j=1
< r}ggxz;(EDj(f) +0(1).  (4.7)
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Applying integration on the both sides of (4.7), using Proposition 2.5 and
Jensen’s formula, we get

d(©(g — 2N +n—1)+n+1)Ts(r) = Y w(§)Ny(r, D;)

Jj=1

</0WmaxZE,;;J.(f(re”))%%—O(l). (4.8)

Since ImF C P and {Q™(f)---Qk*(f), 1 < i < gu} have no common
zero point, for every J € £, the holomorphic functions {Q1" (f) - - - Qéiq(f), i €
J} also have no common zero point.

Then, for every J € L, we have

|F]| = max [Hi(F)| + O(1) = max Q" () -~ Qg (f)] + O(1)
< [If1 +0(1).
This implies that
Tr(r) <dm - Ts(r) + O(1). (4.9)
For every J € L and 7 € J, we have

£ - LA £

EFy(F)=lopgc —MM =1 . O(1
m(E) =los ey | = 8 gm ) iy O
e
= i —dml +1 Fll+0(1
o8 A — dmlog ] + og L Pl + O()
= " LBy, (f) — dmlog| fl| + log |[F|| + O(1).  (4.10)

1<i<q

Let ¢, := (Ep,(f(2)), -+, Ep,(f(2))) for every z € C\ D, where D
denotes the discrete subset where one of these functions takes the value +o0o.
By the definition of the Hilbert weight, there exists a subset J, € L such
that

Sy(m,c,) = ZIZ' Cy. (4.11)
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By (4.2) and by Lemma 3.2, for every m > A and K € K, we have

Sy (m, c,) 1 (2n +1)A
mHy (m) = nH;(EDj(f(z)) - = max B (f(2). (412)

Then, by (4.10), (4.11) and (4.12), for every K € IC, z € C\ D, we have

1 ZEDj(f(Z)) < Sy (m,c.) N 2n+1)A max Ep, ((:))

(n+1) mHy (m) mo 1<
Sies Li-e: (2n+1)A
== Ep
iy ) i B, (=)
_ 1 (2n+1)A
= Gy 2o o (2) T max By (1(2)
i€d,
1<5<q
1
- mHy ZEH )) + dlog | f(2)]| — —log || F(2)]
(2n+1)A
m EE%ED (f(z)) +0(1)
1
S mHy D B (F(2) + dlog | £(2)] = T log | (2]
2n+1)A
et > Ep,(f O(1). (4.13)
1<5<q

This implies that, for every z € C\ D,

S B (1) € e max Y B (F(2) + dlog [ £(2)]

max
Kek (n+1) = mHy (m) Lec

— %log |F(2)] + % Z Ep,(2) +0(1),

1<<q

and by continuity this then holds for all z € C. So, by integrating and by
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(4.8), we get

[}

d(©(g—2N+n—1)+n+1)Ts(r) = Y _ w(j)N;(r,D;)
7j=1

n-+1
p- Tr(r)

n+1 2n 9y A0
< m/() maXZEHi(F(re’ ))% +d(n+ 1)T¢(r) —

+(2”+ Jnt DA Z/QﬂED (re' —+o<) (4.14)

1<i<q

By (4.3) and Lemma 3.3 (with € = 1), we have

| [ S (Flre g

(n+1)(Hy(m) + 1) - n+1
mHy (m) Te(r) mHy (m)

< Ny ry(r).

(4.15)

For each j € {1,...,q}, by Jensen’s formula, we have
27 o 2m o do 2m 0\, dO
| Enrens) <a [ ioglstely) - [ toglQire ] + o)
0 2T 0 2m 0 2T

For an arbitrary € > 0, we choose
1
m = [4dn+1q(2n +1)(2N —n+1)degV - _] +1

Then, assuming without loss of generality that e < 1, by (4.1), by Lemma 3.1
and by Proposition 2.5 (iii) we have m > A, Wthh we assumed for (4.12),
and

(2n+1)(n+ 1)dgA  ©Oe¢ (n+1)d ©ec
p- < and Hy () < (4.17)

Then, by (4.9), (4.14), (4.15), and (4.16), we get
|©@ =28 +n=1)+n+1)dT50) - > (i) (r, D))

< (0 i+ G)T5(r) = s N (1),
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Therefore,

[}

n+1

()60

(4.18)

H@dq—zN+n—1——Tf <> w()Ns(r, Dy) —
J=1

For each J := {j1,...,ju,(m)} € L, then there exists a constant v; €
C, s # 0 such that

1

W(F) =75 - WQP () QP (f),- . Q™ ™ (F) -+ Q)™ ™" (f)).

On the other hand, by (4.3) and Lemma 3.4,

§ ' [(Hy (m)-1]
14 I. I I; 1 I; < I I .
Qljll(f)...Qqﬂlq(f).“QlJHY(m) (f)qu]Hy(m)q(f) Qljll(f)-"Qqhq(f)

. . 1<i<Hy (m)
1. I I )1 I m XXy
w(Qfll(f)qu“"(f) ,,,,, @, Ty (M) (5., Y ( )q(f>)
Hence, for all J € L, we have
W (F) > 1 1 I; q
Q“l(f) QI ()@, Y (1)@ Y ()

— Y ey
21 3
i @M

> 3> Lilva, —ve ). (4.19)

1<5<q ieJ

For every z € C, let c. := (c1,...,¢4.) Where ¢;. = vg,n(z) —
ygj(yf(;” )71(2). Then, by definition of the Hilbert weight, there exists .J, € £
such that

(m, c.) ZI cC, = Z le] VQ;(f gj‘(}{”)_”(z)).

i€J 1<j<qied,
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Then, by (4.2) and Lemma 3.2, for every K € K we have

[Hy (m)—1]
mHy Z Z VQJ VQjS(/f) (Z))

1<J<qzer
1 [HYUn) 1]
e — §  (vo,n(2) — YQ,(f) ()

jEK
- @B s (v, i0(2) — S (2)
= HLZ (v, () = vg," (=)
jeEK
- % > voi(2):

1<y
Combining with (4.19), for every K € K and z € C, we have
S — VW (F)(z) = : > (va,in(2) — vy )
mHy (m) “n+1 J YQi()

jeEK
2n —|— 1
> vz

1<<q
This implies that
n+1 HHy (m)=1]
vivry > max > (vo,n —Vo.(p )
mHy (m) Kek £~ I i
1)(2 HA
R DerEDA 5~ w20)
1<5<q

By Theorem 2.7, for any z € C and any J € N, there exists subset
K'(J,z) € K, such that

[Hy (m)—1] [Hy (m)—1]
Zw (vo,r Q](Yf( ) ) < Z (vQ, (720 ~V0,(() )
jeJ JEK'(J,2)
[Hy (m)—1]
Smax > (Vo) ~ Vo, )
JjeEK
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This implies that

; YUy (m)=1] YUy (m)=1]
T 2 W) (v, —vo, () S max 2 (o0~ v ) (4:21)
J J

On the other hand, since the hypersurfaces D; (j = 1,...,q) are in N-
subgeneral position in V, we have that for any z € C there are at least (q-N)
indices j of {1,..., ¢} such that vg, (s (z) = 0. Thus, we have

q

: [Hy (m)—1]y _ : [Hy (m)—1]
DWW vo,mn — v ) =maxy w@)(vo,m — v )
j=1 jelJ

Combining with (4.21), we have

q

- [y (m) -1 [y (m) -1
D W@ vamn — v ) Smaxd (va,u -~ oy )
j=1 jekK

Therefore, by (4.20) we have

n+1 (Hy (m)—1] (n+1 )(2n +1)A
mHy ( VW(F = Z VQJ VQ;(f) ) N Z YQi(f

1<5i<q

So, by integrating and by Jensen’s formula, we get

n+1 [Hy (m)-1]

1)(2
—("+ En+ DA §~ n (D))

1<5<q

Hy (m)—1
Z ) (Ny(r, Dy) — Ny™ ™7, D))

(n+ 1>(2§L+ )dgA Z T(r) — O(1)
Z ) (Ny(r, D) = N1 D) - % 7 (r).
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Combining with (4.18) we get

Q

H@dq 2N +n—1—¢)Ty(r Zw [HY ™= 1](7“,Dj).
7=1
On the other hand, w(j) < © by Proposition 2.5 (i), therefore
— 2N 4n—1-€)Ty( N[HY r,D,). 4.22
l@—28+n-1-9730 Z ; ) (4.22)

This completes the proof of Theorem 1.4 and Proposition 1.5 in the special
case of deg@; = d by the fact that Hy(m) —1 < ( Q+Z_ L )
that Y c CPe 1.

— 1, note

We now prove the theorem for the general case: deg(); = d;. Denote by
d the least common multiple of di,...,d, and put dj := <. By (4.22) with
J

the hypersurfaces Qj; (7 €{1...,q}) of common degree d, we have

(g —2N +n—1—&)Ts(r) Zd Y (m) =1 Q)

L d; MHY“’” el

Z E (Tu QJ)

(L;]
< Z d_ij (T‘, Qj)a
j=1

where
qg+m—1
dj )
d;(Hy(m)—1) /
L, =2 1] < 1].
This completes the proof of Theorem 1.4 and of Proposition 1.5. 0
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