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Extension of the MIMO Precoder based on the
Minimum Euclidean Distance: a cross-form matrix

Baptiste Vrigneau, Jonathan Letessier, Philippe Rostaing, Ludovic Collin and Gilles BtE&, member

Abstract— Under full channel state information at the trans- a symbol rate 1. However, the use of space-time diversity
mitter side (Tx-CSI), MIMO precoders can be designed by techniques for transmission over fading channels reduce the

the optimization of many pertinent criteria, like, for example, a3 symbol rate in comparison with spatial multiplexing (SM)
the maximizing post-processing signal-to-noise rationjax-SNR system

or beamforming solution), or the minimizing weighted mean . o . .
square error between transmit and receive vector-symbols (W-  Alternatively, closed loop transmit diversity is used in
MMSE solution). These solutions decouple the MIMO channel wireless MIMO systems, wherein each antenna can transmit
into b parallel independent datastreams. This diagonal structure an independent datastream into the wireless channels whereby
reduces the complexity of the maximum likelihood (ML) decisions  {ha gverall transmission rate is increased. Closed-loop MIMO

but the diversity order of these schemes is limited. Recently, -
we proposed a precodermax-du, solution, which optimizes the methods allow to greatly improve the performance of MIMO

exact expression of the minimum Euclidean distance and leads to communications if full channel knowledge is known at the
a non diagonal structure allowing to achieve maximum diversity transmitter (Tx-CSl). The Tx-CSl can be achieved by the
order. However, the result is available only for two transmit transmitter with two methods: if the channel is slowly fading,
datastreams ¢ = 2) and BPSK and QPSK modulations. In this e yecejver estimates the channel and these data are fed back

paper, we propose a heuristic method to deal with the caske > 2, . . . L
which provides a suboptimal, but good solution to this general through a feedback link (typically in a Frequency Division

problem. The new precoder, Equaldumin (E-dwmin), is based on a Duplexing (FDD) mode), or the channel is considered as
non diagonal cross-form structure. It significantly enhances the reciprocal, and the transmitter estimates the channel matrix
transmit diversity in the eigen-subchannels. We demonstrate that thanks to a pilot signal issued from the receiver in a Time
the achieved diversity order is greater than that of precoders with Division Duplexing (TDD) mode. In wireless MIMO orthog-

diagonal structure for the same number of datastreams despite a S - .
trade-off between rate and diversity. This design can also ensure onal frequency division multiplexing (OFDM) standards, such

quality of service (QoS) by using an adapted power allocation @s Wi-Fi (802.11n) or Wi-Max (802.16e), the singularvalues
strategy. Performance comparisons show the BER improvement decomposition (SVD) type of beamforming technique is pro-

for MIMO and MIMO-OFDM systems. posed. Using SVD, a MIMO channel can be decomposed into
Index Terms—MIMO, max-dumin precoder, beamforming, Tx- Several independent subchannels for data transmission for each
CSlI, diversity order trade-off, OFDM, QoS. subcarrier [6].

The use of full Tx-CSI allows to design linear precoder
and decoder by optimizing pertinent criteria such as, for
example, maximizing the received signal-to-noise ratio[7],

HE multiple-input multiple-output (MIMO) systems used8] (also referred to as single beamforming solution for one

in a rich scattering environment for wireless communiransmit symbol or multiple beamforming for more than one
cations improve significantly the reliability or the data rate dhdependent transmit symbol), minimizing the mean square er-
transmissions in comparison with single-input single-outpubr (MMSE)[9], [10], maximizing the capacity (Water-Filling
(SISO) systems [1], [2]. MIMO techniques are adopted isolution). These solutions decouple the MIMO channel into
wireless standards, such as 802.11n, for high data rate servigedependent and parallel datastreams. They are all based on
Various transmission strategies are adopted to improve tB¥D techniques by performing a power allocation strategy
link reliability or/and spectral efficiency of very high datanto the MIMO eigen-subchannels. The optimized precoding
rate communication for wireless transmissions. The MIM@atrix is diagonal in the eigen-channel representation and
techniques can be classified into two categories often referteglongs to an important subset of linear precoders named
to as open-loop and closed-loop MIMO systems. diagonal precodersin addition, a suboptimal MBER solu-

Open-loop systems do not require any channel state tien (minimum bit-error-rate (BER): average BER over the
formation (CSI) at the transmitter side. The link reliabilitysubstreams) can be derived directly from the diagonalized
is improved thanks to transmit diversity which is generallghannel [11].
ensured by space-time techniques[3], [4], [5]. The most well On the other hand, a unified framework is proposed in
known open-loop technique is the Alamouti Orthogonal Spacks], [12] to design joint transmit-receive matrices based on
Time Bloc Code (OSTBC) for two transmit antenna withhe minimization of some arbitrary objective functions of

the MSEs of all channel substreams. The authors in [6]

The authors are with LEST-UMR CNRS 6165, 6 Av. Le Gorgeu, C@ptain that for Schur-concave functions the channel matrix is
93837, 29238 Brest C(_edex 3_, France (e-m_a_ll: baptls'te.vrlgngau@unv- . . ] .
brest.fr; jonathan.letessier@univ-brest.fr; phlllppe.rostalng@unlv-brest.h‘,l”y d'agona“ZEd and for Schur-convex functions the channel
ludovic.collin@univ-brest.fr,gilles.burel@univ-brest.fr matrix is diagonalized up to a specific rotation matrix, which
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leads to a non diagonal structure. An interesting result iH. CHANNEL MODEL AND EIGENMODE REPRESENTATION
that the solutions which depend directly on the BER like, | ot us consider a MIMO system withy transmit andn g

for example, the minimization of the maximum BER of th@gceive antennas.e. a (v, nr) MIMO system, and assume

substreams, the maximization of the minimum SNR of the qasi-static flat-fading channel model, the received signal is
substreams (performance in term of BER is dominated Bygrefore:

the substream with lowest SNR) or the minimization c_>f _th_e y = GHFs + Gn (1)
average BER over the substreams, are derived from optimizing

Schur-convex functions of the MSE of all channel substreanygherey is theb x 1 received symbol vectok is theng x nr
Thus, the resulting solutions have the non-diagonal structug&annel matrixF' is thenz x b linear precoder matrixG is
the power allocation into the MIMO eigen-subchannels i€ b x ng linear decoder matrixs is the b x 1 transmitted
still performed but beforehand, a channel-independent specignbol vector, and is the zero-mean x 1 additive noise
rotation matrix mixes the transmit symbols[6]. vector. Let us assume that< rank(H) < min(nz,nz) and

An alternative solution leading to a non-diagonal struc- El[ss’]=I,, E[sn"]=0 and E[nn*|=R 2
ture is given in [13] by maximizing the minimum distancgith R the noise covariance matrix.
(max-d,in) Of the symbols at the receiver side. According |, aqdition, the average transmit power is limitedZo:
to performance (BER enhancement) [14], [15], thisx-d,;,
precoder is a promising solution compared to diagonal pre- |F||% = Er. (3

code_rs. Unfortunately, thmax'dmi“ result 'S aval_IabIe for Itis further assume that the transmitter and the receiver have
two independent transmit symbols along with Binary Phase

: . ) . peérfect CSI. The main objective in this section is to obtain a
|\S/|r:,|;tu|l;?c/,|:)g T(r?eprsezt)rig?odn ;gﬁ‘gK (;l:jaf_rg%ﬁ r:STE;'t# g;diagonalized channel matrix and a whitened noise respectively
the difficult .of thed.... optimization and the aeneral roblemca"ed the virtual channel and the virtual noise: this operation

y min OP 9 b is denoted virtual transformation [13]. By using the following

is still open [12, p.512]. Indeed, the exact expression of th 2 composition® — F.F., andG — GG the inout-outout
minimum distance, which depends on the channel matrix, t Sati P —vnd o P P
el ation (1) can be re-expressed as:

modulation and the number of datastreams, is kept in t
calculus. y = GgH,Fgs + Ggn, 4)

This paper proposes a heuristic solution of this difficulvhereH, = G,HF, is the eigen-channel matrix,, = G,n
optimization based on thenax-d,,;, solution. The solution is the transformed additive noise vector with the covariance
reveals two sources of suboptimalify:the structure is based matrix R,,, = E[n,n}| = I, the unitary matrices, and
on 2x2 subsystems aiiiyl the modulation is limited to 4-QAM. F,, are chosen so as to whiten the noise, diagonalize the
However, this new linear precoder increases the number aifannel and reduce dimensionioThis procedure based on
transmit symbols and offers a compromise between the extlzt singularvalue decomposition (SVD) #1 is frequently
optimization ofd,,;, and the complexity, which is exponen-used for MIMO systems, and the eigen-channel matrix is
tially related to the number of datastreams. On the other hadifgonal and denoted as:

a trade-off between the diversity order and the data rate has H. — di 5

been evidenced [16]. Thus, for a given number of antennas, v = diag(o, 02, 0%). ®)
any increase of the number of transmit symbols lowers theThe power constraint (3) is equivalent to:
diversity order [17]. However, the precoder proposed here

2 _
achieves a higher diversity order than diagonal precoders for IFal7 = Er. (6)
the same number of transmit symbols. This characteristicsome precoders are defined by a diagonal mafjx =
permits a significant improvement of the transmission BEﬁﬁag(fl,fg, ..., f») and belong to the diagonal precoder group

with the same transmit power. In order to compare the BERee Fig. 1). There are solutions of criteria optimizations
performance with the beamforming proposed by the 802.14fjch as maximizing the channel capacity [2], minimizing the
standard, this extendethax-du;, precoder is applied t0 pmean square error (MMSE)[9], [10], minimizing the BER
MIMO-OFDM system. (MBER) [11], maximizing the post-processing SNR [7], [8]

This paper is structured as follows: in section Il, the syste(‘ﬁlso often referred to as the single beamforming for one

model is described with the matrix notation and the eigenmoﬁ?nsm't symbotl) olr the mltultlple b?amlfgrmmg by S‘?”‘?'F‘g mt(r)]re
representation. Thenax-dm;, solution for two transmit sym- ©'an ONé Symbol simuftaneously [18]), or maximizing the

bols is presented in Section Ill. Section IV is devoted to t inimum eigenvalue of the SNR-like matri¥NR(Fp) =

9 . . .
new precoder, which extends theax-d,,;, to an even number Efé”t};dz [1hQ] (th'sj[ﬁ recoderésEc-:}-?quwaIenrt] tg tthetEquaI Igrro_rr(r)]r
of symbols; an application of this solution to MIMO-OFDM atachieves the same on each datastream [9]). These

systems is also proposed. Section V deals with the diversity ) genotes the expectation operatéy* the transpose conjugaté,,
order and compares it to diagonal precoders. In Section VI, tihe (n x n) identity matrix, NV:(0,1) the complex-normal zero-mean and
performances ofnax-d,,;, extension are highlighted throughunit-variance distribution]|x|| the Euclidean vector norm of the vectsr,

. . . . . trace(AA*) = ||A[|% the square of the Frobenius norm of the matfix
BER simulations in different case-studies. Our conclusions #H8he constellation alphabet and = card(C) the constellation size, and

drawn in Section VII. diag(.) the diagonal matrix.
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Fig. 1. MIMO block diagram with linear precoder and decodertfee diagonal solutions: the optimization @', G) leads to a diagonalized channel with
eigenmode power allocation and independent ML decisions with a complexityxaf/.

! w1 ML authors in [13] designed a new precoder based on the maxi-
—s ¢ G mization of the minimum Euclidean distance. The minimum
! X—= g ! Euclidean distancé.,;, is defined by:
D (\f w2 _
52 /Ly? 52 IM doin(Fa) =  min  |HoFa(sy —s 7
. |E . X—=® . min(Fa) e [HyFa(se —s) (7)
—M ¢ Ul=
U X wheres; ands; are two symbols vectors whose entries are
X 1’17 Nob elements ofC. Then, themax-d.,;, precoder is the solution
B of:
S S
— — — Fj‘“‘“ = argmax dmin(Fq) (8)
Fg

Fig. 2. MIMO block diagram of a non-diagonal genemahx-d,,;,, precoder:
the ML decision searches over all candidate transmitted symbol vectors and

. . b ;
gives a complexity ofM/° (b x M for a diagonal precoder). under the power constrairﬂFdH% — By

The comparison of the equivalent virtual scheme for a
solution decouple the MIMO channel intoparallel indepen- diagonal precoder (Fig. 1) and for a non-diagonak-d.,in
dent datastreams as shown by the block diagram in Fig. 1. Tore (Fig. 2) shows that the main difference is the ML
MIMO system is equivalent to parallel SISO transmission§omplexity: M* distances againstx M.

and the ML decisions are simplified with orli M distances  The solution of (8) is difficult because the exact expression
to be compared. Consequently, the diagonal precoder®(  of d,,;, is considered and depends on both the constellation
is a diagonal matrix) have a low ML complexity, but do not ussize and the eigen-subchannels. A very exploitable solution of
transmit diversity in the eigen-subchannels and do not achiggg was given in [13] for two independent datastreains; 2
the maximum diversity order [17]. and a 4-QAM. In this case, the 2-dimensional eigen-channel
However, the particular case of the single beamformingatrix H, = diag(o;,02) is rewritten for simplification
solution ormax-SNR corresponding to the case- 1 achieves purpose as:
the maximum diversity order [19].
In the next section, we point out the key results of a .
non-diagonal precoder proposed in [13] by optimizing the { g1 = pCosy @{ 7 = arctan ¢ 9)
minimum distance for two datastreamis £ 2) which will o2 = psiny p=1/07 +03
be necessary for the extention to an arbitrary even number of

datastreamsb(> 4). where p is a positive real parameter related to the eigen-

channel gain, and is an angle linked to the singularvalues
IIl. TWO-DIMENSIONAL OPTIMIZED d,;, PRECODER ratio and meetingr, > oy > 0, i.e. 7/4 > v > 0. It is
2D-max-dmin SOLUTION worth noting thafH, is totally defined byy and~. Moreover,
The minimum Euclidean distance between signal points atsmally means that the first eigen-subchannel is privileged
the receiver side affects the system performances, especiédly > o,), whereas a value close t9/4 indicates two close
with the ML detector [20]. From this well-known report, theeigen-subchannelg{ ~ o). Then, the solution given in [13]
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is SNR-independent and simply depends on the valug: of the power constrainﬁf‘diHQF =1,fori=1,...b/2.

, Then, the subsystes#i gives the minimum distance:
- if 0<y <0,

[3+v3  [3-3 in §; = dmin(Fm)  given by (13) withEr = 1. (14
Fgmin:FTl _ \/E_T< OT TO e ) (10) ( d ) g y( ) T ( )

4) At last, the power is allocated by the coefficiéff, to

-if yo<y<7/4, the subsystemyi, for i = 1,...b/2, under the power
doni Er (cosyp 0 1 ef constraint)_, Y? = Ep, in order to maximize the
Fi""=Focta = 7( 0 51n¢)<_1 eiZ) (11) minimum distance:
1 =arctan V2-1 A= miin T;0;. (15)

cos y

where (12)
’Yozarctan\/% ~17.28°. This proposed scheme limits the complexity of the ML deci-
sions: the number of distances to be comparel/&sx M?2.

The termy) is related to the eigenmode power allocatiofyis complexity is still higher than that of the diagonal
alike the diagonal precoders, and the constant threshpld precodersi{x M), but it is not exponentialX/® for a general
permits the precoder to use one (10) or two (11) eigeﬂbn-diagonal solution).
subchannels. T_hefo value is cpmputed by considerin_g that 5q Steps 1 and 3 are already known, the better singu-
the two precoding forms provide the sanigi,. EQuUations |51\ aes association (step 2) and a criterion for the power
(10), (11) and (12) can be directly computed to design g, ation (step 4) have still to be determined. However, the

2D-max-dmin precoder for a given eigen-channel matrix op,,,sed solution of step 4 is independent from step 2, and
a value of~. The optimized 2D minimum distance, note he optimization problem can be decoupled

d(p, ), depends o and-~y and is expressed as [13]:

dpin (Fmin) = § = .
(Fg™) (p,7) B. Power allocationY: Equal dy,;, precoder (Ed,iy)

VErpy[1— 1 cosy if 0<y<~p The criterion of the power allocation is the maximization
V3 (13) of the minimum distancé\. Thus, Y is the solution of:
(4—21/2) cos2~ sin2~y :
vV ETp\/W otherwise. b/2
max miin Y,6; and Z Ti = FEr (16)
k=1

In spite of the increase in ML complexity, tl®-max-d,in _ o )
precoder exploits the spatial diversity better than the diago¥dth ¥ = [T1,T2,..., T, /2]. The optimized solution of the
precoders for two datastreams as shown in [15], [14]. Inded@wer allocationY, consists in equalizing the distances(
this promising precoder achieves a significant SNR gain whénin = Tid; for all 7). Thus, by using the power constraint
nry and ny are increased but is limited fob = 2. The (16), we obtain

following section introduce an extension of thexx-d,,;, for b/2 ) b/2
b> 2. _ dmin” _ N2 5o 1
Br=) —o-="0) 5
k=1 Kk k=1 "k

IV. EXTENSION OF THEmax-d,;; PRECODER S .
i and the the power allocation is then given by

A. Principle: decomposition int@D-max-d,,,;;, subsystems .
. _

Let us consider an even number of data stredms{, for 5 b 1 ,
large MIMO systems 1fin(ny, ng) > 4). The optimization Y;=FEr |6 ) 5 for i=1,....,5. (17)
(8) for b > 2 being difficult, it leads us to propose a com- k=1 "k

promise _between thé@@ opti_mization and the comple_xity of This precoder is then denoted Equélhy Of E-dymin. The
the solution. Thg main |deg is to decompose fh& &) eigen- epower constraint can be verified:
channel matrix intd2 x 2) eigen-channel matrices, which ar
dmin-optimized for two datastreams (see Fig. 3). Then, the 2 2
extension is split into four steps: |Fql|2 = Z T2|Fail% = Z 12 = Er. (18)
1) Avirtual transformation oH with b > 2 gives a diagonal i=1 i=1
matrix H, (5) with theb ordered singularvalues (SV).

v . B ing (17), th timized mini distandg;, is:
2) The association 0f/2 couples of singularvalues leads y using (17), the optimized minimum distandg;, is

to b/2 2D-virtual systems, denoted subsystes, for b -1
i=1,.. .b/2 asitis illustrated in Fig. 3. Note that, in 2. =712 = By Z - _ (19)
the figure, the best singularvalues association is given = 0

and it will be shown further in the subsection IV-C.
3) The application of the optimaD-max-d,i, Solution The minimum distance depends on the inverse of the square
on the subsystengt: determines the matri¥,; with  minimum distance of each subsystem.
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Remark: Despite the difference between optimized cri-, SO, - \
teria, the solution proposed here is analog to ihe(Ayin) | subprecoder o i’l v |
or the EE (Equal-Error) diagonal precoders. Indeed, the EI,‘E i O\ 51
solution is given by: @ d_/ _’:
1 I ~ >< Jp Noyp |
b 1 — |E Fai * * ML .

2 2 b e Yo Sb
f2=Er <ch- > ?> : (20) | af macd @ @ !
k=1 k )

By analogy,o? becomess?, f? becomesY? in (20). |

conclusion, the power aIIocatlon is analog to the d|agonalsubsysten#z o U FE
precoder and all of the solutions available in the Ilterature_> f @ @\ [ 5i
can be applied. For example, in Section VI we will employ the U I
QoS solution and show an enhancement of the BER compared ., X 37“”1 Ti’”””l ML
with the diagonal precoder. Sooip @ /_‘i_\gyb—m im
The general solution for the power allocation is given for <
any value ofé;, but there is another degree of liberty (step 2) :
with the combination of the couples.
Ty Tp Ny p
C. Optimal association of eigen-subchannels Sibsystemib/2 | 2 2 {: vy -
The issue dealt in this paragraph is: which optimal com-=+ X @ =
bination of couples of singular values maximizes the global _ X Tu . Mo b
minimum distance (19)? The optimization is mathematically, Fav/2 i 1’ vo ME
expressed as: "5 @ @ N s

m/&X dmin (21)

ig. 3. Synoptic of Ed,;,, solution with the main steps: creation of thé2
where M represents all the combinations of couples of SIIEubsystems with the optimal combination of singularvalues, the determination

b —
gularvalues Wlth:ard(/\/l) — W of subprecoderd ;; with the 2D—max-dy,;, Solution and power allocation,

b Y2 There areb/2 independent ML decisions with a complexity if2 x M2
=121 (b—2i+1). (}) = ;724 is the binomial coefficient. (b'x M for the diagonal precoders).

The d,, criterion in (19) can be straightforward lower

bounded as: .
2 D. E-dwin precoder: a cross-form matrix
nin = VETEmzmdl' (22)  once the precoder Hsi, has been designed, the final

Maximizing the lower bound will possibly forag,;, to higher Precoder matrixFy, in (4) for a(nr, nr) MIMO system with

values, and then the optimization considered is: an arbitrary even number of datastreams(min(nr,nr) >
b > 4) is expressed as:
max min J;. (23) ) 0
M T f; 0 Tifs

Lemma 1:Let us consideb ordered singular values;, > oy Yo
oy > -+ > op. The optimal combination of couples solution
of (23) is:

f(k)“r f( )
(o1,00), (02,00-1)...(0p/2,0p/2+41)- (24) F, = 0 ) 0
Proof: see appendix I. | T, f3 Ts f

Conjecture:ithe maximization of the minimum distance (21)
is equivalent to the maximization of the lower bound (23). (2)‘ : @
Thus, the combination expressed in (24) is solution of (21). Taf3 0 Taofy
Many numerical experiments confirm this conjecture. T f(l) Tlfil)

In other words, the minimum distance (19) is enhanced by N (27)
associating the larger singularvalue with the smaller one. Th _ i 5 .
optimized distances are denotédfor : = 1,...,b/2, and are %ere the subprecodeiFdz - f(z f(z is the
computed as: 2D-max-dp,i, solution (Egs. (10)-(12) withZy = 1) for the

d; = & withthe couple(o;, oy s 25 (2 x 2) eigen-channel matribH,; = diag(o;, op—it1), ¢ =
Ple&(oi, 0—i1) (25) .,b/2. The precoder has a very particular structure: the
—  8(ps, i) with i = pPi COS(%‘.) (26) matrix F, has a cross-form. The result can also be expressed
Op—it1 = pisin(y;) as follows:
whered(p;, ;) is given by (13) withEr = 1. F,=diag (Tlfl(l), .. .,T%fl(%),T%fi%), cee Tlfil))

As a result the minimum distancésare the closest possible o 0 ) ) ) (28)
in order to optimize (19). +antidiag (Tlfg v L f3® T fo? o Tafy )
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This form highlights a diagonal precoder (the diagonal ewhere N, is a constant related to the average number of the
ements) where each element is associated with a new aearest neighbors and; given in (25). At high SNR, the
(the antidiagonal elements) in order to enhance the symli@iernoff bound can be used to approximatedite function
transmission: with respect to diagonal precoders, this precogerc(x) ~ e*zz):
introduces transmit diversity in the eigen-subchannels. ~ s

SER ~ —Ce-Tidi /(4o7) (33)

E. Extension to OFDM MIMO system 2

) . ~2
A beamforming precoder adapted to the MIMO channel &ne should note that, with Bz, solution, the term3d; =
each subcarrier was proposed in the ongoing standardizatiGn, iS the same whatever (i = 1,...,b/2) and, thus,
IEEE 802.11n [21]. With this system, each subcarrier hasti# demonstration of the diversity order is the same for all
quasi-static MIMO channel [22], and a global matrix can b8ubsystems.

defined as: Lemma 2: The minimum distance (19) computed with the
HO 0 0 optimized SV association (26) can be upper- and lower-
o bounded as:
0 H® : 9
H=1" S (29) Er3 €2 < diin < Bryo (34)
0 0 ... HWM whereé =1 — 2.
Proof: see appendix II. |

where N is the number of subcarriers, alfl”) is thenp x

X ; ) By usi ti 33) and (34), SEP b -and | -
nr channel matrix for theth subcarrier. As previously, the b())/ul;lsdlzg quga lons (33) and (34) ¢an be upper-andiower
channel is diagonalized with the virtual transformation: _ —

N, SNRA}, /o N, SNREEX, /o
H” o ... 0 5 1 SSE< e (35)
0 Hff) : where SNR= Er/o2. As the term)\, 2, is a random variable,
H, = (30) " )
: . 0 SEP has to be averaged:
0 o ... HM SER = E [SEP}] (36)

Whererf) is theb x b virtual channel oI and is diagonal, In [1_8], the gveraged result was given over the probability
H) = diag(c\”,...,0{”). In the 802.11n standard, onlydensity function (pdf) of\;:

the first eigenvalue is kept by the beamforming precoder, < it 1) (1 —it]

b = 1. However, the other values can offer transmit diversity e fr A)dN; = e (B/m)""TTHEDERTED - (37)
exploited by the Ed,,;, precoder. The global virtual matrix,
H,, is reorganized to get a diagonal matrix with ordere
elements:

ﬁv =diag (SOI‘t(UEl), . ,Ul()l), e ,UgN), . 7UZ(JN))) (31)

herem = min(ny,ng) ande is a constant. Thus applying
7) to (35) leads to:

Ne —(np— nR— I =in

2
_ 38
where the values are ranked in descending order by the N (38)

Ne —(nr—b/241)(ng—b/2+1)
operatorsort. The final operation consists in applying the 2 ¢ (§SNR/(2bm)) :

E-diin solution to this new virtual matriH,,. It ensues that every subsystem and, consequently, the,F-d

precoder, has a diversity order equal(tor —b/2+ 1)(ng —
V. E-dyin DIVERSITY ORDER b/2+1).

A. Proven evidence of diversity order

To provide theoretical evidence of &, diversity order, B. Diversity Order Discussion
let us proceed as done in [19] for theax-SNR: the system Further to the numerous studies devoted to the diversity

u_ndTr fcon3|derat|on_|s Q"T(’)T;IB)MMIMO §)/ts'[(jeT :r\:g:&a order of precoders, the existence of a trade-off between
single frequency carrier (no ) associated to T diversity and multiplexing has become patent [16]. Thus,

solution. In addition, let us assume that the channel is unchf, . SNR transmits one single symbol and achieves the
relateq RayI(.e|g.h fading and that the noise is an addmve wh aximum diversitynz x . [19]; when the diagonal precoders
gaussian noisd.¢. R.” = onln,). ON these assumptions, thetransmit b symbols, the diversity order achieved is equal
e!gen-subchanneii is equal to\//\_i/on_ where \; are fche o (ny — b+ 1)(ng — b+ 1) [18]. In [14], we already
ZIgsir;avsa;/lgt?rn(;&[i{?vitr:otrhie:saia'p.r'e,é)(.) (f‘etrgzs_t’ ;it dutshgogzi/?/g mentioned that, despite the transmis;ion of t_wo s_ymbols by
allocationY? (see Fig.3). The symbol errgr probability (SEP he 2D-max-dmin precoder, the maximum diversity order

. . x ng is still achieved. The proposed extensiond ks,
of each subsystem can be tightly approximated by [23]: aghieve];(nT ~ % (g % . l)pforpan A

N N, [nno 52 ) diversity order is not maximum but is higher than the one
SER = 2 erfc( Tidi /(40”)) (32) by the diagonal precoder because of the particular form of
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F,. The solution given in (27) is a cross-form matrix whert 0
a diagonal structure is associated to an antidiagonal one
create transmit diversity. However, this precoder can ad¢

the structure of the matri¥; according to the (2,2) eigen- 107 !

channel matricesﬁm-. The element#fz) and fz(z) are never

null unlike f?EZ) andff) which can be equal to zero dependin 5 :

on the numerical values of elementsidf,; or more precisely ” 10

the anglesy; = arctan(op—;41/0;) for i = 1,...,b/2. In w

the extreme case, the cross-form matrix can be changed i 107k , v

a V-form one gf?f” = f) = 0, V4). The number of eigen- —<— 4-QAM EE (b=4)

subchannels to be used is automatically set by thé, k- . ij:gm ¥rE§RM(§EQ(b:4) 1

precoder. 105 o 16-QAM EE (b=2) L
The table | pgrm|ts one tp compare the trade-off betwg I}ﬁ-Q%AME[rduly '\(/le:E;% (b=2

the ML complexity and the diversity order. The SVD operatio 10 : L ‘ ‘ ‘

stands for all precoders. Note that the mafifix in (27) can 0 2 4 6 8 10 12 14

be directly computed via formulas (10)-(12), (13) and (17,. SNRiin dB

The complexity of Edmin IS d_omlnated by the ML SearCh'Fig.4. Comparison of ki, (b = 4, 4-QAM symbols) with MBER § = 4,
The number of ML tests is given by/?b/2 = 8b (M =4 4.Qam), EE (b = 4, 4-QAM or b = 2, 16-QAM) and truly MBER (b= 4,
is fixed for the Ed,,;, solution). The ML complexity of the 4-QAM or b = 2, 16-QAM) for a (4,4) MIMO system with 8 bit/s/Hz and
E-dimin grows linearly withb. Note that, with the same spectrafncorrelated Rayleigh fading channel.

efficiency, the diagonal precoders perfottn ML tests.

In conclusion, for a fixed number of datastreams, the For the samé — 4 substreams and the same 4-QAM sym-
diversity order with the Ehy;, precoder is higher than they, s e tryly MBER with a non diagonal structure enhances

one by the diagona_l precoders at the price of a reasonagle geR compared to the diagonal precoders. However, the
increase in complexity (a number of ML tests twice larger) ger of the Edyin precoder is largely improved thanks to

the higher diversity order(¢r —b/2+1)(nr —b/2+1) =9
VI. SIMULATION RESULTS againstnr—b+1)(ng—b+1) = 1 for the diagonal one). The
The BER curves of the s, precoder were assessedomparison of B, with the truly MBER and the diagonal
through 3 experiments respectively carried outijcevaluate EE precoder withh = 2 and 16-QAM show’ that the BER
its capabilities against those of diagonal precoders[10], [12f the E<..i, precoder is significantly enhanced at high SNR.
and the truly non-diagonal MBER precoder[i§] determine On the other hand, at SNR below 6 dB, thelfs, is slightly
the impact of change in power allocatiolf, into QoS, and less efficient than truly MBER and EE with= 2. Note that,
i) compare the Ek,;, extended to MIMO-OFDM systems diagonal EE and MBER precoders with= 2 and 16-QAM
with the 802.11n standard. give an equivalent BER performance and the diagonal MBER
is not plotted for clarity.
This BER enhancement of &gz, can be probably ex-
plained by the two following principal reasons:

i) the criterion based on the optimization @f,;,, is par-
ticularly well suited for BER performance at high SNR
regime,

) the d.;, optimization leads to the jointly estimation
of the power allocation and the rotation matrix which
depends on the eigen-subchannels (see (10) and (11)).

A. First experiment: performance of the precoderlE;,

1) BER enhancementFigure 4 illustrates the BER sim-
ulations for the Ed,;, with b = 4 4-QAM symbols. The
precoder is compared to diagonal precoders (MBER [11] with
b = 4 symbols and EE[10] wittb = 4 or b = 2 symbols)
and also with the non-diagonal ARITH-MBER precoder[6]
(truly MBER with b = 4 or b = 2 symbols). When a precoder
transmitsh = 4 symbols, the associated modulation is 4-QAM,
and whenb = 2, a 16-QAM is used. Thus, each system has

the same spectral efficiency which is equal to 8 bit/s/Hz and” o
usesny — np — 4 antennas. ~; Is a key-parameter of th@D—-max-d,,,;;, solution, it sounded

The BERS were simulated fd0* random matricedT (4 us worth studying the probability density function of this

4) with i.i.d. entries according to complex normal distribution ’Note that forb = 2, the diagonal precoder increases the diversity order
N:(0,1). to (np — b+ 1)(ng — b+ 1) = 9 (same diversity order as &zy,).

2) Probability density function of: as the random variable

TABLE |
TRADE-OFF BETWEEN THEML COMPLEXITY AND THE DIVERSITY ORDER WITHlog, (M) TRANSMIT BITS PER DATA-SUBSTREAM

Precoder used subchannel$s Number of ML tests Diversity order
max-SNR 1 M np X nR
Diagonal precoder| b bM (np —b+1)(ng —b+1)
E-dmin (M = 4) b 5M° (nT —b/2+1)(np —b/2+1)
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TABLE I
01 PERCENTAGES OF THE NUMBER OF EIGENSUBCHANNEL USED BY THE
pdf of y, (subsystem #1)
009k df of 1( bsystem #2) E-dinin PRECODER(b = 4) FOR UNCORRELATEDRAYLEIGH FADING
. (o) supsystem
—o-F Y2 Y CHANNEL
0.08
F F - -
ri octa MIMO cross-form intermediate form V-form
§ system| 4 eigen-subchannel$3 eigen-subchannels2 eigen-subchannels:
©
E (01,02,03,04) (01,02,03) (01,02)
%]
g (4,4) 3% 95% 2%
a
o (6,6) 91% 9% 0%

b/2 highest one. Table Il shows how thedgs, uses the SV
for a (4,4) and (6,6) MIMO system: the cross-form is more
often used for a (6,6) MIMO system.

0 5 T y 20 25T a0 35 a0 45
yin degrees X .
B. Second experiment: power allocatitthbased on QoS, the

Fig. 5. Probability density functions of; and v angles for a (4,4) MIMO QOS¢émin precoder
system with uncorrelated Rayleigh fading (estimation with® random The E+... precoder presented above relies ond,g,-
channel matrices). . . ¥
maximizing power allocation (analog to the Error Equal pre-
coder). This experiment was aimed at transforming the power
warabe, Fgure S plos the i of and -, for o (49 STAE0) o8 Qually of Senices o each submten, e
MIMO system withb=4 and an uncorrelated Rayleigh fadlngS SNI;R/’Q b/2 It ; II;(ERI ¢ Vb ¢ u h
channel. The angle;, corresponds to the couple;, c4), and me ggln in terms 0 performance between the
subsystems#i and #b/2. For example, Fig. 6 shows three

~2 corresponds tdos, o3). Figure 5 highlights their different . . . )
. o . possible synoptics to ensure a 3dB-SNR gain. Let us consider
behaviors. Indeedy; takes small valuesH|v:] = 8° < v): b — 4 4-OAM symbolss,. sy, 53 ands, which are separated

the subprecoddr;; statistically uses more often ondy. The .
P dl y iy into two 2D-max-d,,;, Subsystems. For each subsystem, the

E(recc);?)?]tc)jlléthlsréD(:[gg%Yd:h:sﬂ; to:tafljhdliffgrewr?t]st:rati?%.I;—::e 4BER is simulated and should ensure a 3dB-SNR gain. This
P 2 y 9y- precoder is denoted Qag;;,. However, in a QoS aim, the

oo and oz are close Ely:] = 30° > ~): the subprecoder . :
statistically chooses to use the two eigen-subchannels. .[%stancesll, -+-»dyy2 NEEAS 0 be reorganlzed in order to rank

~ 7
probability is P[Fg> = Focta] = 1 - P[Fp = F,q] = thedi. Theranked distances are denaded> dy > . cdyyg
1 — Plys < o] = 98%. It ensues thaFy, is 5 quasi equivalent The Y; coefﬂments are determmed SO as to get a 3dB gain

to the max-SNR, whereas the second off&;,, significantly betweenY;d; andYsds (Fig. 6.a) and the general solution
exploits the diversity proposed by, and ;. On the other is given by:

hand, these probabilities depend on the number of antennas in 2 Er w; ¢ 1 b/o 39
use. Thanks to its ability to adapt the number of used eigen- P 8/2 /2 wy or i=1,....b/ (39)
subchannels, the Hz;, can use all the singularvalues till the ‘ k=1 jk’z

fio1

fio1
S1 f202
—
. 2D st
4 | max-dmin 4>®—>
f303
f202 |3 dB 3dB
— 2D 5
53 | max-dmin . ' fa04 0d
b) QoS diagonal precoder with 2
a) QoSd,,i,, with 4 symbols symbols S4

¢) QoS diagonal precoder
with 4 symbols

Fig. 6. Three possible 3dB-QoS synoptics: (a) QoS applied to the optimized minimum distance of two subsystems, (b) QoS applied to 2 eigen-subchan
and (c) QoS applied to 4 eigen-subchannels. Cases b) and c) correspond to the classical QoS diagonal precoder
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~ 12 )
wherew; > wy > -+ > wy/ are thedi/ ratios related to 10°
7 I2 . . . i 1
dyj2  (wpy2 = 1). For the 3dB-Q0St,,;, in Fig. 6.a, we fixe
wi = 2 andws = 1. This solution is compared to 2 diagona 1078

precoders: the 3dB-QoS precoder with eithet 2, 16-QAM
symbols (Fig. 6.b) oh = 4, 4-QAM symbols (Fig. 6.c).
Figure 7 depicts the BER curves from simulations of the
precoders with an uncorrelated Rayleigh fading channel f
a (4,4) MIMO system. For every precoder, it shows abo!
3dB gain between the first and second datastream BERS. ~
SNR gain for the Qo%h,;y, is slightly higher than 3dB. It also QoS- 4-QAM
evidences that only two symbols have to be used by the Q '_*;“_'Qos 4_"(“;AM o
precoder to enhance the BER thanks to the diversity order. T 10°H —6— QoS 4-0AM. 3 dB

—»— QoS 16-QAM, 3 dB
- % - QoS 16-QAM
4[| —o— QoS-d_ "4-QAM, 3 dB

substream/subsystem BER
=
o
&

diversity order is alike with the Qo&3,;,, and the QoSH = 2, - + - QoS 4-QAM
16-QAM), but the former has a SNR gain of about 1.5 dB wit o[22 R0S4°0AM : ‘ ‘ :
respect to the latter. In conclusion, the Q@S:, precoder can 0 2 4 6 8 1o 12 14 16

. . . . . .. SNRin dB
achieve quality of service while enhancing the transmissic..

BER compared to the classical QoS dlagonal precoder. Fig. 7. BER simulations of the Qo&;;, compared to the diagonal QoS

precoder& =2, 16-QAM orb = 4, 4-QAM) with a (4,4) MIMO uncorrelated
C. Third experiment: application to the 802.11n OFDM starf¥@yleigh fading channel.
dard

The current 802.11n specifications propose an optior@timal solution for the general case still being an open
narrowband beamforming approach for each subcarrier. Npi@blem), it significantly improves previous results and is a
that in the time division duplex mode, unlike frequencgood trade-off between the exact optimization and complexity.
division duplex mode, closed loop operation is based on tiMoreover, if new optimal solution 0#D-max-d,;, is found
reciprocity between uplink and downlink channels. This is far others modulations, it will need no effort to be integrated
valid assumption as long as the delay between channelgdsthe E+,,;,, due to the simple and regular structure of
small compared to the coherence time, as is usually the case precoder. It can transmit an even number of datastreams
in indoor environments. To compare theilks, precoder to the and, consequently, fully exploits large MIMO systems by
beamforming used in the 802.11n standard, BER simulatioingreasing the data rate. This precoder has thus a diversity
were run for a (2,2) MIMO system with 64 frequency subcarrerder higher than the diagonal solutions. Indeed, despite the
ers anc = 2 symbols per subcarrigirg. 64 x2 = 128 transmit  trade-off between diversity and data rate, we demonstrated that
symbols in one OFDM symbol. The channel parameters &at& E<,,;, precoder can transmit twice more symbols than
based on the European standard HIPERLAN/2 (ETSI BRAA diagonal solution while keeping the same diversity order.
HIPERLAN/2) for a wireless local area network [24] andConsequently, the BER of the &;;,, is significantly improved
correspond to a typical office environment under Non-Line @ompared to either a diagonal solution with the same number
Sight (NLOS) conditions (150 ns average root mean squarefddatastreams or a diagonal precoder with similar diversity
delay spread and.l ps maximum delay). Moreover, theorder and spectral efficiency. In addition, the proposed solution
2D-max-dmin Precoder was applied to each subcarrier arid adaptable to other strategies such as quality of service where
simulated to evidence Ez,;, enhancement. Figure 8 illustratesBER simulations showed an enhancement compared to the
the simulations results with the 3 precoders and shows that theS diagonal precoder. At last, we extended the solution
2D-max-dmin and themax-SNR are appreciably equivalentto MIMO-OFDM systems and compared it to the optimal
for a (2,2) MIMO system as expected [15], [14]. Thesbeamforming proposed in the 802.11n standard. Under similar
simulations clearly show a large BER improvement with theonditions of channel information and transmit power, the
E-dmin compared to thenax-SNR: it is of about 4 dB at a BER was significantly enhanced by thedk:, precoder.

BER equal to10~3. Thus, under the same conditions of Tx-

CSl information and transmit power, the BER is significantly APPENDIX|
enhanced by the Hs,;,, precoder compared to the beamform- PROOF OFLEMMA 1
ing used in the 802.11n standard. Before showing the Lemma, we establish three properties

about the distances.
VIl. CONCLUSION

We introduced a new linear precoder for MIMO systemé- Preliminaries: establishment of three properties
based on the maximization of the minimum Euclidean dis- Let us prove the following three properties :
tance under an average total transmit power constraint. The
principle of this precoder is to use tl¥®-max-d,,;, optimal S5
solution (available for BPSK and QPSK) as a base block = .
and to associate it with a power allocation strategy. Despite 6(0,04) = 6(0,00) if 0204 >0 (40D)
this heuristic approach provides a suboptimal solution (the (04, 0b) > 6(0¢,04q) If 04 >0p>0. > 04 (40c)

(op,0) if 0 <o <oy, (40a)
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cases have to be studied when> o, > oy:

i) both subsystems ude,.;
The distances of the subsystems #a and #b are given by:
§(0,04) = 0(0,04) = oy/ Er(1 —1/+/3). Equation (40b) is
then verified (equality).

i) both subsystems ude,.;,
The distance of the precod®y,.,, can be expressed as:

- (1= 2v2)of
)= \/ET oFjot+(3-2v2)

BER

o E-d ' For a fixed o4y = o, this function is strictly increasing with
10° _x max—d_.on subcarrier ; o9. Consequently, we haw{o, o) > d(c, 0p).
_ [ ==7— max-SNR on subcarrier : P iii) subsystems #a and #b u¥,.,, and F,.|, respectively
10, 2 n 6 s 10 12 14 16 First, note thato, < o, implies v, > v > 7, then
SNRin dB from (10)-(12) subsystema#usesF,.;,, and subsystem b#

usesF,;. The inverse case is then not possible. The distance
Fig. 8. BER simulation with the ETSI BRAN channel model for a2§2, of the subsystem @ can be lower bounded asé(a, Ua) —

MIMO system and 64 subcarriers. (4_2v2)o?
METW?’_;@ > oy/Er(l1—1/v3) because the

wheres(o;, o;) if the optimized minimum distance associatediStance of the subsystem #a is greater Wlith:, than ¥,
with the SV couple(c;,0;) with o; > o; given by the (the optimal solution is obtained witf,.;, because,, > o).
2D-max-dmin Solution (.e. 6(oy,0;) = d(p,v) with o; = Consequentlyj(c,0,) > §(0, o) = 04/ Er(1—1/V3).
pcosy ando; = psinvy in (13)). ) )
Proof of (40a):we denote subsystena#he subsystem using Proof of (40c): since o, > o, > 0. > oy, it fol-
(04,0) and subsystemi#he subsystem using,, o). Three 0ws from (40b) and (40a) that(oq,0,) > 6(0a,04) and

cases have to be studied wher< o, < o,: 6(0a;04) > 6(0¢,04). _ _ n
i) both subsystems ud®,; Thanks to these three properties, Lemma 1 will be proven

The distances of the subsystems #a and #b are giverihe following by mathematical induction.
by: §(oa,0) = oa\/Er(1—1/y/3) and §(oy,0) =
oyy/ Er(1 —1/4/3). Equation (40a) is then verifiedr{ >

B. The base clause

o). Let us consider four ordered values > oo > o3 > 0y4.
ii) both subsystems ugB,... There are three possible combinations of couples. Table IlI
The distance of the precod®,.;, can be expressed as: shows the three cases and compares the minimum distances.
By using (40) in Table Ill, one can conclude that the minimum
5o, 03) = \/ . (4- 2\/5)05 . distance is optimized with the couplés;, o) and (o9, o3).
’ 1+ (3 - 2v2)03 /07

For a fixedo, = o, this function is strictly increasing with C. The induction step

o1. Consequently, we haw(o,, o) > 6(0s,0). _ Hypothesis let us consider — 2 ordered singularvalues

iii) subsystems d¢and # useF,, and F ..., respectively sych asn; > ay > --- > ay,_5 (b > 6). The combination of
First, note thatr, > oy, impliesy, = arctan(o/oa) <7 <  couples maximizing (19) is:
v = arctan(o/oy), then from (10)-(12) subsystenu#ises
F,; and subsystemitusesF ... The inverse casef(,.;, for (1, ap—2), (a2, -3), ..., (Qpj2—1, 0 2) (41)
subsystem # andF,.; for subsystem #) is then not possible. . .

. Let us now consideb singularvalues such as;, > oo >
The distance of the subsystenu #an be lower bounded :
-+ > gp_1 > op. The number of cases to study is equal to

as :0(0a,0) = 0a\/ Er(1 - 1/V/3) > \/ET% T2 —2i+1) = (b—1)(b—3)-- x 3 x 1, but it can
because the distance of the subsystem #a is areg@rreduced as follows. Indeed, let us consider all the couples
with F,; than F... (the optimal solution is obtainedincludingo:. There are stilb — 2 values to be associated, but
with F,; becausey, < o). In addition, by using the the starting hypothesis gives the combination that maximizes
result in i) we can write the following inequality : the minimum distance. It ensues that the number of cases is
(1—2+/2)02 (12202 nowb—1. Without loss of generality and for the sake of clarity,
%ETW = ETW = 9(95,9),  Table IV shows the optimized solution for= 8. For the cases
then (40a) is verified. B 1tob—2 =6, the couple achieving the minimum distance
remains undetermined (columns 2 g2 = 4 in Table V),
Proof of (40b):we denote subsystenu#the subsystem using but the couple including; never gives the minimum distance
(0,04) and subsystemitthe subsystem usingr, o). Three and can be discarded thanks to (40). For example, in the case
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TABLE Il
THE THREE POSSIBLE COMBINATIONS OF COUPLES FOR= 4 (01 > 092 > 03 > 0'4) WITH THEIR ASSOCIATED MINIMUM DISTANCES
o Properties which determinef ) dmin COMparison
combination| Couples Minimum distance
dmin Of the combination between cases
Case 1 (01,02) (03,04) 0(o1,02) > 0(03,04) 0(os,04) -
Case 2 (01,03) (o2,04) 0(o1,03) > 6(02,04) d(02,04) 0(02,04) > §(03,04)
1 >0
Case 3 | (01,04) (02,03) UNDETERMINED (01,04) 2 0(02, 04)
0(02,03) > §(02,04)
6, d(01,07) > 6(02,05) then the associatiofv;, o7) doesn't By using (43), we obtain:
give the minimum distance and is discarded. o~
Otherwise, by using properties (40), the largest distance of EApj2 < 1m di . (45)
the columni in Table IV is obtained with the assomatlonAt the end, it leads to the lower bound:
(04,0b—;). Thus, the minimum distance is maximized in the 5
caseb— 1 =7 and Lemma 1 is proven. Er=&Xpj2 < dr2nin' (46)
One should note that some different combinations of b
couple should give the same optimized minimum dlstancg Upper bound
For example, ifd(os,06) is the minimum distance in the
case 6 than the two following associations give the same©ne can write:
b b/2—1 7 2
minimum distance: {(o1, 03)(02,07)(03,06)(04,05)} and /2 1 1 /2-1 ) 1
{(o1,07)(02,08)(03,06)(04,05) }. Z~_2 =——= |1+ Z —5 | = =3
k=1dx  dp2 k=1 dg dp/2
APPENDIXII _
PROOF OFL EMMA 2 and deduce the upper bound thanks to (43):
~ 2
A. Lower bound d2., < dysa- < Erdyjo. (47)

The Ed,;, optimized minimum distance is given by (19)

and (25), and is lower bounded as: REFERENCES

b/2 -1 [1] G. Foschini, “Layered space-time architecture for wireless communica-
2 2 1 tion in a fading environment when using multi-element antenrslf
Er— 2 mm d <dj, = Er Z — (42) Labs. Tech. J.pp. 41-59, Autumn 1996.
k=1 di [2] I. Telatar, “Capacity of multi-antenna Gaussian channdisjt. Trans.

_ Telecomm. ETT, vol. 10, no. 6, pp. 585-595, Nov. 1999.
We recall thatd; is given by (26). From (13), let us derive [3]

S. M. Alamouti, “A simple diversity technique for wireless communi-
cations,”|IEEE J. Select. Areas Communrol. 16, pp. 1451-1458, Oct.

the relation: 1998
~2 . . “ .
< d <\ ; =1 [4] V. Tarokh, N. Seshadri, and A. R. Calderbank, “Space-time codes for
§Ai S di < A with i =1, ’b/2 (43) hight data rate wireless communication: Performance criterion and code
Whel’e§ =1— -1 The eigenvaluesli are ordered a3; > construction,”|IEEE Trans. Inform. Theorwol. 44, pp. 744-765, Mar.
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A2 > -+ > N\y/5 and consequently: [5] V. Tarokh, H. Jafarkhani, and A. R. Calderbank, “Space-time codes from
~2 orthogonal designs,JEEE Trans. Inform. Theoryvol. 45, no. 5, pp.
EXNpjp <dy Vi=1,...,b/2 (44) 1456-1467, Jul. 1999.
TABLE IV

GENERALIZATIONTO b = 8 SINGULARVALUES ASSUMING HYPOTHESIS FOR — 2 = 6 SINGULARVALUES

Combinations (assuming hypothesis) ||

Minimum distance may be achieved by: |

hypothesis column1l column?2 column 3  column 4
case 1| (o1,02) (03,08) (oa,07) (05,06) (03,08) (04,07) (05,06)
case 2| (o1,03) (02,08) (o4a,07) (05,06) (o2,08) (04,07) (05,06)
case 3| (o1,04) (02,08) (03,07) (05,06) (o2,08) (o3,07) (05,06)
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case 6| (o1,07) (02,08) (03,06) (04,05) (o2,08) (03,06) (04,05)
case 7| (o1,08) (o2,07) (03,06) (04,05) (o1,08) (o2,07) (03,06) (04,05)

largest distance for each columsa= || 6(c1,08)  O(o2,07)  O(o3,06) O(04,05) |
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